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1. Introduction

The goal of these lectures is to present a comprehensive exposition of mod-
ern partial hyperbolicity theory. They contain the core of the theory as well
as outline some recent new achievements in this rapidly developing area.
The material is accessible to students and non-experts who possess some
basic knowledge in dynamical systems and wish to learn some new phenom-
ena outside classical hyperbolicity. These lectures may also be of interest
to experts as they provide a unified and systematic treatment of partial
hyperbolicity and stable ergodicity and are unique in that.

Partial hyperbolicity is a relatively new field, just over 30 years old, but
has proven to be rich in interesting ideas, sophisticated techniques and ex-
citing applications. It appears naturally in some models in science. To
illustrate this consider the FitzHugh-Nagumo partial differential equation
which is used in neurobiology to model propagation of electrical impulse
through the nerve membrane:

ut(x, t) = ε∆xu(x, t) + h(u),

where u(x, t) = (u1(x, t), u2(x, t)) and

h(u1, u2) = (g(u1) − bu2, cu1 − du2)

is the local map. The function g introduces a cubic non-linearity

g(u1) = −au1(u1 − θ)(u1 − 1).

We shall discuss traveling wave solutions of the FitzHugh-Nagumo equation.
These are solutions of the form

ϕ(ξ) = ϕ(x− ct) = (ϕ1(x− ct), ϕ2(x− ct)),

where c > 0 is the velocity of the wave. The function ϕ(ξ) satisfies the
traveling wave equation

εϕ
′′
(ξ) + cϕ

′
(ξ) + h(ϕ(ξ)) = 0.

Setting ϕ
′
= v we obtain {

ϕ
′
= v

εv
′
= −cv − h(ϕ)

By changing the function h(ϕ) outside a ball B(0, R) of some large radius R,
one can obtain that (ϕ

′
, v

′
) ·(ϕ, v) < 0. This modification of the original sys-

tem guarantees that no solutions escape to infinity which is thus a repelling
fixed point. This allows us to consider the equation (and the corresponding
flow) on the two-dimensional sphere.
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everywhere dense). The map T is called topologically mixing if for any two
open sets U and V there exists N such that T n(U)∩V 	= ∅ for each n ≥ N .

For an Anosov diffeomorphism f of a compact connected manifold the
following statements are equivalent:

1. all points in M are non-wandering;
2. f is topologically transitive;
3. f is topologically mixing;
4. each stable leaf W s(x) and each unstable leaf W u(x) is dense.

It is an open problem whether every Anosov diffeomorphism has these prop-
erties although in all known examples this is the case.

4. Ergodicity. A measure-preserving transformation T of a Lebesgue
space (X, ν) is called ergodic if any measurable invariant subset A ⊂ X has
measure either zero or one; equivalently, any measurable invariant (mod 0)
function is constant (mod 0).

Assume that an Anosov diffeomorphism f preserves a smooth measure ν
on M (i.e., a measure which is equivalent to the Riemannian volume). If the
manifold is connected then f is ergodic. If f is topologically mixing then it
is isometric (in the measure-theoretical sense) to a Bernoulli automorphism.

5. Stability and structural stability. Any sufficiently small perturbation
g of an Anosov diffeomorphism f (in the C1 topology) is again an Anosov
diffeomorphism (this is a particular case of Theorem 3.6 below). Moreover,
the map g is topologically conjugate to f via a homeomorphism h : M →M ,
i.e., f ◦ h = h ◦ g and h is C0 close to the identity map (see Theorem 4.11).

It follows that any sufficiently small perturbation of a linear hyperbolic
automorphism of the torus is an Anosov diffeomorphism.

We describe an example of an Anosov map of algebraic origin for which
the phase space is not a torus. We follow [29] (see Section 17.3).

Let G be a simply connected Lie group and Γ a (uniform) lattice, i.e., a
discrete subgroup such that the factor Γ\G is compact. For some nilpotent
Lie groups Γ one can show that there exists an automorphism F : G → G
preserving Γ, i.e., F (Γ) = Γ, and such that dF | Id is hyperbolic. Note that
F projects to Γ\G. One can show that there is an invariant splitting of the
Lie algebra

L(G) = TIdG = Es ⊕ Eu

and a norm on L(G) with respect to which dF |Es and dF−1|Eu are both
contractions. Applying the differential of the left translation x→ gx one can
“spread out” the invariant splitting at Id to obtain an invariant hyperbolic
splitting for F . By construction, this splitting and the norm are invariant
under left translations, so they induce a splitting and a norm on the compact
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nilmanifold Γ\G. The factor f : Γ\G → Γ\G is an Anosov map (see also
Section 6.1).

6. Anosov flows. We extend the notion of complete hyperbolicity to
dynamical systems with continuous time.

Let ϕt : M →M be a C2 flow on a compact smooth Riemannian manifold.
It is generated by the vector field

X(t) =
d

dt
(ϕt(x))|t=0.

The flow ϕt is called an Anosov flow if for each x ∈M there exist a decompo-
sition TxM = Es(x)⊕E0(x)⊕Eu(x) and constants c > 0 and 0 < λ < 1 < µ
such that for each x ∈M ,

1. E0(x) is the one-dimensional subspace generated by the vector field
X(t);

2. dxϕtEs(x) = Es(ϕt(x)) and dxϕtEu(x) = Eu(ϕt(x));
3. ‖dxϕtv‖ ≤ cλt‖v‖ whenever v ∈ Es(x) and t ≥ 0;
4. ‖dxϕ−tv‖ ≤ cµ−t‖v‖ whenever v ∈ Eu(x) and t ≥ 0.

A simple example of an Anosov flow is a suspension flow over an Anosov
diffeomorphism. Let f be an Anosov diffeomorphism of a compact Riemann-
ian manifold M and H a smooth function on M called the roof function.
Consider the direct product M × [0,∞) and define the flow Tt in the follow-
ing way. Starting with a point (x, 0), set Tt(x, 0) = (x, t) if t < H(x) and
TH(x)(x, 0) = (f(x), 0) (see Figure 2). The phase space M = M× [0, 1]/∼ for
the suspension flow is diffeomorphic to the direct product M × [0, 1], where
the sections M × 0 and M × 1 are identified by the action of f .

f(x)

H(x)

x

t

Figure 2. A suspension flow.

Note that if the roof function H(x) = 1 for all x ∈ M , the time-1 map
T1 is not topologically transitive, since each t-level of M gets mapped into
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itself. Furthermore, assume that f preserves an ergodic measure ν on M .
Then the map T1 preserves the product measure on M, but it is not ergodic.
Due to ergodicity of f the ergodic components of T1 are precisely the t-level
sets.

Another example of an Anosov flow is the geodesic flow on a compact
Riemannian manifolds of negative curvature. Let V be a closed oriented
manifold of negative sectional curvature and M = SV the unit tangent
bundle of V . Given x ∈ V and v ∈ SxV denote by γ(x,v)(t) the geodesic
passing through x in the direction of v. The geodesic flow gt is a flow on
M defined by gt(x, v) = (y,w) where y = γ(x,v)(t) and w = γ̇(x,v)(t) (see
Figure 3). The celebrated theorem of Anosov [1] claims that the flow gt is
an Anosov flow.

x

v t y = γ(t)
w

γ

Figure 3. The geodesic flow.

To explain this result assume that the manifold V has constant nega-
tive curvature. Consider the Poincaré (ball) model for the universal cover
Ṽ = H

n (n-dimensional hyperbolic space) of V . Given (x, v) ∈ M̃ = SṼ , the
geodesic γ(x,v)(t) determines two points, γ(−∞) and γ(+∞), on the ideal
boundary of H

n (that is, the unit sphere). The two points x and γ(+∞) de-
termine the unique horosphere Hs(x, v) that can be characterized as follows:
for any y ∈ Hs(x, v) there is a unique geodesic γ passing through y and as-
ymptotic to γ(x,v)(t) (i.e., the distance ρ(γ(t), γ(x,v)(t)) is bounded; one can
show that, indeed, this distance decreases to zero with an exponential rate).
The framing ofHs(x, v) by the orthonormal vectors directed towards γ(+∞)
is the global stable manifold W s(x, v) passing through (x, v). Similarly, the
two points x and γ(−∞) determine the unique horosphere Hu(x, v) and its
framing by the orthonormal vectors directed outward γ(−∞) is the global
unstable manifold W u(x, v) passing through (x, v) (see Figure 4).

2.2. Definition of partial hyperbolicity. A diffeomorphism f is called par-
tially hyperbolic [13] if there exist numbers 0 < λ < µ, c > 0, and subspaces
E(x) and F (x), x ∈M , such that
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x

γ(+∞)

v

γ(−∞)

Hs(x, v)

Hu(x, v)

Figure 4. Stable and unstable horospheres for the geodesic flow.

1. E(x) and F (x) form an invariant splitting of the tangent space, i.e.,

TxM =E(x) ⊕ F (x),

dxfE(x) = E(f(x)), dxfF (x) = F (f(x));
(2.1)

2. for n > 0,

‖dxfnv‖ ≤ cλn‖v‖, v ∈ E(x),

‖dxfnv‖ ≥ c−1µn‖v‖, v ∈ F (x).

If λ < 1 the subspace E(x) is stable and it will be denoted by Es(x). If
µ > 1 the subspace F (x) is unstable and we will use the notation Eu(x).

Clearly, either λ < 1 and/or µ > 1 and without loss of generality in what
follows we assume the former.

The second condition characterizes the subspaces E(x) and F (x) in a
unique way and they depend continuously in x; in particular, the angle
between them is uniformly bounded away from zero.
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Proposition 2.1. The following statements hold:
(1) the subspace E(x) consists of all vectors v ∈ TxM for which the

estimate ‖dxfnv‖ ≤ aγn‖v‖ holds for some a > 0, λ ≤ γ < µ and
all n ≥ 0;

(2) the subspace F (x) consists of all vectors v ∈ TxM for which the
estimate ‖dxfnv‖ ≥ bκn‖v‖ holds for some b > 0, λ < κ ≤ µ and all
n ≥ 0;

(3) the distributions E(x) and F (x) are continuous in x ∈M ;
(4) there exists k > 0 such that ∠(E(x), F (x)) ≥ k for all x ∈M .

Proof. To prove the first statement consider a vector v ∈ TxM and write
it as v = vE + vF with vE ∈ E(x) and vF ∈ F (x). Fix n > 0 and let
vn = dxf

nv = vn,E + vn,F . Since the distributions E and F are df -invariant
we have that vn,E = dxf

nvE and vn,F = dxf
nvF . It follows that if vF 	= 0

then for all sufficiently large n,

‖vn‖ ≥ ‖vn,F‖ = ‖dxfnvF‖ ≥ c−1µn‖vF ‖ ≥ 2aγn‖v‖ > aγn‖v‖
and the first statement follows. The proof of the second statement is simi-
lar. 1

To prove the third statement consider a sequence xm of points in M
converging to a point x ∈M . Since the Grassmanian bundle is compact the
sequence of subspaces E(xm) has a convergent subsequence E(xmk

) → Ẽ(x).
Without loss of generality we may assume that F (xmk

) → F̃ (x) and also

dimE(xmk
) = dim Ẽ(x), dimF (xmk

) = dim F̃ (x).

Fix n > 0. For each k and v ∈ E(xmk
) we have ‖dfnxmk

v‖ ≤ cλn‖v‖.
Therefore, ‖dfnxmk

|E(xmk
)‖ ≤ cλn. Taking the limit as k → ∞ yields

‖dfnx |Ẽ(x)‖ ≤ cλn. This implies that Ẽ(x) ⊂ E(x). Similarly, one has
that F̃ (x) ⊂ F (x) and the desired result follows from the first statement
since dim Ẽ(x) + dim F̃ (x) = dimM . The last statement is an immediate
corollary of the third one. �

We shall see below that the distributions E(x) and F (x) are, indeed,
Hölder continuous.

The splitting (2.1) is unique in the following sense.

Proposition 2.2. There exists ε > 0 with the following property. Let Ẽ ⊂ TM
be an invariant distribution for which

dim Ẽ(x) = dimE(x), ∠(Ẽ(x), E(x)) ≤ ε

1I would like to thank O. Lanford who provided me with this argument.
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for every x ∈ M . Then Ẽ(x) = E(x). A similar statement holds for the
distribution F (x).

Proof. Assuming the contrary, we obtain for every v ∈ Ẽ(x) that ‖dxfnv‖ ≥
aλn‖v‖ for some a > 0 and all n > 0. By Proposition 2.1, Ẽ(x) ⊂ F (x) and
hence, cannot be ε-close to E(x). �

There is a special Lyapunov inner metric <,>′ which provides a conve-
nient tool in the study of hyperbolicity. Choose numbers λ′ and µ′ such that
0 < λ < λ′ < µ′ < µ. Set for v,w ∈ E(x),

< v,w >′
x=

∞∑
k=0

< dfkv, dfkw >fk(x) λ
′−2k

and for v,w ∈ F (x),

< v,w >′
x=

∞∑
k=0

< df−kv, df−kw >f−k(x) µ
′2k.

Notice that each series converges. Indeed, by the Cauchy-Schwarz inequality,
if v,w ∈ E(x) then

< v,w >′
x ≤

∞∑
k=0

c2λ2kλ′−2k‖v‖x‖w‖x

= c2(1 − λ/λ′)−1‖v‖x‖w‖x <∞.

Similarly, if v,w ∈ F (x) then

< v,w >′
x ≤

∞∑
k=0

c2µ−2kµ′2k‖v‖x‖w‖x

= c2(1 − µ′/µ)−1‖v‖x‖w‖x <∞.

For any vectors v,w ∈ TxM set

< v,w >′
x=< vE , wE >

′
x + < vF , wF >

′
x,

where v = vE+vF and w = wE+wF with vE , wE ∈ E(x) and vF , wF ∈ F (x).
Let ‖ · ‖′x denote the Lyapunov norm in TxM induced by the Lyapunov

inner metric. It is easy to see that the angle

∠(E(x), F (x))′ =
π

2
and that

(2.2)
1√
2
‖v‖x ≤ ‖v‖′x ≤ d‖v‖x,
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where
d = ck−1((1 − λ/λ′)−1 + (1 − µ′/µ)−1)

1
2 .

In addition,
‖df |E(x)‖′ ≤ λ′, ‖df−1|F (x)‖′ ≤ (µ′)−1.

Indeed, for v ∈ E(x),

‖dfv‖′2 =< dfv, dfv >′=
∞∑
k=0

< dfkdfv, dfkdfv > λ′−2k

=
∞∑
k=1

< dfkv, dfkv > λ′−2(k−1) = λ′2
∞∑
k=1

< dfkv, dfkv > λ′−2k

= λ′2(‖v‖′2 − ‖v‖2) ≤ λ′2‖v‖′2.
The proof of the second inequality is similar.

It should be noticed that due to Hölder continuity of invariant distribu-
tions E1 and E2 (see Theorem 3.8 below), the Lyapunov inner metric is
in general, only Hölder continuous but not smooth. However, in studying
local stability of trajectories, we only need hyperbolic structure along indi-
vidual trajectories, and we will use a Lyapunov inner metric. On the other
hand, while measuring distances between points in the manifold M or sub-
manifolds of M we will use the original smooth Riemannian metric. The
relations (2.2) allow us to switch between the two metrics when necessary.

Using a Lyapunov inner metric one can reformulate the notion of par-
tial hyperbolicity in the following way. A diffeomorphism f is partially
hyperbolic if there exist a (not necessarily smooth) Riemannian metric ‖ · ‖,
numbers

(2.3) 0 < λ1 ≤ µ1 < λ2 ≤ µ2, µ1 < 1,

and an invariant splitting of the tangent bundle

TxM = E1(x) ⊕E2(x),

dfE1(x) = E1(f(x)), dfE2(x) = E2(f(x))
(2.4)

such that for every x the subspaces E1(x) and E2(x) are orthogonal and

(2.5) λ1 ≤ ‖df |E1(x)‖ ≤ µ1, λ2 ≤ ‖df |E2(x)‖ ≤ µ2.

In many situations uniform partial hyperbolicity arises in the form in
which the tangent space TxM is split into three invariant distributionsEs(x),
Ec(x) and Eu(x), and the diffeomorphism contracts uniformly in the stable
direction Es(x), expands uniformly in the unstable direction Eu(x), and may
contract or expand in the central direction Ec(x) with smaller rates. More
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precisely, a diffeomorphism f is called partially hyperbolic in the narrow
sense if there exist numbers C > 0,

(2.6) 0 < λ1 ≤ µ1 < λ2 ≤ µ2 < λ3 ≤ µ3, µ1 < 1, λ3 > 1

and an invariant splitting

TxM = Es(x) ⊕ Ec(x) ⊕ Eu(x),

dxfE
τ (x) = Eτ (f(x)), τ = s, c, u

(2.7)

such that for n > 0,

C−1λ1
n‖v‖ ≤ ‖dxfnv‖ ≤ Cµ1

n‖v‖, v ∈ Es(x),

C−1λ2
n‖v‖ ≤ ‖dxfnv‖ ≤ Cµ2

n‖v‖, v ∈ Ec(x),

C−1λ3
n‖v‖ ≤ ‖dxfnv‖ ≤ Cµ3

n‖v‖, v ∈ Eu(x).

One can construct a Lyapunov inner metric with respect to which partial
hyperbolicity in the narrow sense can be defined as follows: there exist
numbers λi, µi, i = 1, 2, 3 satisfying (2.3) and invariant splitting (2.4) such
that for every x ∈ M , the subspaces Es(x), Ec(x) and Eu(x) are mutually
orthogonal and

λ1 ≤ ‖dxf |Es(x)‖ ≤ µ1, λ2 ≤ ‖dxf |Ec(x)‖ ≤ µ2,

λ3 ≤ ‖dxf |Eu(x)‖ ≤ µ3.
(2.8)

There is a description of partial hyperbolicity which provides a useful tool
in verifying hyperbolicity conditions. Given a point x ∈ M , a subspace
E ⊂ TxM and a number α > 0, define the cone at x centered around E of
angle α by

C(x,E, α) = {v ∈ TxM : ∠(v,E) < α}.
For a partially hyperbolic diffeomorphism f there are α > 0 and two contin-
uous cone families C1(x, α) = C(x,E1(x), α) and C2(x, α) = C(x,E2(x), α)
for which

(2.9) dxf
−1(C1(x, α)) ⊂ C1(f−1(x), α), dxf(C2(x, α)) ⊂ C2(f(x), α).

Moreover,

‖dxf−1v‖ > µ−1
1 ‖v‖, v ∈ C1(x, α),

‖dxfv‖ > λ2‖v‖, v ∈ C2(x, α).
(2.10)

It is easy to see that Conditions (2.9) and (2.10) are equivalent to partial
hyperbolicity: if a diffeomorphism f possesses two continuous cone families
C1(x, α) = C(x,E1(x), α) and C2(x, α) = C(x,E2(x), α) (centered around
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non necessarily invariant continuous distributions E1(x) and E2(x)) satisfy-
ing (2.9) and (2.10) for some α > 0 and some 0 < µ1 < λ2, µ1 < 1 then f is
partially hyperbolic.

Similarly, partial hyperbolicity in the narrow sense can be described in
terms of invariant cone families of stable and unstable cones

Cs(x, α) = C(x,Es(x), α), Cu(x, α) = C(x,Eu(x), α)

and of center-stable cones or center-unstable cones

Ccs(x, α) = C(x,Ecs(x), α), Ccu(x, α) = C(x,Ecu(x), α).

Here
Ecs(x) = Ec(x) ⊕ Es(x), Ecu(x) = Ec(x) ⊕Eu(x).

These cone families satisfy

dxf
−1(Cs(x, α)) ⊂ Cs(f−1(x), α),

dxf
−1(Ccs(x, α)) ⊂ Ccs(f−1(x), α),

dxf(Cu(x, α)) ⊂ Cu(f(x), α),

dxf(Ccu(x, α)) ⊂ Ccu(f(x), α)

(2.11)

and

(2.12)

‖dxf−1v‖ >µ−1
1 ‖v‖, v ∈ Cs(x, α),

‖dxf−1v‖ >µ−1
2 ‖v‖, v ∈ Ccs(x, α),

‖dxfv‖ >λ3‖v‖, v ∈ Cu(x, α),

‖dxfv‖ >λ2‖v‖, v ∈ Ccu(x, α).

Moreover, Conditions (2.11) and (2.12) are equivalent to partial hyperbol-
icity in the narrow sense.

We now describe the crucial Hölder continuity property of invariant dis-
tributions.

Theorem 2.3 (Brin, [5]). Let f be a partially hyperbolic diffeomorphism in
the narrow sense of a compact smooth manifold M . Then the distributions
Eτ (x), τ = s, u, c, sc, uc are Hölder continuous , i.e., there exist α > 0 and
C > 0 such that

∠(Eτ (x), Eτ (y)) ≤ Cρ(x, y)α

for all x, y ∈M .

Proof. We prove a more general statement below (see Theorem 3.8) �
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2.3. Examples of partially hyperbolic systems. Here are some basic exam-
ples of partially hyperbolic diffeomorphisms.

1. The time-t map of an Anosov flow. Let ϕt be an Anosov flow on
a compact smooth Riemannian manifold M . Given t ∈ R, the map ϕt is
partially hyperbolic with one-dimensional central direction generated by the
vector field.

2. Frame flows. Let V be a closed oriented n-dimensional manifold of
negative sectional curvature and M = SV the unit tangent bundle of V . Let
also N be the space of positively oriented orthonormal n-frames in TV . This
produces a fiber bundle π : N → M where the natural projection π takes a
frame into its first vector. The associated structure group SO(n−1) acts on
fibers by rotating the frames, keeping the first vector fixed. Therefore, we
can identify each fiber Nx with SO(n−1) where gt is the geodesic flow. The
frame flow Φt acts on frames by moving their first vectors according to the
geodesic flow and moving the other vectors by parallel translation along the
geodesic defined by the first vector. For each t, we have that π ◦Φt = gt ◦π.
The frame flow Φt preserves the measure that is locally the product of the
Liouville measure with normalized Haar measure on SO(n− 1). The time-t
map of the frame flow is a partially hyperbolic diffeomorphism (for t 	= 0).
The center bundle has dimension 1 + dimSO(n− 1) and is spanned by the
flow direction and the fiber direction.

3. Direct products. Let f be an Anosov diffeomorphism of a compact
manifold M and Esf (x), E

u
f (x) the stable and unstable subspaces at the

point x ∈ M . Let also g be a diffeomorphism of a compact manifold N
satisfying

max
x∈M

‖df |Esf (x)‖ < min
y∈N

‖dg−1(y)‖−1

≤ max
y∈N

‖dg(y)‖ < min
x∈M

‖df−1|Euf (x)‖−1.

The map F : M ×N → M ×N given by F (x, y) = (f(x), g(y)) is partially
hyperbolic. A particular case is when g is the identity map of N or when
N = S1 and g is a rotation.

4. Skew products. Let f be an Anosov diffeomorphism of a compact
manifold M and gx, x ∈ M , a family of diffeomorphisms of a compact
manifold N which depend smoothly on x and satisfy

max
x∈M

‖df |Esf (x)‖ < min
x∈M

min
y∈N

‖dg−1
x (y)‖−1

≤ max
x∈M

max
y∈N

‖dgx(y)‖ < min
x∈M

‖df−1|Euf (x)‖−1.
(2.13)
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The map F : M ×N →M ×N given by F (x, y) = (f(x), gx(y)) is partially
hyperbolic. A particular case is the map F = Fα : M × S1 →M × S1 given
by

F (x, y) = (f(x), Rα(x)(y)), x ∈M, y ∈ S1,

where Rα is the rotation of the circle by the angle α and α : M → M is a
smooth function. The map Fα is partially hyperbolic with one-dimensional
central direction.

5. Group extensions.An “algebraic” version of the previous example is a
group extension over an Anosov diffeomorphism. Let G be a compact Lie
group and ϕ : M → G a smooth function on M with values in G. Define the
map F = Fϕ : M ×G→M ×G by

F (x, y) = (f(x), ϕ(x)g), x ∈M, g ∈ G.

The map F is partially hyperbolic since left translations are isometries of
G in the bi-invariant metric. If f preserves a smooth probability measure
ν then F preserves the smooth probability measure ν × νG where νG is the
(normalized) Haar measure on G.

6. Partially hyperbolic systems on 3-dimensional manifolds. It is an open
problem to describe compact smooth Riemannian manifolds which admit
partially hyperbolic diffeomorphisms in the narrow sense. The dimension
of the manifold should be at least three. An automorphism of the torus
T

3, given by an integer matrix A, whose eigenvalues are λ, 1, λ−1 with
|λ| < 1, is partially hyperbolic. We will see later that any sufficiently small
perturbation of this automorphism is partially hyperbolic in the narrow
sense. In [10], Brin, Burago and Ivanov studied partiallly hyperbolic in the
narrow sense diffeomorphisms on 3–dimensional manifolds.

Theorem 2.4. A compact 3-dimensional manifold whose fundamental group
is finite does not carry a partially hyperbolic diffeomorphism in the narrow
sense whose central distribution is uniquely integrable (for the definition of
unique integrability see Section 5.3).

One can derive from this result that there are no partially hyperbolic in
the narrow sense diffeomorphisms on the 3-dimensional sphere S

3 (see [10]).



3. The Mather Spectrum Theory

3.1. Mather’s spectrum of a diffeomorphism. A dynamical system f on a
smooth compact Riemannian manifold M generates a continuous linear op-
erator f∗ acting on the Banach space Γ0(TM) of continuous vector fields v
on M by the formula

(f∗v)(x) = dfv(f−1(x)).

The spectrum Q = Qf of the complexification of f∗ is called Mather’s spec-
trum of the dynamical system f . The following result provides some infor-
mation on the structure of the set Q as well as the corresponding structure
of the tangent bundle.

Theorem 3.1 (Mather, [31]). Suppose that non-periodic orbits of f are dense
in M . Then

(1) any connected component of the spectrum Q coincides with an an-
nulus Qi around 0 with radii λi and µi where

0 < λ1 ≤ µ1 < · · · < λt ≤ µt

and t ≤ dimM ;
(2) the invariant subspace Hi ∈ Γ0(TM) of f∗ corresponding to the com-

ponent Qi of the spectrum is a modulus over the ring of continuous
functions;

(3) the collection of the subspaces Ei(x) = {v(x) ∈ Tx : v ∈ Hi} consti-
tutes a df -invariant continuous distribution on M and

TxM =
t⊕
i=1

Ei(x), x ∈M.

Proof. First we show that if µ ∈ Q and λ ∈ C with |λ| = 1 then λµ ∈ Q.
We need the following characterization of the points in the spectrum.

Lemma 3.2. µ ∈ Q if and only if for all ε > 0 there exists v ∈ Γ0(TM) such
that ‖v‖ = 1 and ‖f∗v − µv‖ ≤ ε.

Let λ ∈ C and |λ| = 1. We wish to show that given ε > 0, there exists
w ∈ Γ0(TM) such that ‖w‖ = 1 and ‖f∗w − λµw‖ ≤ ε.

Choose v ∈ Γ0(TM) such that ‖v‖ = 1 and ‖f∗v− µv‖ ≤ ε/4. Since the
non-periodic points of f are dense in M , one can choose a non-periodic point
x such that ‖v(x)‖ ≥ 1

2 . Pick a positive integer n such that n ≥ 4|µ|
ε and a

neighborhood U of x such that the sets fk(U) are disjoint for −n ≤ k ≤ n.
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Let ϕ : U → [0, 1] be a continuous function with compact support and
ϕ(x) = 1. Define ψ : M → [0, 1] by

ψ(y) =

{
0 for y 	∈ ⋃nk=−n f

k(U),
(1 − |k|

n )λ−k(ϕ ◦ f−k)(y) for y ∈ fk(U).

Clearly, ψ is continuous. If η = ψv ∈ Γ0(TM) then

‖η‖ ≥ |η(x)| = |ψ(x)||v(x)| ≥ 1
2
,

and

‖f∗η − µλη‖ = ‖(ψ ◦ f−1)f∗v − µλψv‖
= ‖(ψ ◦ f−1)(f∗v − µv) + µ(ψ ◦ f−1)v − µλψv‖
≤ ‖f∗v − µv‖ + |µ||(ψ ◦ f−1) − λψ|‖v‖
≤ ε/4 + |µ|/n ≤ ε/4 + ε/4 = ε/2.

Setting w = η
‖η‖ we conclude that ‖f∗w − λµw‖ ≤ ε and hence, λµ ∈ Q.

Assume now that the spectrum is split into two (not necessarily con-
nected) components, i.e., Q = Q1∪Q2, Q1∩Q2 = ∅. Let Γ0(TM) = H1⊕H2

be the corresponding splitting with f∗(Hi) = Hi and Qi be the spectrum of
the operator f∗|Hi, i = 1, 2.

Note that the spectral radius of the operator f∗|H1 does not exceed µ1

while the spectral radius of the operator f∗|H2 is at least λ2. Therefore,
v ∈ H1 if and only if

lim
n

n
√

‖fn∗ |H1‖ ≤ µ1

and v ∈ H2 if and only if

lim
n

n
√

‖fn∗ |H2‖ ≥ λ2.

This implies that ϕv ∈ Hi for any ϕ ∈ C0(M) and v ∈ Hi, i = 1, 2, and
hence, H1 and H2 are moduli over the ring C0(M) of continuous functions
on M .

Finally, let

Ei(x) = {v(x) ∈ TxM : v ∈ Hi}, i = 1, 2.

Ei(x) are clearly linear subspaces of TxM and dfEi(x) = Ei(f(x)). More-
over, they span TxM since any vector field v can be written as a sum v1+v2

with vi ∈ Hi.



20 YA. PESIN

We shall show that E1(x) ∩ E2(x) = 0. If this is not the case, then
dimE1(x) + dimE2(x) > dimM . Since E1(x) and E2(x) depend continu-
ously on x, so do dimE1(x) and dimE2(x). Hence, there exists a neighbor-
hood U of x such that

dimE1(y) + dimE2(y) = dimE1(x) + dimE2(x) > dimM

for every y ∈ U . Therefore, E1(y) ∩ E2(y) 	= 0 in U . There is a nonzero
vector field v ∈ Γ0(TU) with v(y) ∈ E1(y) ∩ E2(y) for each y ∈ U . By
multiplying v with an appropriate continuous function vanishing outside an
open set V ⊂ U , we get a nonzero vector field w ∈ Γ0(TM). But then
w ∈ H1 ∩H2, a contradiction. We conclude that the spectrum cannot have
more than dimM connected components and the desired result follows. �

One can characterize various classes of dynamical systems using their
Mather’s spectra.

Theorem 3.3 (Mather, [31]). The following statements hold.
(1) A diffeomorphism f is Anosov if and only if 1 is not contained in

its Mather’s spectrum Q.
(2) A diffeomorphism f is partially hyperbolic if and only if its Mather’s

spectrum is contained in a disjoint union of two non-empty annuli,
Q ⊂ Q1 ∪Q2 with Q1 lying inside of the unit disk and/or Q2 lying
outside of the unit disk.

(3) A diffeomorphism f is partially hyperbolic in the narrow sense if and
only if its Mather’s spectrum is contained in a disjoint union of three
non-empty annuli, Q ⊂ Q1∪Q2∪Q3 with Q1 lying inside of the unit
disk and Q3 lying outside of the unit disk.

Proof. We shall prove the first statement leaving the proof of other state-
ments to the reader. It is easy to see that if f is an Anosov diffeomorphism
then 1 	∈ Q. It remains to show that if 1 	∈ Q then non-periodic orbits of f
are dense.

Assuming the contrary there exists an open set U ⊂ M consisting of
periodic orbits. Let Pn be the set of periodic orbits of period ≤ n. These
sets are closed and U ⊂ ⋃n Pn, Hence, one of them, say Pm, contains a non-
empty open set V ⊂ U . Let W ⊂ V be open and so small that its m images
under f are disjoint. Pick a vector field v ∈ Γ0(TM), ‖v‖ = 1, vanishing
outside W and consider the vector field w =

∑m
k=0 f

k∗ v. Then f∗w = w, a
contradiction. �

3.2. Stability of Mather’s spectrum. We denote by Diffq(M) the space of
Cq diffeomorphisms equipped with the Cq topology. Mather’s spectrum
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is stable under small perturbations of dynamical systems in the following
sense.

Theorem 3.4 (Pesin, [37]). Let f be a diffeomorphism of M whose non-
periodic orbits are dense. Let

Qf =
t⋃
i=1

Qf,i

be the decomposition of its Mather’s spectrum into disjoint annuli Qf,i with
radii

0 < λf,1 ≤ µf,1 < · · · < λf,t ≤ µf,t

and t ≤ dimM . Let also

TM =
t⊕
i=1

Ef,i

be the corresponding decomposition of the tangent bundle into df -invariant
subbundles Ef,i, i = 1, . . . , t. Then for any sufficiently small ε > 0 there
exists a neighborhood η of f in Diff1(M) such that for any g ∈ η:

(1) Mather’s spectrum Qg is a union of disjoint components Qg,i, each
being contained in an annulus with radii λg,i ≤ µg,i satisfying

|λf,i − λg,i| ≤ ε, |µf,i − µg,i| ≤ ε.

(2) the distribution Eg,i corresponding to the component Qg,i satisfies

max
x∈M

∠(Ef,i(x), Eg,i(x)) ≤ Lδα ≤ ε,

where δ = dC1(f, g) and L > 0, α > 0 are constants.

Proof. We begin with the following lemma.

Lemma 3.5. Let g be a diffeomorphism of M and Γ0(TM) = H1 ⊕ H2

a splitting. Assume that with respect to this splitting g∗ = (Gji) where
Gji : Hi → Hj , i, j = 1, 2 are bounded invertible linear operators satisfying

‖G11‖ < λ, ‖G−1
22 ‖ < µ, λµ < 1.

Then for any ε > 0 there is δ > 0 such that if ‖G12‖, ‖G21‖ ≤ δ, then
(1) there is an invariant splitting Γ0(TM) = H ′

1 ⊕ H ′
2 with respect to

which g∗ = (G′
ji);

(2) ‖(G′)11‖ < λ, ‖(G′)−1
22 ‖ < µ, (G′)12 = 0, (G′)21 = 0;

(3) d(Hi,H
′
i) ≤ Lδα ≤ ε where L > 0 and α > 0 are constants and d is

the distance between subspaces.
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Proof of the lemma. We find H ′
1 in the form of the graph of a linear trans-

formation A : H1 → H2. Since H ′
1 is invariant, i.e. g∗H ′

1 = H ′
1, we obtain

for any vector field v ∈ H1 and x ∈M ,(
G11(x) G12(x)
G21(x) G22(x)

)(
v(x)

A(x)v(x)

)
=
(
G11(x)v(x) +G12(x)A(x)v(x)
G21(x)v(x) +G22(x)A(x)v(x)

)

=
(

G11(x)v(x) +G12(x)A(x)v(x)
A(g(x))(G11(x)v(x) +G12(x)A(x)v(x))

)
.

Hence, the transformation A should satisfy the equation

A(x) =G−1
22 (x)A(g(x))G11(x)

+G−1
22 (x)

(−G21(x) +A(g(x))G12(x)A(x)
)
.

(3.1)

Consider the space A of all linear transformations A : H1 → H2 for which

‖A‖ = sup
x∈M

‖A(x)‖ <∞.

This is a Banach space with the norm ‖ · ‖. Consider the operator Q acting
on A by the formula

(QA)(x) =G−1
22 (x)A(g(x))G11(x)

+G−1
22 (x)

( −G21(x) +A(g(x))G12(x)A(x)
)
.

If ‖A‖ ≤ 1 and ‖A′‖ ≤ 1 then

‖QA‖ ≤ λµ‖A‖ + µδ(‖A‖2 + 1) ≤ λµ+ 2µδ = θ

and
‖QA − QA′‖ ≤ λµ‖A−A′‖ + 2µδ‖A −A′‖ = θ‖A−A′‖.

This shows that if δ is chosen such that θ < 1 then the operator Q contracts
the unit ball in A into itself. The fixed point Ã of Q is the unique solution of
Equation (3.1). Moreover, if δ is sufficiently small then ‖Ã‖ ≤ ε and hence,
d(Hi,H

′
i) ≤ ε.

To prove the last statement it suffices to show that ‖A‖ ≤ Lδα. Fix
some 0 < δ′ < δ and assume that ‖G12‖ ≤ δ′ and ‖G21‖ ≤ δ′. Since the
operator Q is contracting for any transformation P with ‖P‖ < 1 we have
‖QnP − A‖ → 0 as n → ∞. Setting P = 0 we get that Q0 = −G−1

22 G21

and hence, ‖Q0‖ ≤ µδ′. Proceeding by induction, we wish to show that
‖Qn0‖ ≤ L′δ′ for some constant L′ > 0. Indeed, if ‖Qn−10‖ ≤ L′δ′ then

‖Qn0‖ ≤ ‖G−1
22 Qn−10G11‖ + ‖G−1

22 (−G21 + Qn−10G12Q
n−10)‖

≤ λµL′δ′ + µ(δ′ + (L′)2(δ′)3).
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Thus, choosing

L′ =
µ+ 1
1 − λµ

, δ′ =
1

2L′√µ,

we obtain

‖Qn0‖ ≤ λµL′δ′ + µδ′ +
1
4
δ′ ≤ L′δ′.

It follows that

‖A‖ ≤ lim
n→∞

(‖Qn0 −A‖ + ‖Qn0‖) ≤ L′δ′.

By Theorem 3.8 below δ′ ≤ L′′δα where δ = dC1(f, g), L′′ > 0 is a Hölder
constant and α > 0 is a Hölder exponent of the distribution Ef,i. Therefore,
‖A‖ ≤ L′L′′δα. The lemma follows. �

We proceed with the proof of the theorem. It suffices to consider the case
t = 2 so that Γ0(TM) = H1 ⊕H2, where Hi are subspaces generated by Ei,
i = 1, 2. Write g̃∗ = (Gij). Given ε, we apply Lemma 3.5 to this splitting
and conclude the proof. �

The following result is an immediate corollary of Lemma 3.5.

Theorem 3.6. Anosov systems, partially hyperbolic systems, and partially
hyperbolic systems in the narrow sense form open subsets in Diffq(M), q ≥ 1.

Remark 3.7. While a component Qf,i of the spectrum of f may be an annu-
lus, the corresponding component Qg,i of the spectrum of g may consist of
several annuli (see Figure 5). To illustrate this situation consider an Anosov
flow ϕt on a smooth manifold M and observe that Mather’s spectrum of
ϕ0 = Id is the unit circle while Mather’s spectrum of ϕt for t 	= 0 (which is
partially hyperbolic in the narrow sense) contains at least two more addi-
tional annuli.

Qg

Qf

0

0

Qf,3Qf,1

Qg,3

Qg,4 Qg,7Qg,6

Qg,5

Qg,2

Qf,2

Qg,1

Figure 5. Mather’s spectrum for the perturbation.
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3.3. Hölder continuity. Consider a partially hyperbolic diffeomorphism f of
a compact smooth Riemannian manifold M with a df -invariant splitting of
the tangent bundle (2.4) satisfying (2.5) and (2.3).

Each distribution E1 and E2 is Hölder continuous. More precisely, the
following statement holds.

Theorem 3.8 (Brin, [5]). The distribution E1(x) is Hölder continuous, i.e.,
for all x, y ∈M ,

∠(E1(x), E1(y)) ≤ Cρ(x, y)α,

where C > 0 and

(3.2) 0 < α <
log λ2 − log µ1

log µ2
.

Let us first outline the main idea of the proof without going into some
technical details.

For any γ > 0 one can choose a smooth distribution E(x) such that
∠(E1(x), E(x)) ≤ γ for all x ∈ M . Since ‖df |E1‖ ≤ µ1 < λ2 ≤ ‖df |E2‖, we
have that for any two distributions E′, E′′ 	= E2,

∠(f−1
∗ E′, f−1

∗ E′′) ≤ µ1

λ2
∠(E′, E′′).

Since E1 is invariant this implies that f−n∗ E → E1 as n → ∞. Note that
the distribution f−n∗ E is smooth for any n ≥ 0 and in particular, is Hölder
continuous. Our goal is now to show that there are positive numbers C and
α such that the Hölder continuity “survives” when passing from f−n∗ E to
f−n−1∗ E. This would imply that E1 is also Hölder continuous.

Choose δ > 0 so small that for any two points x, y ∈ M with ρ(x, y) < δ
there exists a unique geodesic connecting x and y. For any distribution
E define the distance between subspaces E(x) and E(y) to be the angle
∠(Ẽx(y), E(y)), where Ẽx(y) is the parallel transport of E(x) from TxM to
TyM along the geodesic connecting x and y. Write

∠(f−1
∗ E(x), f−1

∗ E(y)) = ∠(df−1E(f(x)), df−1E(f(y)))
(∗)
≤ µ1

λ2
∠(E(f(x)), E(f(y)))

(∗∗)
≤ µ1

λ2
Cρ(f(x), f(y))α

≤ µ1

λ2
Cµα2ρ(x, y)

α.
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Thus, the Hölder continuity of f−1∗ E would follow if we choose α according
to (3.2) so that

µ1

λ2
µα2 < 1.

See Figure 6. To complete the proof one should justify the inequalities
(∗) and (∗∗). The inequality (∗) needs some correction since the parallel
transport does not commute with the differential df−1. The inequality (∗∗)
needs some correction since the distance ρ(f(x), f(y)) may exceed δ.

y

f−1∗ E(y)

f(y)

E(f(y))

f(x)

x

E(f(x))

f−1∗ E(x) E′ = (˜f−1∗ E)x(y)

Ẽf(x)(f(y))dfE′

Figure 6. To the proof of Hölder continuity: the subspaces
dfE′ and Ẽf(x)(f(y)) may not coincide, and the distance
ρ(f(x), f(y)) may exceed δ.

Although these gaps can actually be fixed we prefer to present instead a
more general and technically less involved proof.

By the Whitney Embedding Theorem, every manifold M can be embed-
ded in R

N with a sufficiently large N . If M is compact, the Riemannian
metric on M is equivalent to the distance ‖x−y‖ induced by the embedding.
The Hölder exponent does not change if the Riemannian metric is changed
for an equivalent smooth metric, while the Hölder constant may change. We
assume, without loss of generality, that the manifold is embedded in R

N .
For a subspace A ⊂ R

N and a vector v ∈ R
N , set

dist(v,A) = min
w∈A

‖v − w‖,
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i.e., dist(v,A) is length of the difference between v and its orthogonal pro-
jection to A. For subspaces A, B in R

N , define

dist(A,B) = max
{

max
v∈A,‖v‖=1

dist(v,B), max
w∈B,‖w‖=1

dist(w,A)
}
.

A k-dimensional distribution E on a set Λ ⊂ R
N is Hölder continuous with

Hölder exponent α ∈ (0, 1] and Hölder constant L > 0 if there exists ε0 > 0
such that

dist(E(x), E(y)) ≤ L‖x− y‖α
for every x, y ∈ Λ with ‖x− y‖ ≤ ε0. The subspaces E1, E2 ⊂ R

N are said
to be κ-transverse if ‖v1 − v2‖ ≥ κ for all unit vectors v1 ∈ E1 and v2 ∈ E2.

We obtain Theorem 3.8 from the following general result.

Proposition 3.9 (Brin, [5]). Let M be a compact m-dimensional C2 sub-
manifold of R

N for some m < N , and f : M → M a C1+β map for some
β ∈ (0, 1). Assume that there exist a set Λ ⊂M and real numbers 0 < λ < µ,
c > 0, and κ > 0 such that for each x ∈ Λ there are κ-transverse subspaces
E(x), F (x) ⊂ TxM with the following properties:

(1) TxM = E(x) ⊕ F (x);
(2) ‖dxfnv‖ ≤ cλn‖v‖ and ‖dxfnw‖ ≥ c−1µn‖w‖ for every v ∈ E(x),

w ∈ F (x), and every positive integer n.

Then for every a > maxz∈M ‖dzf‖1+β, the distribution E is Hölder contin-
uous with exponent

α =
log µ− log λ
log a− log λ

β.

Proof of the proposition. We begin with two lemmas.

Lemma 3.10. Let An and Bn, for n = 0, 1, . . ., be two sequences of real
N ×N matrices such that for some ∆ ∈ (0, 1) and a > 1,

‖An −Bn‖ ≤ ∆an

for every positive integer n. Assume that there exist subspaces EA, EB ⊂ R
N

and numbers 0 < λ < µ and C > 1 such that λ < a and for each n ≥ 0,

‖Anv‖ ≤ Cλn‖v‖ if v ∈ EA; ‖Anw‖ ≥ C−1µn‖w‖ if w ∈ EA
⊥;

‖Bnv‖ ≤ Cλn‖v‖ if v ∈ EB ; ‖Bnw‖ ≥ C−1µn‖w‖ if w ∈ EB
⊥.

Then
dist(EA, EB) ≤ 3C2µ

λ
∆

log µ−log λ
log a−log λ .
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Proof of the lemma. Set

QnA = {v ∈ R
N : ‖Anv‖ ≤ 2Cλn‖v‖},

QnB = {v ∈ R
N : ‖Bnv‖ ≤ 2Cλn‖v‖}.

For each v ∈ R
N , write v = v1 + v2, where v1 ∈ EA and v2 ∈ EA

⊥. If
v ∈ QnA, then

‖Anv‖ = ‖An(v1 + v2)‖ ≥ ‖Anv2‖ − ‖Anv1‖ ≥ C−1µn‖v2‖ − Cλn‖v1‖,
and hence,

‖v2‖ ≤ Cµ−n(‖Anv‖ + Cλn‖v1‖) ≤ 3C2

(
λ

µ

)n
‖v‖.

Therefore,

(3.3) dist(v,EA) ≤ 3C2

(
λ

µ

)n
‖v‖.

Set γ = λ/a < 1. There exists a unique nonnegative integer n such that
γn+1 < ∆ ≤ γn. If w ∈ EB , then

‖Anw‖ ≤ ‖Bnw‖ + ‖An −Bn‖ · ‖w‖
≤ Cλn‖w‖ + ∆an‖w‖
≤ (Cλn + (γa)n)‖w‖ ≤ 2Cλn‖w‖.

It follows that w ∈ QnA and hence, EB ⊂ QnA. By symmetry, EA ⊂ QnB. By
(3.3) and the choice of n, we obtain

dist(EA, EB) ≤ 3C2

(
λ

µ

)n
≤ 3

µ

λ
C2∆ζ ,

where ζ = log µ−log λ
log a−log λ . This completes the proof of the lemma. �

Lemma 3.11. Let f : M → M be a C1+β map of a compact m-dimensional
C2 submanifold M ⊂ R

N . Then for every a > maxz∈M ‖dzf‖1+β there
exists D > 1 such that for every n ∈ N and every x, y ∈M we have

‖dxfn − dyf
n‖ ≤ Dan‖x− y‖β.

Proof of the lemma. Let D′ be such that

‖dxf − dyf‖ ≤ D′‖x− y‖β.
Set b = maxz∈M ‖dzf‖ ≥ 1 and observe that for every x, y ∈M ,

‖fn(x) − fn(y)‖ ≤ bn‖x− y‖
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Fix a > b. Then the lemma holds true for n = 1 and any D ≥ D′. For the
inductive step let us note that

‖dxfn+1 − dyf
n+1‖ ≤ ‖dfn(x)f‖ · ‖dxfn − dyf

n‖
+ ‖dfn(x)f − dfn(y)f‖ · ‖dyfn‖
≤ bDan‖x− y‖β +D′(bn‖x− y‖)βbn
≤ Dan+1‖x− y‖β

(
b

a
+
D′

D

(b1+β)n

an+1

)
.

If a > b1+β, then there exists D ≥ D′ for which the factor in parentheses is
less than 1. �

We proceed with the proof of the proposition.
For x ∈M , let (TxM)⊥ denote the orthogonal complement to the tangent

plane TxM in R
N . Since (TM)⊥ is a smooth distribution, it is sufficient to

prove the Hölder continuity of P = E ⊕ (TM)⊥.
Since E(x) and F (x) are κ-transverse and of complementary dimensions

in TxM , there exists d > 1 such that ‖dxfnw‖ ≥ d−1µn‖w‖ for every x ∈ Λ
and w ⊥ E(x).

For x, y ∈ Λ and a positive integer n, let An and Bn be N ×N matrices
such that

Anv = dxf
nv if v ∈ TxM and Anw = 0 if w ∈ (TxM)⊥,

Bnv = dyf
nv if v ∈ TyM and Bnw = 0 if w ∈ (TyM)⊥.

By Lemma 3.11,
‖An −Bn‖ ≤ Dan‖x− y‖β.

Now the proposition follows from Lemma 3.10 with ∆ = D‖x− y‖β , EA =
P (x), EB = P (y), and C = max{c, d}. �

One should not expect the distribution E1 to be smooth even in the
case of Anosov diffeomorphisms. The first example of a non-smooth stable
distribution was constructed by Anosov in [1]. Hasselblatt [24] has shown
that for a “typical” Anosov diffeomorphism stable and unstable distributions
are only Hölder continuous. Nevertheless, there are situations where these
distributions are smooth:

(1) Mather’s spectrum of f satisfies the pinching condition,
µ1

λ2
µ2 < 1

(in view of (3.2) this condition guarantees that E1 is Lipschitz);
(2) the distribution E1 is of co-dimension one.



4. Stable and Unstable Foliations

Let f be a partially hyperbolic diffeomorphism of a smooth compact Rie-
mannian manifold M . Switching, if necessary, to a Lyapunov inner metric
‖ · ‖ (see Section 2.2) we assume that there exists a df -invariant decomposi-
tion of the tangent bundle

(4.1) TM = E ⊕ F

such that for every x ∈M the subspaces E(x) and F (x) are orthogonal and

(4.2) ‖df |E(x)‖ ≤ λ, ‖df−1|F (x)‖−1 ≥ µ,

where

(4.3) 0 < λ < min{1, µ}.
Recall that ρ(x, y) denotes the distance between two points x, y ∈M induced
by the (smooth) Riemannian metric on M . Given a smooth submanifold
W ⊂M , let ρW (x, y) denotes the distance inW between two points x, y ∈W
induced by the Riemannian metric on W .

In this section we discuss the problem of integrability of the stable distri-
bution E. Since this distribution is not in general smooth its integrability
is associated with foliations of a special kind which we now consider.

4.1. Foliations. [13, 26].
A partition W ofM is called a foliation of M with smooth leaves or simply

foliation if there exist δ > 0 and � > 0 such that for each x ∈M ,

1. the element W (x) of the partition W containing x is a smooth
�-dimensional immersed submanifold; it is called the (global) leaf
of the foliation at x; the connected component of the intersection
W (x) ∩ B(x, δ) that contains x is called the local leaf at x and is
denoted by V (x);

2. there exists a continuous map ϕx : B(x, δ) → C1(D,M) (where D ⊂
R
� is the unit ball) such that for every y ∈M ∩B(x, δ) the manifold

V (y) is the image of the map ϕx(y) : D →M .

The function ϕx(y, z) = ϕx(y)(z) is called the foliation coordinate chart .
This function is continuous and has continuous derivative ∂

∂zϕx.
A continuous distribution E on TM is called integrable if there exists a

foliation W of M such that E(x) = TxW (x) for every x ∈M .
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4.2. Stable Manifold theorem. The statement. In this section we study the
integrability of the stable invariant distribution E. If it is smooth one can
use the classical Frobenius theorem to establish its integrability. Namely,
one can show that if λ < µ2 then for any two vector fields v,w ∈ E the
Lie bracket [v,w] belongs to E and hence, E is integrable. The correspond-
ing foliation is smooth. Since, in general, E is not smooth other methods
should be exploited to establish its integrability. It can be achieved by first
constructing local leaves of the foliation (local stable manifolds) and then
by gluing them together.

In the hyperbolicity theory constructing local stable manifolds can be
carried out by either Hadamard’s method [23] (also known as the graph
transfer method) or Perron’s method [36]. 2 Each method is based on
representing the local stable manifold as a graph of some function which
satisfies an “invariance equation” (see Equation (4.12) below) and provides
an approach to solve this equation. By Hadamard, the solution can be found
as the fixed point of a contracting operator acting in an appropriate space
of functions while by Perron, the solution can be obtained by applying the
Implicit Function Theorem to a non-linear operator acting in an appropriate
functional space.

Each method has its advantages and disadvantages. Hadamard’s method
is geometrical and is somewhat more “natural”. It can also be used in
non-smooth (Lipschitz) case. However, proving high smoothness of local
manifolds by Hadamard’s method is somewhat a difficult task. Arguably
it is better to use Hadamard’s method in the case of complete uniform
hyperbolicity while in the case of partial hyperbolicity (as well as nonuniform
hyperbolicity) Perron’s method seems to be more efficient (though it is quite
formal). 3

Theorem 4.1 (Brin and Pesin [13], Hirsch, Pugh and Shub, [26]). (Stable
Manifold Theorem). The following statements hold:

(1) the distribution E is integrable and its maximal integral manifolds
generate a foliation W of M . The global leaf W (x) which passes
through the point x ∈M is a C1-immersed submanifold of M ;

2Anosov remarks in [1], p. 23 (repeated by Hirsh, Pugh and Shub in [26], p. 2) ”Every
five years or so, if not more often, someone “discovers” the theorem of Hadamard and
Perron, proving it by Hadamard’s method of proof or by Perron’s”.

3Fenichel [22] used Hadamard’s method and Irwin [27] used Perron’s method to estab-
lish some other versions of Stable Manifold Theorem.
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(2) the foliation W is f -invariant and contracting: for any x ∈ M, y ∈
W (x), and n ≥ 0,

(4.4) ρW (fn(x), fn(y)) ≤ C(λ+ ε)nρW (x, y),

where ε > 0 is sufficiently small and C = C(ε) > 0 is a constant
independent of x, y, and n;

(3) if f is of class Cq then so is W (x) for any x ∈M .

Remark 4.2. Property (4.4) characterizes leaves of the foliation W , i.e., any
point y, for which (4.4) holds for all n ≥ 0, lies in W (x). This implies that
the foliation W is uniquely integrable. In fact, it follows from Statement 3
of Theorem 4.3 that W is locally uniquely integrable. See Section 5.3 for the
definitions of unique integrability and local unique integrability.

The proof of the Stable manifold Theorem is presented in Sections 4.3–
4.5. Here we briefly outline our approach. First, given a point x ∈ M , we
construct a local stable manifold V (x) (see Sections 4.3 and 4.4). This is
a smooth submanifold through x which consists of all points y in a small
neighborhood of x whose trajectories {fn(y)} converge with an exponential
rate to the trajectory {fn(x)} as n → +∞. This describes local stability
properties of the trajectory {fn(x)}. Let us stress that constructing V (x) re-
quires a partial hyperbolic structure only along the positive semi-trajectory
through x, i.e., it does not require any other partially hyperbolic trajectories
to be present. In Section 4.3 we derive an “invariance equation” for the local
stable manifold, and in Section 4.4 we apply Perron’s method to solve it.
This can be done in an abstract setting which is described in Theorem 4.3.

In Section 4.5 we then construct the global stable manifold W (x) at x
by either gluing local stable manifolds passing through different points or
iterating backwards local stable manifolds along the positive semi-trajectory
through x. The global manifold is a smooth immersed submanifold and
consists of all points y in the whole phase spaceM whose trajectories {fn(y)}
converge with an exponential rate to the trajectory {fn(x)} as n→ +∞. It
is the leaf of the foliation through x.

4.3. The invariance equation. We begin by constructing local stable man-
ifolds. Given x ∈ M , a local stable manifold at x can be found in the
following form

(4.5) V (x) = expx{(v, ψx(v)) : v ∈ BE(r0)},
where BE(r0) is the ball in E(x) centered at the origin of radius r0 and
ψx : BE(r0) → F (x) is a smooth map, which satisfies ψx(0) = 0 and dψx(0) =



32 YA. PESIN

0. The number r0 is sufficiently small and is independent of x. To construct
the function ψx consider the map

(4.6) f̃x = exp−1
f(x) ◦f ◦ expx : BE(r0) ×BF (r0) → Tf(x)M,

which is well-defined if r0 is sufficiently small. Here BF (r0) is the ball in
F (x) of radius r0 centered at the origin. The map f̃x can be written in the
following form:

(4.7) f̃x(v,w) = (A(x)v + gx(v,w), B(x)w + hx(v,w)),

with v ∈ BE(r0) and w ∈ BF (r0). Here A(x) = df |E(x) and B(x) = df |F (x)
satisfy

(4.8) ‖A(x)‖ ≤ λ, (‖B(x)−1‖)−1 ≥ µ.

Furthermore,

gx : BE(r0) ×BF (r0) → E(f(x)), hx : BE(r0) ×BF (r0) → F (f(x))

are smooth maps satisfying

(4.9) gx(0, 0) = 0, hx(0, 0) = 0,

(4.10) dgx(0, 0) = 0, dhx(0, 0) = 0,

(4.11) ‖dgx(v,w)‖ ≤ C1, ‖dhx(v,w)‖ ≤ C1,

where C1 > 0 is a constant.
Since the manifold V (x) is invariant we have f(V (x)) ⊂ V (f(x)). Apply-

ing (4.7) yields the following equation for the function ψx:

(4.12) B(x)ψx(v) + hx(v, ψx(v)) = ψf(x)(A(x)v + gx(v, ψx(v))).

Consider the trajectory {fm(x)}m∈Z and the family of maps f̃fm(x). We
identify the tangent spaces Tfm(x)M with R

p = R
�×R

p−� via an isomorphism
τm such that τm(E(fm(x))) = R

� and τm(F (fm(x))) = R
p−� where � =

dimE(x) and p = dimM . Consider the map

(4.13) Fm = τm+1 ◦ f̃fm(x) ◦ τm−1 : B�(r0) ×Bp−�(r0) → R
p,

where B�(r0) and Bp−�(r0) are balls in R
� and R

p−� respectively centered
at zero of radius r0. This map is of the form

(4.14) Fm(v,w) = (Amv + gm(v,w), Bmw + hm(v,w)),

where
Am : R

� → R
�, Bm : R

p−� → R
p−�
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are linear maps and

gm : B�(r0) ×Bp−�(r0) → R
�, hm : B�(r0) ×Bp−�(r0) → R

p−�

are nonlinear maps. In view of (4.8)–(4.11) these maps satisfy:

(4.15) ‖Am‖ ≤ λ, (‖Bm−1‖)−1 ≥ µ,

(4.16) gm(0, 0) = 0, dgm(0, 0) = 0, hm(0, 0) = 0, dhm(0, 0) = 0,

(4.17) ‖dgm(v,w)‖ ≤ C2, ‖dhm(v,w)‖ ≤ C2,

where C2 > 0 is a constant. Using (4.14) one can rewrite Equation (4.12)
in the form:

(4.18) ψm(v) = B−1
m ψm+1(Amv + gm(v, ψm(v))) −B−1

m hm(v, ψm(v)).

4.4. Local stable manifold theorem. We will now establish a general version
of the Local Stable Manifold theorem which provides a unique solution of
Equation (4.18).

Let us fix a number κ such that

λ < κ < µ, κ ≤ 1.

Theorem 4.3. (Local Stable Manifold Theorem). There are constants D > 0,
0 < r ≤ r0, and a map ψ : B�(r) → R

p−� such that:
(1) ψ is of class C1, ψ(0) = 0, and dψ(0) = 0;
(2) if m ≥ 0 and v ∈ B�(r) then(

m−1∏
i=0

Fi

)
(v, ψ(v)) ∈ B�(r0) ×Bp−�(r0),

∥∥∥∥∥
(
m−1∏
i=0

Fi

)
(v, ψ(v))

∥∥∥∥∥ ≤ Dκm‖(v, ψ(v))‖,

where
∏m−1
i=0 Fi denotes the composition Fm−1 ◦ · · · ◦ F0 with the

convention that
∏−1
i=0 Fi = Id;

(3) given v ∈ B�(r) and w ∈ Bp−�(r0), if there is a number K > 0 such
that(

m−1∏
i=0

Fi

)
(v,w) ∈ B�(r0) ×Bp−�(r0) and

∥∥∥∥∥
(
m−1∏
i=0

Fi

)
(v,w)

∥∥∥∥∥ ≤ Kκm

for every m ≥ 0, then w = ψ(v);
(4) if the map f is of class Cq, q ≥ 1, then so is the function ψ.
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Remark 4.4. The constants D and r depend only on λ, µ, κ and C2 and
hence, the size of local stable manifold V (x) does not depend on x ∈M .

Remark 4.5. The theorem is valid if instead of the finite-dimensional space
R
p we allow a Banach space B with a splitting B = E ⊕ F into Banach

subspaces E and F and a family of local maps Fm in the form (4.14) as long
as the estimates (4.15) and (4.17) are uniform.

Proof of the theorem. Consider the linear space Γ of sequences of vectors
z = {z(m) ∈ R

p}m≥0 satisfying

(4.19) ‖z‖κ = sup
m≥0

(κ−m‖z(m)‖) <∞.

Γ is a Banach space with the norm ‖z‖κ. Set

(4.20) W = {z ∈ Γ: z(m) ∈ B�(r0) ×Bp−�(r0) for every m ≥ 0}.
Since κ ≤ 1 the set W is open. Consider the map Φ: B�(r0)×W → Γ given
by

(4.21) Φ(y, z)(m) = −z(m) + (Φ1(y, z)(m),Φ2(y, z)(m)),

where

(4.22) Φ1(y, z)(0) = y, Φ2(y, z)(0) = −
∞∑
n=0

(
n∏
i=0

B−1
i

)
hn(z(n))

and if m > 0 then

Φ1(y, z)(m) =

(
m−1∏
i=0

Ai

)
y +

m−1∑
n=0

(
m−1∏
i=n+1

Ai

)
gn(z(n)),

Φ2(y, z)(m) = −
∞∑
n=0

(
n∏
i=0

B−1
i+m

)
hn+m(z(n+m)).

(4.23)

We will show that the map Φ is well-defined and is continuously differentiable
in y and z. Indeed, by (4.16) and (4.17) for z ∈ B�(r0)×Bp−�(r0) and n ≥ 0,

(4.24) ‖gn(z)‖ = ‖gn(z) − gn(0)‖ ≤ ‖dgn(ξ)‖‖z‖ ≤ C2‖z‖,
where ξ lies on the interval that joins the points 0 and z. Similarly, we have
that

(4.25) ‖hn(z)‖ ≤ C2‖z‖.
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Using (4.15), (4.24) and (4.25), we find that

‖Φ(y, z)‖κ = sup
m≥0

(κ−m‖Φ(y, z)(m)‖) ≤ sup
m≥0

(κ−m‖z(m)‖)

+ sup
m≥0

{
κ−m

[(
m−1∏
i=0

‖Ai‖
)
‖y‖ +

m−1∑
n=0

(
m−1∏
i=n+1

‖Ai‖
)
C2‖z(n)‖

+
∞∑
n=0

(
n∏
i=0

‖B−1
i+m‖

)
C2‖z(n +m)‖

]}

≤ ‖z‖κ + sup
m≥0

(κ−mλm)‖y‖

+ sup
m≥0

(
κ−mC2‖z‖κ

[
m−1∑
n=0

λm−n−1κn +
∞∑
n=0

µ−(n+1)κ(m+n)

])
.

Note that
sup
m≥0

(κ−mλm) = 1.

It is easy to check that

sup
m≥0

[
κ−mλm−1

m−1∑
n=0

(
λ−1κ

)n] = C3 <∞

and

sup
m≥0

(
µ−1

∞∑
n=0

(
µ−1κ

)n) = C4 <∞.

Setting M = C3 + C4 we conclude that

‖Φ(y, z)‖κ ≤ ‖y‖ + (C2M + 1)‖z‖κ.
This implies that the map Φ is well-defined. Clearly, Φ(0, 0) = (0, 0).

We will show that the map Φ is of class C1. Indeed, for any y ∈ B�(r0)
and t ∈ R

� such that y + t ∈ B�(r0), any z ∈W , and m ≥ 0 we have

Φ(y + t, z)(m) − Φ(y, z)(m) =

((
m−1∏
i=0

Ai

)
t, 0

)
.

It follows that

(4.26) ∂yΦ(y, z)(m) =

(
m−1∏
i=0

Ai, 0

)
.

For any y ∈ B�(r0), z ∈W , t ∈ Γ such that z + t ∈W we write

(4.27) Φ(y, z + t) − Φ(y, z) = (A(z) − Id)t+ o(z, t),
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where Id is the identity map,

A(z)t(m) =

(
m−1∑
n=0

(
m−1∏
i=n+1

Ai

)
dgn(z(n))t(n) ,

−
∞∑
n=0

(
n∏
i=0

B−1
i+m

)
dhn+m(z(n +m))t(m+ n)

)
,

(4.28)

and

o(z, t)(m) =

(
m−1∑
n=0

(
m−1∏
i=n+1

Ai

)
o1(z, t)(n),

−
∞∑
n=0

(
n∏
i=0

B−1
i+m

)
o2(z, t)(m+ n)

)
.

Here oi(z, t)(m), for i = 1, 2, are given by

o1(z, t)(m) = gm((z + t)(m)) − gm(z(m)) − dgm(z(m))t(m),

o2(z, t)(m) = hm((z + t)(m)) − hm(z(m)) − dhm(z(m))t(m).

If z1, z2 ∈W and t ∈ Γ then by (4.15) and (4.17),

‖A(z)t‖κ ≤ sup
m≥0

{
κ−m

[
m−1∑
n=0

(
m−1∏
i=n+1

‖Ai‖
)
C2‖t(n)‖

+
∞∑
n=0

(
n∏
i=0

‖B−1
i+m‖

)
C2‖t(n +m)‖

]}

≤ sup
m≥0

{
κ−mC2

[
m−1∑
n=0

λm−n−1κn +
∞∑
n=0

µ−(n+1)κ(n+m)

]}
‖t‖κ.

It follows that
‖A(z)t‖κ ≤ C2M‖t‖κ.

Therefore, by the Mean Value Theorem, ‖oi(z, t)(m)‖ = o(‖t(m)‖). Arguing
as above we find that

‖o(z, t)‖κ = o(‖t‖κ).
This implies that ∂zΦ(y, z) = A(z) − Id. In particular, ∂zΦ(y, 0) = − Id.
Clearly, the map ∂zΦ(y, z) is continuous. Therefore, the map Φ satisfies
the conditions of the Implicit Function Theorem, and hence, there exist a
number 0 < r ≤ r0 and a map ϕ : B�(r) →W of class C1 such that

(4.29) ϕ(0) = 0 and Φ(y, ϕ(y)) = 0.



LECTURES ON PARTIAL HYPERBOLICITY AND STABLE ERGODICITY 37

We describe some properties of the map ϕ. Differentiating the second
equality in (4.29) with respect to y yields

dϕ(y) = −[∂zΦ(y, ϕ(y))]−1∂yΦ(y, ϕ(y)).

Setting y = 0 in this equality yields

(4.30) dϕ(0)(m) =

(
m−1∏
i=0

Ai, 0

)
, y ∈ B�(r).

One can write the vector ϕ(y)(m) in the form

ϕ(y)(m) = (ϕ1(y)(m), ϕ2(y)(m)),

where ϕ1(y)(m) ∈ R
� and ϕ2(y)(m) ∈ R

p−�. It follows from (4.29) that if
m ≥ 0 then

(4.31) ϕ1(y)(m) =

(
m−1∏
i=0

Ai

)
y +

m−1∑
n=0

(
m−1∏
i=n+1

Ai

)
gn(ϕ(y)(n))

and

(4.32) ϕ2(y)(m) = −
∞∑
n=0

(
n∏
i=0

B−1
i+m

)
hn+m(ϕ(y)(n +m)).

These equalities imply that

ϕ1(y)(m+ 1) = Amϕ1(y)(m) + gm(ϕ1(y)(m), ϕ2(y)(m)),

ϕ2(y)(m+ 1) = Bmϕ2(y)(m) + hm(ϕ1(y)(m), ϕ2(y)(m)).

Indeed, iterating the first equality forward one easily obtains (4.31). Re-
writing the second equality in the form

ϕ2(y)(m) = B−1
m ϕ2(y)(m+ 1) −B−1

m hm(ϕ1(y)(m), ϕ2(y)(m))

and iterating it backward yields (4.32). Therefore, the function ϕ(y) is
invariant under the family of maps Fm,

(4.33) Fm(ϕ(y)(m)) = ϕ(y)(m+ 1).

The desired map ψ is now defined by

(4.34) ψ(v) = ϕ2(v)(0)

for each v ∈ B�(r). Note that ϕ1(v)(0) = v. It follows from (4.29) and
(4.30) that the map ψ satisfies Statement 1 of the theorem. Furthermore,
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by (4.33),

m−1∏
i=0

Fi(v, ψ(v)) =
m−1∏
i=0

Fi(ϕ1(v)(0), ϕ2(v)(0))

=
m−1∏
i=0

Fi(ϕ(v)(0)) = ϕ(v)(m)

(4.35)

and ∥∥∥∥∥
m−1∏
i=0

Fi(v, ψ(v))

∥∥∥∥∥ ≤ κm‖ϕ(v)‖κ = κm‖ϕ(v) − ϕ(0)‖κ

≤ κm sup
ξ∈B�(r)

‖dϕ(ξ)‖κ‖v‖

≤ Dκm‖v‖ ≤ Dκm‖(v, ψ(v))‖

(4.36)

for some D > 0 (we use here the fact that ‖v1‖, ‖v2‖ ≤ ‖v‖ for every
v = (v1, v2) ∈ R

p). This proves Statement 2. Let (v,w) ∈ B�(r) ×Bp−�(r0)
satisfy the assumptions of Statement 3 of the lemma. Set

z(m) =
m−1∏
i=0

Fi(v,w).

It follows that z ∈ Γ (since ‖z‖κ ≤ K) and that Φ(v, z) = 0. The uniqueness
of the map ϕ implies that z = ϕ(v) and hence,

w = ϕ2(v)(0) = ψ(v).

This establishes Statement 3. To prove Statement 4 it suffices to show
that the map Φ is of class Cq. Indeed, a simple modification of the above
argument shows that

dkyΦ(y, z) = (0, 0), 2 ≤ k ≤ q

and

dkzΦ(y, z) =

(
m−1∑
n=0

(
m−1∏
i=n+1

Ai

)
dkgn(z(n)),

−
∞∑
n=0

(
n∏
i=0

B−1
i+m

)
dkhm+n(z(m+ n))

)
.

(4.37)

We leave the details to the reader. �
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4.5. Construction of global manifolds. In this section we construct the global
stable manifold at a point x. There are two ways to do this. The first one
is by gluing the local stable manifolds. Namely, if y ∈ V (x) then the local
stable manifold V (y) has the same ”size” as V (x) and is a continuation of
V (x), i.e., V (x)∪ V (y) is a smooth submanifold in M . Continuing this way
one will obtain the global manifold W (x). We shall not discuss details of
this process and proceed with another way of constructing the global stable
manifolds.

It is based on iterating the local stable manifolds backward along the
positive semi-trajectory of x. Namely, let

(4.38) W (x) =
∞⋃
n=0

f−n(V (fn(x))).

It is a finite-dimensional immersed smooth submanifold (of class Cq if f is
of class Cq) and it has the following properties.

Theorem 4.6. If x, y ∈M , then:
(1) W (x) ∩W (y) = ∅ if y /∈W (x);
(2) W (x) = W (y) if y ∈W (x);
(3) f(W (x)) = W (f(x));
(4) W (x) can be characterized as follows: it consists of all points y ∈M

for which (4.4) holds.

Remark 4.7. For every x ∈M and y ∈W (x) we have

ρ(fn(y), fn(x)) → 0 as n→ ∞
(with an exponential rate) but W (x) may not consist of all such points due
to a possible contraction in other directions in the tangent bundle.

Proof of the theorem. Fix x ∈ M , pick a point y ∈ W (x) and connect x
and y by a curve γ whose length does not exceed 2ρW (x, y). There are
points z0, z1, . . . , zk ∈ γ such that z0 = x, zk = y and zi+1 ∈ V (zi) for all
i = 0, . . . , k− 1. It follows from Local Stable Manifold Theorem 4.3 that for
all i and n ≥ 0,

fn(zi+1) ∈ V (fn(zi))
and

(4.39) ρ(fn(zi+1), fn(zi)) ≤ C(λ+ ε)nρ(zi+1, zi),

where C > 0 is a constant independent of i. Fix n ≥ 0. Summing (4.39)
over i we obtain that

(4.40)
k−1∑
i=0

ρ(fn(zi+1), fn(zi)) ≤ C(λ+ ε)n
k−1∑
i=0

ρ(zi+1, zi).
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Clearly, ρW (fn(x), fn(y)) does not exceed the sum on the left-hand side of
(4.40). The sum on the right-hand side of (4.40) can be estimated from
above by C1length γ where C1 > 0 is a constant. This implies Statement 4.
Statement 3 is obvious and Statements 1 and 2 follow form Statement 4. �

4.6. Filtrations of foliations. As an immediate corollary of the Stable Man-
ifold Theorem 4.1 we obtain the integrability theorem in the case when the
tangent space admits a df -invariant splitting

(4.41) TM =
t⊕
i=1

Ei

with

(4.42) λi ≤ ‖df |Ei‖ ≤ µi,

where

(4.43) 0 < λ1 ≤ µ1 < · · · < λt ≤ µt.

Theorem 4.8. The following statements hold:
(1) if µk < 1 then the distribution

F sk =
k⊕
i=1

Ei

is integrable and the maximal integral manifolds of this distribution
generate a foliation W s

k of M . The global leaf W s
k (x) through x ∈M

is a C1-immersed submanifold of M ;
(2) if λk > 1 then a similar statement holds about the distribution

F uk =
t⊕
i=k

Ei;

the corresponding foliation is W u
k and its leaves are W u

k (x), x ∈M ;
(3) the foliation W s

k is f -invariant and contracting, i.e., for any x ∈
M, y ∈W s

k (x) and n ≥ 0,

ρsk(f
n(x), fn(y)) ≤ C(λk + ε)nρsk(x, y),

where ε is such that 0 < ε < min{λk+1 − µk, 1 − µk}, C = C(ε) > 0
is a constant independent of x, y and n, and ρsk is the distance in
W s
k (x) induced by the Riemannian metric;

(4) the foliation W u
k is f -invariant and contracting for n ≤ 0;

(5) if f is of class Cq then W s
k (x) ∈ Cq and W u

k (x) ∈ Cq.
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We now have two filtrations of distributions

F s1 ⊂ F s2 ⊂ · · · ⊂ F s� , F um ⊃ · · · ⊃ F ut

and the corresponding filtrations of foliations

W s
1 ⊂W s

2 ⊂ · · · ⊂W s
� , W u

m ⊃ · · · ⊃W u
t ,

where � and m are such that µ� < 1 and λm > 1 (note that m = � + 1 or
� + 2). W s

k is called the k-stable foliation and W u
k the k-unstable foliation

for f . For a partially hyperbolic in the narrow sense diffeomorphism f the
foliations W s = W s

� and W u = W u
m are called stable and unstable foliations.

For each k, 1 ≤ k < � (respectively, m ≤ k < t), the foliation W s
k

subfoliates the foliation W s
k+1 (respectively, W u

k+1 subfoliates W u
k ). One

can show that for every x ∈ M the leaves W s
k (y) depend CNk smoothly on

y ∈ W s
k+1(x), where Nk is the biggest number satisfying µk < λNk

k+1 (see
[26], Theorem 6.1; compare with Statement 4 of Theorem 5.2). A similar
statement holds for W u

k .

4.7. The Inclination Lemma. Perron’s approach, described formally by The-
orem 4.3, is quite powerful: one can use it to construct invariant manifolds
in various situations with simple (sometimes quite obvious) modifications
keeping the main ingredients of the method essentially unchanged. Here we
use it to construct stable and unstable manifolds for small perturbations of
Anosov diffeomorphisms. This will allow us to establish structural stability
of Anosov maps, see Section 4.8.

Let f be a Cq Anosov diffeomorphism of a smooth compact Riemannian
manifold M and TM = Es⊕Eu the invariant splitting of the tangent bundle
such that

‖df |Es‖ ≤ λ, ‖(df |Eu)−1‖−1 ≥ µ,

with 0 < λ < 1 < µ.
Given x ∈M , consider the family of local stable manifolds

{Vm,f = V s(fm(x))}m∈Z.

Let T be a small perturbation of f . It is an Anosov diffeomorphism. For
any point y in a small neighborhood U of x and any m ∈ Z consider a local
stable manifold V s(Tm(y)) for T . It turns out that one can identify a unique
family {Vm,T }m∈Z of local (stable) manifolds with the property that for any
m ∈ Z,

ρ(fm(x), Vm,T ) ≤ C,

where C > 0 is a constant. More precisely, the following statement holds.
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Theorem 4.9. Given δ > 0 there is ε > 0 with the following property. Let
T : M →M be a Cq diffeomorphism such that dC1(f, T ) ≤ ε. Given x ∈M ,
there is a family of local Cq manifolds {Vm,T }m∈Z such that:

(1) d(fm(x), Vm,T ) ≤ δ;
(2) Vm,T is a local stable manifold for T , i.e., T (Vm,T ) ⊂ Vm+1,T and,

for any y, z ∈ Vm,T and n ≥ 0, d(T n(y), T n(z)) ≤ Cκnd(y, z), where
C > 0 and 0 < κ < 1 are constants;

(3) the family {Vm,T } is unique, i.e., any other family satisfying State-
ments 1 and 2 coincides with {Vm,T }.

Proof. Given x ∈M we find a family of local manifolds at x in the following
form: for every m ∈ Z,

(4.44) Vm,T = expx{(v, ψm(v)) : v ∈ Bs(r0)},
where Bs(r0) is the ball in Es(x) centered at the origin of radius r0
and ψm : Bs(r0) → F (x) is a smooth map satisfying ‖ψm(0)‖ ≤ ε and
‖dψm(0)‖ ≤ ε. The number r0 is sufficiently small and is independent of x.

To construct the family of functions {ψm}m∈Z consider the local map

(4.45) T̃x = exp−1
f(x) ◦T ◦ expx : Bs(r0) ×Bu(r0) → Tf(x)M,

where Bu(r0) ⊂ Eu(x) is the ball of radius r0 > 0 centered at the origin.
The reader should notice that the action of the perturbation T is evaluated
along the trajectory of x under the map f (compare (4.45) with (4.6)).

Using the coordinate system associated with the splitting TM = Es⊕Eu,
which is invariant under df but not under dT , one can write for v ∈ Bs(r0)
and w ∈ Bu(r0),

T̃x(v,w) = (A(x)v + C(x)w + gx(v,w), D(x)v +B(x)w + hx(v,w)).

Here
A(x) : Es(x) → Es(f(x)), B(x) : Eu(x) → Eu(f(x))

are linear maps satisfying

(4.46) ‖A(x)‖ ≤ λ+ ε, ‖B(x)−1‖−1 ≥ µ− ε

with

(4.47) 0 < λ < λ+ ε < 1 < µ− ε < µ.

Furthermore,

C(x) : Eu(x) → Es(f(x)), D(x) : Es(x) → Eu(f(x))

are linear maps such that

(4.48) ‖C(x)‖ ≤ ε, ‖D(x)‖ ≤ ε.
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Finally,

gx : Bs(r0) ×Bs(r0) → Es(f(x)), hx : Bs(r0) ×Bu(r0) → Eu(f(x))

are non-linear maps satisfying

(4.49) ‖gx(0, 0)‖ ≤ ε, ‖hx(0, 0)‖ ≤ ε,

(4.50) dgx(0, 0) = 0, dhx(0, 0) = 0,

(4.51) ‖dgx(v,w)‖ ≤ C1, ‖dhx(v,w)‖ ≤ C1,

where C1 > 0 is a constant. Using trivializations τm : Tfm(x)M → R
p, where

p = dimM , we obtain, as in (4.13) and (4.14), the sequence of maps

Gm = τm+1 ◦ T̃fm(x) ◦ τ−1
m : B�(r0) ×Bp−�(r0) → R

p (� = dimE(x))

such that

Gm(v,w) = (Amv + g̃m(v,w), Bmw + h̃m(v,w)).

Here
Am : R

� → R
�, Bm : R

p−� → R
p−�

are linear maps and by (4.46),

(4.52) ‖Am‖ ≤ λ+ ε, ‖Bm−1‖−1 ≥ µ− ε.

Furthermore,

g̃m : B�(r0) ×Bp−�(r0) → R
�, h̃m : B�(r0) ×Bp−�(r0) → R

p−�

are nonlinear maps and by (4.48)–(4.51),

(4.53) ‖g̃m(0, 0)‖ ≤ ε, ‖h̃m(0, 0)‖ ≤ ε,

(4.54) ‖dg̃m(0, 0)‖ ≤ ε, ‖dh̃m(0, 0)‖ ≤ ε,

(4.55) ‖dg̃m(v,w)‖ ≤ C2, ‖dh̃m(v,w)‖ ≤ C2,

where C2 > 0 is a constant.
Conditions (4.53) and (4.54) are more general than similar Conditions

(4.9) and (4.10) and this requires appropriate modifications of the proof.
Since the family of local stable manifolds {Vm,T }m∈Z is invariant under T

we have for every m,
T (Vm,T ) ⊂ Vm+1,T .
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This yields the following equation for the functions ψm:

(4.56) Bmψm(v) + h̃m(v, ψm(v)) = ψm+1(Amv + g̃m(v, ψm(v))).

To solve this equation we proceed as in the proof of Theorem 4.1, us-
ing instead of Local Stable Manifold Theorem 4.3 the following statement,
known as the Inclination Lemma (or λ-Lemma; see [29], Section 6.2).

Lemma 4.10. Given δ > 0, there is ε > 0 such that for any Cq diffeomor-
phism T with dC1(f, T ) ≤ ε the following holds. There are constants D > 0,
0 < r < r0 and a map ψ : B�(r) → R

p−� satisfying:

(1) ψ is of class Cq and ‖ψ(0)‖ ≤ δ, ‖dψ(0)‖ ≤ δ;
(2) for any m ≥ 0 and v ∈ B�(r),

(
m−1∏
i=0

Gi

)
(v, ψ(v)) ∈ B�(r0) ×Bp−�(r0),

∥∥∥∥∥
(
m−1∏
i=0

Gi

)
(v, ψ(v))

∥∥∥∥∥ ≤ D(λ+ ε)m‖(v, ψ(v))‖;

(3) if (v,w) ∈ B�(r) ×Bp−�(r0) is such that
(
m−1∏
i=0

Gi

)
(v,w) ∈ B�(r0) ×Bp−�(r0),

∥∥∥∥∥
(
m−1∏
i=0

Gi

)
(v,w)

∥∥∥∥∥ ≤ K(λ+ ε)m

for some K > 0 and every m ≥ 0, then w = ψ(v).

Proof. We shall follow with some modifications the proof of Theorem 4.3.
Consider the linear space Γ of sequences of vectors z = {z(m) ∈ R

p}m≥0

satisfying

‖z‖Γ = sup
m≥0

‖z(m)‖ <∞

(this corresponds to (4.19) with κ = 1). Γ is a Banach space with the norm
‖z‖Γ. Consider the open subsetW ⊂ Γ and the operator Φ: B�(r0)×W → Γ
as in (4.20), (4.21), (4.22) and (4.23) (with g and h replaced by g̃ and h̃).

Using (4.55) and (4.53), we obtain (compare with (4.24) and (4.25))

(4.57) ‖g̃n(z)‖ ≤ C2‖z‖ + ε, ‖h̃n(z)‖ ≤ C2‖z‖ + ε.
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In view of (4.47), (4.52) and (4.57), we have the following estimate

‖Φ(y, z)‖Γ = sup
m≥0

‖Φ(y, z)(m)‖ ≤ sup
m≥0

‖z(m)‖

+ sup
m≥0

{(
m−1∏
i=0

‖Ai‖
)
‖y‖ +

m−1∑
n=0

(
m−1∏
i=n+1

‖Ai‖
)

(C2‖z(n)‖ + ε)

+
∞∑
n=0

(
n∏
i=0

‖B−1
i+m‖

)
(C2‖z(n +m)‖ + ε)

}

≤ ‖z‖Γ + sup
m≥0

λm‖y‖

+ (C2‖z‖Γ + ε) sup
m≥0

[
m−1∑
n=0

λm−n−1 +
∞∑
n=0

µ−(n+1)

]
.

It follows that
‖Φ(y, z)‖Γ ≤ ‖y‖ + C3‖z‖Γ + C4ε,

where C3 > 0 and C4 > 0 are constants. This implies that the map Φ is
well-defined. We also have that Φ(0, 0) = Φ0 for some (in general, not zero)
Φ0 with ‖Φ0‖Γ ≤ ε. We leave it to the reader to show that the map Φ is of
class C1 with partial derivatives given by (4.26), (4.27) and (4.28) (where
g and h should be replaced by g̃ and h̃). Although A(0) may not be zero
in view of (4.54) we have that ‖A(0)‖Γ ≤ ε. One can further verify that
the map Φ is q times differentiable with derivatives of higher order given by
(4.37) (where g and h should be replaced again by g̃ and h̃).

Applying the Implicit Function Theorem as in the proof of Theorem 4.3
yields that, for sufficiently small ε, there exist a number 0 < r ≤ r0 and a
map ϕ : B�(r) →W of class Cq satisfying (compare with (4.29))

(1) Φ(y, ϕ(y)) = Φ0 for all y ∈ B�(r);
(2) ϕ(0) = ϕ0, dϕ(0) = ϕ1 with ‖ϕ0‖Γ ≤ δ and ‖ϕ1‖Γ ≤ δ.

The desired map ψ is given by (4.34). �

Observe that for each m the local manifold Vm,T (see (4.44)) is stable
with respect to T and smooth of class Cq. In particular, TyVm,T = EsT (y)
for every y ∈ Vm,T . This completes the proof of the theorem. �

4.8. Structural stability of Anosov diffeomorphisms. As a manifestation of
Theorem 4.9 we obtain the following Structural Stability theorem for Anosov
diffeomorphisms.

Theorem 4.11 (Anosov, [1]). There is δ0 > 0 such that for every 0 < δ ≤ δ0
one can find ε > 0 for which the following holds: if g : M → M is a Cq
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diffeomorphism with dC1(f, g) ≤ ε then f and g are topologically conjugate
via a homeomorphism h for which dC0(h, Id) ≤ δ.

Sketch of the Proof. If ε is sufficiently small, any diffeomorphism g, for which
dC1(f, g) ≤ ε, is Anosov. Applying Theorem 4.9 to f , given x ∈ M , one
can construct a family of local stable manifolds, {V s

m,g}m∈Z such that, if ε
is sufficiently small, then for any m ∈ Z,

ρ(fm(x), V s
m,g) ≤ δ.

Applying then Theorem 4.9 to f−1, given x ∈M , one can construct a family
of local unstable manifolds, {V u

m,g}m∈Z such that, if ε is sufficiently small,
then for any m ∈ Z,

ρ(fm(x), V u
m,g) ≤ δ.

For sufficiently small δ the intersection V s
0,g ∩ V u

0,g consists of a single point
y and the map h(x) = y can be shown to be a homeomorphism of M which
gives the desired conjugacy between f and g. �

There is another somewhat more powerful approach to structural stability
of Anosov maps based on the concept of pseudo orbits. A sequence of
points {xn}n∈Z is called an ε-pseudo orbit (or simply a pseudo orbit) if
ρ(f(xn), xn+1) ≤ ε for every n ∈ Z. Roughly speaking this means that
starting from the point x0 we apply f to obtain f(x0), budge it by ≤ ε to
produce x1, apply f to x1 to obtain f(x1), budge it by ≤ ε to produce x2,
etc.

We say that an orbit {fn(y)}n∈Z δ-shadows (or simply shadows) a pseudo
orbit {xn}n∈Z if ρ(xn, fn(y)) ≤ δ for all n ∈ Z. The Shadowing theorem for
Anosov diffeomorphisms (see [29], Theorem 18.1.2) claims that any pseudo
orbit is shadowed by a unique orbit. The Structural Stability theorem is a
corollary of this statement. Indeed, if a diffeomorphism g is a perturbation
of f , so that dC1(f, g) ≤ ε, then for any x ∈M the sequence of points {xn =
gn(x)}n∈Z is an ε-pseudo orbit for f (to see this write ρ(f(xn), xn+1) =
ρ(f(xn), g(xn)) ≤ ε). Thus, it is shadowed by a unique orbit {fn(y)}n∈Z and
the map h : x→ y can be shown to be a homeomorphism which conjugates
f and g (see [29], Section 18.1).

There is a version of the notions of pseudo orbits and shadowing for
partially hyperbolic systems which will be discussed in Section 5.5.



5. Central Foliations

5.1. Normal hyperbolicity. The notion of normal hyperbolicity in dynamical
systems was introduced by Hirsch, Pugh and Shub in [25] (see also [26]; a
particular case of normal hyperbolicity was considered by R. Sacker, [45]
in his work on partial differential equations). Normal hyperbolicity and
partial hyperbolicity theories are closely related in their results and methods.
Moreover, the former provides techniques to study integrability of the central
distribution and robustness of the central foliation for partially hyperbolic
systems (see Sections 5.4 and 5.5).

Let f be a diffeomorphism of class Cq, q ≥ 1, of a compact smooth
Riemannian manifold M which is connected and without boundary. Let
also N = Nf be a compact smooth submanifold of M which is invariant
under f , i.e., f(N) = N . The map f is called normally hyperbolic to N if f
is partially hyperbolic on N in the narrow sense. More precisely, for every
x ∈ N there is an invariant splitting

TxM = Es(x) ⊕ TxN ⊕ Eu(x),

dfEs(x) = Es(f(x)), dfEu(x) = Eu(f(x))
(5.1)

such that

λ1 ≤ ‖df |Es(x)‖ ≤ µ1, λ2 ≤ ‖df |TxN‖ ≤ µ2,

λ3 ≤ ‖df |Eu(x)‖ ≤ µ3,
(5.2)

where the numbers λi and µi, i = 1, 2, 3, satisfy (2.6). It follows from
Proposition 3.9 that the splitting (5.1) is Hölder continuous.

By the Local Stable Manifold Theorem 4.3, one can construct, for every
x ∈ N , local stable and unstable manifolds at x, V s(x) and V u(x) respec-
tively, such that

(1) x ∈ V s(x), x ∈ V u(x);
(2) TxV s(x) = Es(x), TxV u(x) = Eu(x);
(3) for n ≥ 0,

ρ(fn(x), fn(y)) ≤ C(µ1 + ε)nρ(x, y), y ∈ V s(x),

ρ(f−n(x), f−n(y)) ≤ C(λ3 − ε)nρ(x, y), y ∈ V u(x),

where C > 0 is a constant and ε > 0 is sufficiently small.

Set

(5.3) V so(N) =
⋃
x∈N

V s(x), V uo(N) =
⋃
x∈N

V u(x).
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These are topological manifolds called local stable and unstable manifolds
of N . They are f -invariant and

N = V so(N) ∩ V uo(N).

Theorem 5.1 (Hirsch, Pugh and Shub, [26], Proposition 5.7). V uo(N) and
V so(N) are Lipschitz submanifolds in M .

Proof. We shall show that V uo(N) is a Lipschitz submanifold in M . The
proof for V so(N) is similar. First, we introduce a special tubular neighbor-
hood of N and a special coordinate system in it.

Given small ε > 0, choose smooth distributions Ẽs, Ẽu ⊂ TM which
approximate invariant distributions Es and Eu, i.e.,

(5.4) ∠(Ẽs(p), Es(p)) ≤ ε, ∠(Ẽu(p), Eu(p)) ≤ ε

for every p ∈ N (without loss of generality we may assume that Ẽs and Ẽu

are of C∞ class of smoothness). For small r0 > 0 let B̃s(p, r0) ⊂ Ẽs(p) and
B̃u(p, r0) ⊂ Ẽu(p) be balls centered at zero of radius r). One can arrange
the sets

(5.5) V (p) = expp(B̃
s(p, r0) × B̃u(p, r0)),

corresponding to different p ∈ N , to be disjoint. Thus, the set

(5.6) Ur0(N) =
⋃
p∈N

V (p)

is a tubular neighborhood of N . Up to the identification by the exponential
map every point z ∈ Ur0(N) has coordinates z = (p, v, w), where p ∈ N ,
v ∈ Ẽs(p) and w ∈ Ẽu(p). Let

X =
⋃
p∈N

B̃u(p, r0).

We can view V uo(N) as the graph of a map ψ : X → Ẽs, and we wish to
show that ψ is a Lipschitz map. To this end choose δ > 0 and two points
z, z′ ∈ V uo(N) such that ρ(z, z′) ≤ δ. Write z = (x, y), z′ = (x′, y′) with
y = ψ(x) and y′ = ψ(x′). It suffices to show that for some sufficiently small
ε, any δ > 0 and any z and z′ as above,

(5.7) ‖y − y′‖ ≤ ‖x− x′‖.
Assuming the contrary, one can find, for some small ε > 0 and some p, p′ ∈
N , two points z ∈ Bu(p, ε) (the ε-ball in V u(p) centered at p of radius ε)
and z′ ∈ Bu(p′, ε) which are very close to each other and whose distance
apart in the unstable direction is greater or equal to their distance apart
in the central direction (see Figure 7). Apply f−n to these points and
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observe that the distance apart in the central direction cannot expand as
fast as the distance apart in the unstable direction must expand (by normal
hyperbolicity). Likewise f−n(z), f−n(z′) must lie very near N and f−n(p),
f−n(p′) must not be very far apart.

This is incompatible with the local unstable manifolds V u(p) being uni-
formly tangent to Eu(p), p ∈ N .

V u(f−n(p))
V u(f−n(p′))

f−n(p) f−n(p′)

≤ λ−n
3 ε

f−n(z′)

f−n

V u(p′)

p′p

|y − y′|
z′ = (x′, y′)

N
N

V u(p)

|x− x′|
f−n(z)

z = (x, y)

Figure 7. To the proof of Theorem 5.1.

Since such z, z′ cannot occur, V uo(N) is a Lipschitz submanifold. �

Once V uo(N) and V uo(N) are proven to be Lipschitz submanifolds, one
can use results in [26] (see Theorem 3.5) to conclude that they are indeed
smooth.

5.2. Local stability of normally hyperbolic manifolds. In [26], Hirsch, Pugh
and Shub used Hadamard’s method for constructing local stable and unsta-
ble manifolds through N . Their approach does not rely on the existence of
local stable manifolds through individual points x ∈ N but instead, builds
local stable and unstable manifolds through N as a whole. Of course, a pos-
teriori one can derive the formula (5.3). Hirsch, Pugh and Shub obtained a
more complete information on local stable and unstable manifolds through
N . In particular, they showed that a normally hyperbolic manifold N sur-
vives under small perturbation of the system, thus establishing stability of
normal hyperbolicity. We state here their results without proof referring to
Sections 4–6 of their paper.

Define the numbers �s, �u ≤ q to be the biggest integers such that

(5.8) µ1 < λ�u2 , µ�s2 < λ3, � = min{�s, �u}
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Theorem 5.2. Let f be a diffeomorphism of class Cq, q ≥ 1 which is normally
hyperbolic to a compact smooth manifold N . Then the following statements
hold.

(1) Existence: there exist locally f -invariant submanifolds V so(N) and
V uo(N) tangent to Es ⊕ TN and Eu ⊕ TN respectively.

(2) Uniqueness: if N ′ is an f -invariant set which lies in an ε-neighbor-
hood Uε(N) of N , for sufficiently small ε, then N ′ ⊂ V so(N) ∪
V uo(N).

(3) Characterization: V so(N) (respectively, V uo(N)) consists of all
points y for which ρ(fn(y), N) ≤ r for all n ≥ 0 (respectively, n ≤ 0)
and some small r > 0; indeed, ρ(fn(y), N) → 0 with an exponential
rate as n→ +∞ (respectively, as n→ −∞).

(4) Smoothness: V so(N) and V uo(N) are submanifolds in M of class
C�s and C�u respectively; in particular, N is a C� submanifold.

(5) Lamination: V so(N) and V uo(N) are fibered by V s(x) and V u(x),
x ∈ N ; see (5.3).

Theorem 5.3. Let f be a diffeomorphism of class Cq, q ≥ 1, which is nor-
mally hyperbolic to a compact smooth manifold N . Then for every δ > 0
there exists r > 0 and ε > 0 such that the following statements hold:

(1) for every diffeomorphism T of class Cq with dC1(f, T ) ≤ ε, there
exists a smooth submanifold NT , invariant under T , to which T is
normally hyperbolic; NT lies in an r-neighborhood Ur(Nf ) of Nf .

(2) V so
T (N) ∈ C�s, V uo

T (N) ∈ C�u and NT ∈ C� (where the numbers �s,
�u, and � are given by (5.8)); they depend continuously on T in the
C1 topology;

(3) there exists a homeomorphism H : Ur → M which is δ-close to the
identity map in the C0 topology and such that H(Nf ) = Ng.

5.3. Integrability of the central foliation. Let M be a compact smooth Rie-
mannian manifold and f : M → M a diffeomorphism which is partially hy-
perbolic in the narrow sense with a df -invariant splitting of the tangent bun-
dle (2.7) satisfying (2.8). The central distribution Ec may not, in general,
be integrable as Example 6.1 below illustrates. Note that non-integrability
is an open property (see Theorem 5.16).

We describe some conditions which guarantee integrability of the cen-
tral distribution. In fact, these conditions guarantee a stronger property of
unique integrability which we introduce now.

Let E be a continuous k-dimensional distribution on M . It is called
(1) uniquely integrable if there is a foliation W with k-dimensional leaves

such that any C1 curve σ : R → M satisfying σ̇(t) ∈ E(σ(t)) for all
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t, is contained in W (σ(0)) (in particular, it follows that TxW (x) =
E(x) for any x ∈M);

(2) local uniquely integrable if for each x ∈ M there is a k-dimensional
smooth submanifold Wloc(x) and α(x) > 0 such the following holds:
let σ : [0, 1] →M be a piecewise C1 curve satisfying a) σ(0) = x; b)
σ̇(t) ∈ E(σ(t)) for t ∈ [0, 1]; c) lengthσ < α(x); then σ is contained
in Wloc(x).

Obviously, if E is locally uniquely integrable then it is integrable and the
integrable foliation is unique.

A foliation W of M is said to be quasi-isometric if there are a > 0 and
b > 0 such that for every x ∈M and every y ∈W (x),

ρW (x, y) ≤ a · ρ(x, y) + b,

(recall that ρW is the distance along the leaves of the foliation W ). Denote
by M̃ the universal cover of M and by W̃ s and W̃ u the lifts of the stable
and unstable foliations to M̃ .

Theorem 5.4 (Brin, [8]). If W̃ s and W̃ u are quasi-isometric in the univer-
sal cover M̃ , then the distributions Ecs, Ecu and Ec are locally uniquely
integrable.

Proof. We will prove the integrability of Ecs. The integrability of Ecu follows
by reversing the time. The integrability of Ec follows by observing that every
C1 curve starting at x ∈ M and tangent to Ec is also tangent to Ecs and
Ecu and therefore is contained in W cs(x) ∩W cu(x).

Lemma 5.5. Suppose W is a k-dimensional foliation of M and E an �-
dimensional distribution (k+ � = m) which is (uniformly) transverse to W ,
i.e., TxW (x) ∩ E(x) = {0} for each x ∈M .

Then there is a constant C0 > 0 and for every δ > 0 there is ε0 > 0 such
that the following holds: for any x, y ∈ M with ρ(x, y) < ε0 one can find a
C1 curve σ : [0, 1] →M satisfying:

(1) σ(0) = x, σ(1) ∈ BW (y, δ) (the δ-ball in W (y) centered at y),
(2) σ̇(t) ∈ E(σ(t)) for t ∈ [0, 1],
(3) length (σ) ≤ C0ρ(x, y), and ρW (y, σ(1)) ≤ C0ρ(x, y).

Proof of the lemma. By choosing ε0 small enough we may assume that a
neighborhood of x containing y is identified by a coordinate chart (with
uniformly bounded derivative) with the unit ball in R

m. For small δ > 0
the ball B = BW (y, δ) ⊂ W can be identified with a k-dimensional C1

submanifold in R
m. There is a point z ∈ B for which ρ(x, z) = ρ(x,B) and
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ρW (z, y) ≤ Cρ(x, y), where C depends only on W . In particular, ρ(x, z) ≤
ρ(x, y) and x− z ⊥ TxB. Consider the union

S =
⋃

0≤t≤1

(B + (1 − t)(x− z))

of the parallel translates of B along the segment connecting x to z. It is a
(k+1)-dimensional C1 surface which is a Riemannian product of the interval
[0, ‖x− z‖] and B (see Figure 8). We refer to B and x− z as the horizontal
and vertical components, respectively. For s ∈ S let L(s) = E(s) ∩ TsS.
Since E is uniformly transverse to B, for sufficiently small ε0 and δ the line
field L is a continuous on S and is uniformly (in x, y and s) transverse to
the codimension 1 (in S) submanifolds B + (1 − t)(x − z). Therefore, for
each s ∈ S there is a unique vector v(s) ∈ L(s) whose vertical component is
z−x. The uniform transversality of E and B+(1− t)(x− z) implies that v
is a uniformly (in x, y and s) bounded continuous vector field on S. For each
s ∈ S the horizontal component of v(s) is bounded by a constant C ′ which
depends on ε0 and δ but not on x, y or s. By the existence theorem for
ordinary differential equations, there is a (possibly not unique) solution σ(·)
of ṡ = v(s) with σ(0) = x. The solution stays within the C ′-cone near the
vertical segment in S. Therefore, if ε0 and δ are small enough, the interval
of definition of the solution can be extended to [0, 1] so that σ(1) ∈ B,

length (σ) ≤
√

1 + C ′2ρ(x, z) ≤ C0ρ(x, y)

and ρW (y, σ(1)) ≤ C0ρ(x, y). �

y

x

z B

W (y)

S

E(x)

σ

v(x)

Figure 8. To the proof of Lemma 5.6.

To prove integrability of Ecs let us lift all distributions and foliations to
the universal cover M̃ . Fix r ∈ (0, ε0). For x ∈ M̃ denote by W cs

r (x) the
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set of ends of all piecewise C1 curves σ : [0, 1] → M such that σ(0) = x,
σ̇(t) ∈ Ecs(σ(t)), and length(σ) < r.

Lemma 5.6. Let y, z ∈ M̃ be such that y, z ∈ W cs
r (x) and z ∈ W u(y). Then

z = y.

Proof of the lemma. By assumption, there are C1 curves σy and σz tangent
to Ecs and connecting x to y and z, respectively. Consider the points fn(x),
fn(y) and fn(z). It follows from the definition of partial hyperbolicity that

length (fn(σy)) ≤ µn2 · length (σy), length (fn(σz)) ≤ µn2 · length (σz),

and therefore,

ρ(fn(y), fn(z)) ≤ µn2 (length (σy) + length (σz)).

On the other hand, let σn be a C1 curve in W u(fn(y)) = W u(fn(z)) which
realizes ρWu(fn(y), fn(z)). Then

ρWu(fn(y), fn(z)) = length (σn) ≥ µn3 · length (f−n(σn)) ≥ µn3 ρWu(y, z).

Since W u is a quasi-isometric foliation,

ρ(fn(y), fn(z)) ≥ (ρWu(fn(y), fn(z)) − b)a ≥ (µn3 ρWu(y, z) − b)a.

Note that

ρ(fn(x), fn(y)) ≤ length (fn(σy)), ρ(fn(x), fn(z)) ≤ length (fn(σz)).

Since µ2 < µ3, we obtain a contradiction with the triangle inequality for
fn(x), fn(y), fn(z) (with n sufficiently large) unless ρWu(y, z) = 0. �

We proceed with the proof of the theorem and show that W cs
r (x) is a

C1 submanifold of the same dimension as Ecs. Recall that Bcs(x, r) and
Bu(x, r) denote the balls in Ecs(x) and Eu(x) respectively, centered at zero
of radius r. Fix small δ > 0. Since W u(y), y ∈ M̃ , is transverse to Ecs(y)
at y, for small enough 0 < ε � δ and each z ∈ Bcs(y, ε) the leaf W u(z)
is transverse to Ecs(y) at z. By Lemma 5.5, if r and ε < r are small
enough, then each ball Bu(z, δ) intersects Bcs(x, r) and by Lemma 5.6, the
intersection consists of a single point π(z). Let z1, z2 ∈ Bcs(y, ε). Since
Bu(z, δ) depends continuously on z as a C1 submanifold,

ρ(π(z1), Bu(z2, δ)) → 0 as ρ(z1, z2) → 0.

Therefore, by Lemma 5.5,

ρ(π(z1), π(z2)) → 0 as ρ(z1, z2) → 0.

It follows that π is continuous and a homeomorphism onto its image which
is a neighborhood of y = π(y) in Bcs(x, r). It follows that Bcs(x, r) is a
topological submanifold. Obviously Ecs(y) is the tangent plane to Bcs(y, ε)
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at y. Since the distribution Ecs is continuous, Bcs(r, x) is a C1 submanifold.
Hence, Ecs is integrable and the leaf W cs(x) of the integral foliation W cs

passing through x ∈M is the set of ends of piecewise C1 curves starting at
x and tangent to Ecs. This completes the proof of the theorem. �

We present another criterion for integrability of the central distribution.
A partially hyperbolic diffeomorphism f is called center-isometric if it acts
isometrically in the central direction, i.e., ‖df(x)v‖ = ‖v‖ for every x ∈ M
and v ∈ Ec(x).

Theorem 5.7 (Brin, [8]). Assume that a partially hyperbolic diffeomorphism
f is center-isometric. Then the central distribution Ec is locally uniquely
integrable.

Proof. We begin with the following lemma which is similar to Lemma 5.6.

Lemma 5.8. There are r0 > 0 and δ0 > 0 such that for every r ∈ (0, r0] and
δ ∈ (0, δ0] the following holds: if y, z ∈W cs

r (x) and z ∈ Bu(y, r) then z = y.

Proof of the lemma. Since the leaves W u(x) are C1 and depend continuously
on x ∈M , there is δ0 > 0 and c1 > 0 such that for any z′ ∈W u

δ0
(y′),

ρWu(y′, z′) ≤ c1ρ(y′, z′).

By the uniform extension of W u,

ρWu(fn(y), fn(z)) ≥ c2µ
nρWu(y, z),

where c2 > 0 and µ > 1 are constants. Assuming that z 	= y, choose n > 0 so
that ρWu(fk(y), fk(z)) < δ0 for k = 0, 1, . . . , n and ρWu(fn+1(y), fn+1(z)) ≥
δ0. Then

ρWu(fn(y), fn(z)) ≥ νδ1,

where ν is the maximum of the norm of df over M .
By assumption, there are C1 curves σy and σz which have length less than

or equal to r, are tangent to Ecs and connect x to y and z respectively. By
the partial hyperbolicity and center isometry,

length (fn(σy)) ≤ c−1
2 · length(σy), length (fn(σz)) ≤ c−1

2 · length(σz)

and therefore,

ρ(fn(y), fn(z)) ≤ c−1
2 (length (σy) + length (σz)) ≤ 2c−1

2 r.

It follows that
c−1
1 δ0 ≤ ρ(fn(y), fn(z)) ≤ 2c−1

2 r

which leads to a contradiction for a sufficiently small r. �
The proof of the theorem uses this lemma and follows the line of the proof

of the previous theorem. �
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5.4. Central foliation and normal hyperbolicity. We describe a construction
due to Hirsch, Pugh and Shub which allows one to treat central foliations
in terms of normal hyperbolicity.

Let f be a partially hyperbolic diffeomorphism in the narrow sense with a
df -invariant splitting of the tangent bundle (2.7) satisfying (2.8). For r > 0
let Ur(W c(x)) ⊂ M be the tubular neighborhood of radius r of the leaf
W c(x). Consider the manifold that is the disjoint union

(5.9) Mr =
⋃
x∈M

Ur(W c(x)).

For sufficiently small ε, 0 < ε < r, the map f induces a diffeomorphism
F : Mε → Mr which is normally hyperbolic to the submanifold

N =
⋃
x∈M

W c(x) ⊂ Mε.

The manifolds Mε and N are not compact but complete. However, The-
orems 5.2 and 5.3 extend to this situation (their proofs rely only on the
existence of a tubular neighborhood of the normally hyperbolic manifold,
uniform lower bound for the radius of injectivity of the exponential map,
and uniform estimates (5.2); we have all this at our disposal since the man-
ifold M is compact and the central foliation W c is uniquely integrable). As
a corollary of Theorem 5.2 we obtain the following statement.

Theorem 5.9. Let f : M →M be a partially hyperbolic diffeomorphism in the
narrow sense. Assume that the central distribution Ec is integrable. Then
W c(x) ∈ C� for every x ∈M where the number � is given by (5.8).

5.5. Robustness of the central foliation. We describe another application
of the Hirsch–Pugh–Shub construction and show that the central foliation
W c survives under small perturbation of the system provided this foliation
satisfies some specific requirements (for example, it is smooth).

Let g be a Cq diffeomorphism which is sufficiently close to f in the C1

topology.

Theorem 5.10 (Hirsch, Pugh and Shub, [26], Theorem 7.5). Assume that the
central distribution Ec for f is integrable and the corresponding foliation W c

is smooth. Then g is partially hyperbolic in the narrow sense with integrable
central distribution Ecg.

Sketch of the proof. The theorem is an immediate corollary of Theorems 5.12
and 5.14 below whose proofs exploit relatively complicated notions of plaque
expansivity and pseudo orbits. To help us understand the role of these no-
tions we present here an independent proof of Theorem 5.10.
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If dC1(f, g) is sufficiently small the diffeomorphism g induces a diffeomor-
phism G : Mε → Mr, see (5.9). Theorem 5.3 applies to this situation and
provides us with a submanifold NG ⊂ Mε, to which G is normally hyper-
bolic. Moreover, given r > 0, if dC1(f, g) is sufficiently small, then NG lies
in an r-neighborhood of N = NF .

Consider the natural projection π : Mε → M . Given x ∈ M , there
exists a smooth immersed submanifold W c

g (x) ⊂ π(NG) through x which is
tangent to Ecg(y) at every point y ∈ W c

g (x). Moreover, these manifolds are
invariant under g, i.e., g(W c

g (x)) = W c
g (g(x)). Thus, the result would follow

if we could show that these manifolds form a partition of M , i.e., for any
x ∈M and any y /∈W c

g (x) the intersection W c
g (x) ∩W c

g (y) is empty.
To do this we shall use a result from [26] (see Theorem 6.1) which is an

extension of Statement 3 of Theorem 5.3 to our situation.

Lemma 5.11. There exists a homeomorphism H : Mε → Mr which is δ-close
to the identity map in the C0 topology and such that H(NF ) = NG. 4

The desired result will now follow if we show that the map h = π◦H|NG◦π̃
is a homeomorphism, where π̃ lifts every point x ∈M to the point x ∈ NF .
Note that h is a leaf conjugacy , i.e., for any x ∈ M the points h(f(x)) and
g(h(x)) lie on the same W c

g -leaf. Moreover, h is close to the identity map in
the C0 topology, i.e., ρ(x, h(x)) ≤ δ for every x ∈M .

First, we shall show that h is one-to-one. Assuming the contrary there
exist x, y ∈ M such that h(x) = h(y) = z. We have that ρ(x, z) ≤ δ and
ρ(y, z) ≤ δ and hence, ρ(x, y) ≤ 2δ. Since the foliation W c is smooth, there
is a coordinate chart Ux at x of size r > 0 such that the local leaves of the
central foliation can be viewed as parallel balls. Let Bc(x) and Bc(y) be
those balls containing x and y respectively. We have that

(5.10) d = ρ(Bc(x), Bc(y)) ≤ 2δ.

There is a point p ∈W u(x) such that the intersection W s(p) ∩Bc(y) is not
empty and consists of a single point q (see Figure 9). We have that either
ρ(x, p) ≥ d/2 or ρ(p, q) ≥ d/2 and without loss of generality we may assume
the former (otherwise one should apply the argument below to f−1).

Observe that
ρ(fn(p), fn(q)) ≤ Cαn, ρ(fn(q), fn(y)) ≤ Cβn,

ρ(fn(x), fn(p)) ≤ Cγn,
(5.11)

where C > 0 and 0 < α < β < γ are some constants and α < 1, γ > 1.
Note that n can be taken arbitrarily large if the size of the perturbation

4The proof of this statement uses the assumption that the distribution Ec
f is uniquely

integrable.
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Figure 9. To the proof of Theorem 5.11.

(and hence, the number d) is sufficiently small. Consider the coordinate
charts Ufk(x) at fk(x) of size r, k = 0, 1, . . . , n. By (5.11), we have that
fk(y) ∈ Ufk(x) for all k and that

ρ(Bc(fn(x)), Bc(fn(y))) ≥ C1γ
n

for some constant C1 > 0. On the other hand, the points h(fk(x)) and
h(fk(y)) must lie on the central leaf of g through gk(z) for all k and hence,
the distance ρ(Bc(fn(x)), Bc(fn(y))) should not exceed 2δ. This is a con-
tradiction.

We shall now show that h is continuous. Otherwise there is a number
a > 0 and a sequence of points xn, converging to a point x, such that
ρ(h(xn), h(x)) ≥ a for all sufficiently large n. Since h is δ-close to the
identity map (for some small δ > 0), the number a should be sufficiently
small. By smoothness of the central foliation W c we obtain that

(5.12) ρ(Bc(h(xn)), Bc(h(x))) ≥ a.

Fix m > 0 and consider the sequence of points fm(xn) which converges
to fm(x). No matter how big m is one can always find N > 0 such that
ρ(fm(xn), fm(x)) ≤ δ/2 for all n ≥ N . Therefore,

(5.13) ρ(Bc(fm(xn)), Bc(fm(x))) ≤ δ

2
.
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On the other hand, if m is sufficiently big, by (5.12), we find that

(5.14) ρ(Bc(gm(h(xn))), Bc(gm(h(x)))) ≥ 2δ.

Since h is a leaf conjugacy, h(fm(xn)) ∈ W c(gm(h(xn))) and h(fm(x)) ∈
W c(gm(h(x))). However, h is δ-close to the identity map and (5.13) contra-
dicts (5.14).

Since h is near the identity its surjectivity follows from its continuity.
This completes the proof of the theorem. �

In general, we do not have the ”luxury” of a smooth central foliation
(so that (5.10) could be use). Moreover, even if the central foliation for f
were smooth the central foliation for a ”typical” perturbation of f would
not be smooth. In [26], Hirsh, Pugh and Shub introduced a property of
the central foliation for f called plaque expansivity . This property is weaker
than smoothness (see Theorem 5.12 below) but still guarantees integrability
of the central distribution for sufficiently small perturbations of f . Unlike
smoothness, it survives under small perturbations (see Theorem 5.14 below).

Let W be a foliation of a compact smooth manifold M whose leaves are
Cr smooth immersed submanifolds of dimension k. Given a point x ∈ M ,
we call the set P (x) ⊂ W (x) a Cr plaque of W at x if P (x) is the image
of a Cr embedding of the unit ball D ⊂ R

k into W (x). A plaquation P for
W is a collection of plaques such that every point x ∈ M is contained in a
plaque P ∈ P.

Let {xn}n∈Z be a pseudo orbit for f (see Section 4.8). We say that the
pseudo orbit respects a plaquation P for W if for every n ∈ Z the points
f(xn) and xn+1 lie in a common plaque P ∈ P.

Assume that the foliation W is invariant under a diffeomorphism f of M .
We say that f is plaque expansive with respect to W if there exists ε > 0
with the following property: if {xn}n∈Z and {yn}n∈Z are ε-pseudo orbits
which respect W and if ρ(xn, yn) ≤ ε for all n ∈ Z then xn and yn lie in a
common plaque for all n ∈ Z.

Note that plaque expansivity does not depend on the choice of either the
Riemannian structure in M or the plaquation P for W .

Theorem 5.12 (Hirsch, Pugh and Shub, [26], Theorem 7.2). Let f be a par-
tially hyperbolic diffeomorphism in the narrow sense. Assume that the cen-
tral distribution Ec is integrable and the central foliation W c is smooth.
Then W c is plaque expansive.

Proof. To illustrate the main idea of the proof let us assume, in addition,
that the foliations W s and W u are smooth and jointly integrable. To estab-
lish plaque expansivity consider two ε-pseudo orbits {xn}n∈Z and {yn}n∈Z,
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which respect W c and for which ρ(xn, yn) ≤ ε for all n ∈ Z. Since the
foliations W c, W s and W u are smooth, for every x ∈ M there is a lo-
cal coordinate system near x such that local leaves of these foliations are
transversal parallel planes.

Assume now that the point x1 does not lie in a local central manifold
V c(y1) and let a > 0 be the distance between the local leaves V c(x1) and
V c(y1). Since f(xn) lies in the same plaque of W c as xn+1 we have that
xn+1 ∈ f(V c(xn)). Similarly, yn+1 ∈ f(V c(yn)). Applying the inverse map
we obtain, in analogue, that xn−1 ∈ f−1(V c(xn)) and yn−1 ∈ f−1(V c(yn)).
Since f expands along W u and contracts along W s with an exponential rate
it is easy to see that ρ(V c(xn), V c(yn)) ≥ γ|n|a for some γ > 1 and either all
n > 0 or all n < 0. However, this contradicts the fact that ρ(xn, yn) ≤ ε for
all n.

In the general case when the foliations W s and W u are neither smooth nor
jointly integrable we will exploit a similar idea and follow the proof in [26].

Passing to some power fn, if necessary, we may assume that µ1 <
1
2 and

λ3 > 2 (see (2.8)). Choose numbers γ and γ0 such that µ1 < γ−1 < 1
2 and

λ3 > γ > γ0 > 2.
For p ∈M and v ∈ TpM write v = vs+vc+vu with vs ∈ Es(p), vc ∈ Ec(p)

and vu ∈ Eu(p). Starting with a Lyapunov inner norm in TM we shall use
a new Finsler norm in TM defined by ‖v‖ = max {‖vs‖, ‖vc‖, ‖vu‖}.

Given a smooth path g : [0, 1] →M define its length by

L(g) =
∫ 1

0
‖g′(t)‖ dt

and its us-length by

Lus(g) =
∫ 1

0
max {‖(g′(t))u‖, ‖(g′(t))s‖} dt.

Since the central distribution Ec is uniquely integrable, any curve, which is
everywhere tangent to the leaves of W c, lies in a single leaf. This implies
that Lus(g) = 0 if and only if g maps into a leaf of W c. For any ν > 0 and
p, q ∈M define

dνus(p, q) = inf {Lus(g) : L(g) ≤ ν},
where the infinum is taken over all smooth paths g from p to q. We leave it
to the reader to show that

(5.15) lim
ν,ν′→0

dνus(p, q)
dν

′
us(p′, q′)

= 1,



60 YA. PESIN

where we assume that p′ ∈ W c(p), q′ ∈ W c(q) and ρ(p, p′), ρ(q, q′) ≤
min {ν, ν ′}. This is where smoothness of W c is essential. We need the
following statement.

Lemma 5.13. For any smooth path g,

(5.16) max{Lus(f−1 ◦ g), Lus(f ◦ g)} ≥ γ

2
Lus(g).

Proof. Let

A(g) = {t ∈ [0, 1] : ‖(g′(t))u‖ ≥ ‖(g′(t))s‖}, B(g) = [0, 1] −A(g).

Then
Lus(g) =

∫
A(g)

‖(g′(t))u‖ dt +
∫
B(g)

‖(g′(t))s‖ dt.
Since df expands vectors in Eu and contracts vectors in Es uniformly we
have that

A(g) ⊂ A(f ◦ g), B(g) ⊂ B(f−1 ◦ g).
Thereofre,

Lus(f ◦ g) ≥
∫
A(f◦g)

‖df(g′(t))u(t)‖ dt ≥ γ

∫
A(g)

‖(g′(t))u‖ dt,

Lus(f−1 ◦ g) ≥
∫
B(f−1◦g)

‖df−1(g′(t))s(t)‖ dt ≥ γ

∫
B(g)

‖(g′(t))s‖ dt.

Adding them together gives

Lus(f ◦ g) + Lus(f−1 ◦ g) ≥ γLus(g).

This implies (5.16). �
We proceed with the proof of the theorem. Let {xn}n∈Z and {yn}n∈Z be

two ε-pseudo orbits, which respect W c and for which ρ(xn, yn) ≤ ε for all
n ∈ Z. It is easy to see that given ν > 0 there exists ν ′ > 0 such that
L(g) ≤ ν for any path g with L(f ◦ g) ≤ ν ′ or L(f−1 ◦ g) ≤ ν ′. It suffices to
show that

σ = sup
n∈Z

dνus(xn, yn) = 0.

Otherwise, given α > 0 there is a number m such that

(5.17) 1 ≥ dν
′
us(xm, ym)

σ
≥ 1 − α.

Call x = xm and y = ym and observe that

dν
′
us(f(x), f(y)) = inf {Lus(g) : g(0) = f(x), g(1) = f(y), L(g) ≤ ν ′}

≥ inf {Lus(f ◦ g) : g(0) = x, g(1) = y, L(g) ≤ ν}
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and similarly for dν
′
us(f

−1(x), f−1(y)). Hence, (5.16) yields

(5.18) max {dν′us(f(x), f(y)), dν
′
us(f

−1(x), f−1(y))} ≥ γ

2
dνus(x, y).

Dividing (5.18) by dνus(x, y) and using (5.15) we obtain for sufficiently small
ν,

(5.19)
dνus(xm+1, ym+1)
dνus(xm, ym)

≥ γ0

2
or

dνus(xm−1, ym−1)
dνus(xm, ym)

≥ γ0

2
.

However, (5.19) is incompatible with (5.17) since γ0/2 > 1 is fixed and α
can be chosen arbitrary small. �

Let us consider the case when df |Ec(x) acts as an isometry for every
x ∈M . By Theorem 5.7, the central distribution Ec is integrable. One can
show that in this case the central foliation W c is plaque expansive (see [26],
Section 7).

Theorem 5.14 (Hirsch, Pugh and Shub, [26], Theorem 7.1). Let f be a par-
tially hyperbolic diffeomorphism in the narrow sense. If the central distri-
bution Ec for f is integrable and f is plaque expansive with respect to the
central foliation W c then any diffeomorphism g sufficiently close to f is par-
tially hyperbolic in the narrow sense, its central distribution Ecg is integrable
and g is plaque expansive with respect to its central foliation W c

g .

Sketch of the proof. As in the proof of Theorem 5.10 all we have to do is
to show that the map h defined there is a homeomorphism. Note that h is
indeed, a homeomorphism on each plaque of the central foliation.

First, we shall show that h is one-to-one. Let x, y ∈ M be such that
h(x) = h(y) = z but y does not lie on the plaque of W c at x. Starting with
the point x0 = x consider the points h(f(x0)) and g(h(x0)) = g(z). Since
h is a leaf conjugacy and g is close to f , these points lie on the same leaf
of W c

g and, indeed, on the same plaque. Therefore, there is a unique point
x1 = h−1 ◦ g ◦ h(x0) which lies on the same plaque as f(x0). Continuing
in a similar fashion one can construct a sequence of points {xn}n∈Z which
is a pseudo orbit for f and respects the plaquation for W c. Starting now
with the point y0 = y, one can construct another pseudo orbit for f which
respects the plaquation for W c. Clearly, the distance ρ(xn, yn) is of order ε
for all n. By plaque expansivity of f we conclude that the points x and y
must lie in a common plaque for W c.

We shall now show that h is continuous. Otherwise there is a number
a > 0 and a sequence of points xm, converging to a point x, such that

(5.20) ρ(h(xm), h(x)) ≥ a
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for all sufficiently large m. Fix m and starting with xm consider the pseudo
orbit {xm,n}n∈Z for f constructed above. By the diagonal process one can
choose a subsequence xmk ,n which converges, for each n ∈ Z, to a point xn
as k → ∞. Clearly, xn is a pseudo orbit for f through x. Hence, given ε > 0
and L > 0 we have

ρ(xn, gn(h(x))) ≤ ρ(xn, xmk ,n) + ρ(xmk ,n, g
n(h(x))) ≤ ε+ ε = 2ε

if k is sufficiently large and −L ≤ n ≤ L. However, this contradicts (5.20)
due to partial hyperbolicity (see [26], Theorem 7.1 for more details).

Surjectivity of f is a corollary of its continuity since h is near identity.
In order to prove plaque expansivity of g consider two pseudo orbits

{xn}n∈Z and {yn}n∈Z for g which respect the central foliation W c
g and

such that ρ(xn, yn) ≤ 1
2ε. The sequences {x′n = h−1(xn)}n∈Z and {y′n =

h−1(yn)}n∈Z are pseudo orbits for f which respect the central foliation W c

and such that ρ(x′n, y′n) ≤ ε (provided that g is sufficiently close to f). By
plaque expansivity of f we conclude that x′n and y′n lie in a common plaque
for W c for all n and hence, xn and yn lie in a common plaque for W c

g for
all n. �
5.6. Weak integrability of the central foliation. As we mentioned above the
central distribution may not be integrable. However, it is often integrable
in some weak sense and this weak integrability persists under small pertur-
bations. Following [10] we call a continuous distribution E on a compact
smooth manifold M weakly integrable if for each point x ∈ M there is an
immersed complete C1 manifold W (x) which contains x and is everywhere
tangent to E, i.e., TyW (y) = E(y) for each y ∈ W (x). We call W (x) an
integral manifold of E through x. Note that a priori the integral manifolds
W (x) may be self-intersecting and may not form a partition of M .

Theorem 5.15 (Brin, Burago and Ivanov, [10]). Let f be a partially hyperbolic
in the narrow sense diffeomorphism of M . Assume that the distributions
Ecsf , Ecuf and Ecf are weakly integrable. Then there is a C1 neighborhood
U of f such that every g ∈ U is a partially hyperbolic in the narrow sense
diffeomorphism whose distributions Ecsg , Ecug and Ecg are weakly integrable.

Proof. We will prove the weak integrability of Ecug . The weak integrability
of Ecsg follows by reversing the time. The integral manifolds of Ecg can be
constructed by intersecting the integral manifolds of Ecug with the integral
manifolds of Ecsg .

Fix x ∈ M . For each n > 0 let Wn = gn(W cu
f (g−n(x))) where W cu

f (y) is
the integral manifold of Ecuf through y ∈ M . It follows from Theorem 3.4
that the distributions Esg , Eug and Ecg depend continuously on g in the C1
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topology and that Ecuf (y) is uniformly close to Ecug (y) and hence, is uniformly
transverse to Esg(y). Moreover, the hyperbolicity constants of f (see (2.6))
are δ-close to those of g for a given sufficiently small δ > 0.

It follows from (2.7) that for any α > 0 there is C(α) > 0 such that for any
N > 0 and any tangent vector v ∈ TxM with the distance d( v

‖v‖ , E
s
f (x)) ≥ α

we have
‖d(dfnv,Ecuf (fn(x)))‖ ≤ C(α)

(µ1

λ2

)n
‖v‖.

This implies that the tangent space to Wn is exponentially close to Ecug , i.e.,

Tgn(y)(g
n(W cu

f (g−n(x)))) → Ecug (gn(y))

uniformly in y ∈W cu
f (g−n(x)) and exponentially in n with rate (µ1+δ)/(λ2−

δ). The sequence Wn is precompact in the compact-open C1 topology and
therefore, has a convergent subsequence. The limit is an integral manifold
of Ecug passing through x. �
Theorem 5.16 (Brin, Burago and Ivanov, [10]). Let {fn}n≥0 be a sequence
of partially hyperbolic in the narrow sense diffeomorphisms of M . Assume
that

(1) fn → g in the C1 topology;
(2) the distributions Ecsfn

, Ecufn
and Ecfn

are weakly integrable for all n;
(3) all fn have the same hyperbolicity constants (2.6).

Then g is partially hyperbolic in the narrow sense and the distributions Ecsg ,
Ecug and Ecg are weakly integrable.

Proof. Fix x ∈M and let v ∈ Esfn
(x) be a sequence of unit vectors converg-

ing to a vector v ∈ TxM . Then λn1 ≤ ‖dfnv‖ ≤ µn1 and hence, v ∈ Esg(x).
Similar arguments apply to Ec and Eu. It follows that

lim
n→∞Eαfn

(x) = Eαg (x)

for α = s, c, u. Hence, g is partially hyperbolic in the narrow sense. We will
prove weak integrability of Ecug . The integrability of Ecsg and Ecg follows by
reversing the time and taking intersections. Let Wn be an integral manifold
of Ecufn

passing through x ∈ M . Since the distribution Ecug depends con-
tinuously on g in the C1 topology, the sequence Wn is precompact in the
compact-open C1 topology and therefore, has a convergent subsequence.
The limit is an integral manifold of Ecug passing through x. �



6. Intermediate Foliations

Consider a diffeomorphism f of class Cq of a compact Riemannian manifold
M admitting a df -invariant splitting (4.41) satisfying (4.42) and (4.43).

Fix a number k, 1 < k < t with µk < 1. In this section we will dis-
cuss the integrability problem for the invariant distribution Ek called the
intermediate distribution.

6.1. Non-integrability of intermediate distributions. In general, one should
not expect Ek to be integrable as the following example illustrates.

Example 6.1. [Smale, [48], see also [29], Section 17.3]

Consider the Heisenberg group of matrices

H =




1 x z

0 1 y
0 0 1


 : (x, y, z) ∈ R




with the usual matrix multiplication: in (x, y, z) coordinates it is given by

(x1, y1, z1) × (x2, y2, z2) = (x1 + x2, y1 + y2, z1 + z2 + x1y2).

The center of H is the one-parameter subgroup
1 0 z

0 1 0
0 0 1


 .

Thus, H is a three-dimensional, simply connected, nonabelian and nilpotent
group. The Lie algebra of H is given by

L(H) =




0 x z

0 0 y
0 0 0


 : (x, y, z) ∈ R




with generators

X =


0 1 0

0 0 0
0 0 0


 , Y =


0 0 0

0 0 1
0 0 0


 , Z =


0 0 1

0 0 0
0 0 0


 .

We have the Lie bracket [X,Y ] = Z while all other brackets of generators
are zero.

Let G = H × H be the Lie group with generators X1, Y1, Z1,X2, Y2, Z2

such that [Xi, Yi] = Zi and all other brackets of generators are zero. The
Lie algebra of G is

L(G) =
{(

A 0
0 B

)
: A,B ∈ L(H)

}
.
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The group H has an obvious integer lattice of matrices with entries in Z

which generates an integer lattice in G (recall that a lattice Γ is a discrete
subgroup of G for which the factor Γ\G is compact; see Section 2.1). We
need another lattice in G however.

Consider the number field K = {a + b
√

5: a, b are rational numbers}. It
possesses a unique nontrivial automorphism σ such that σ(a + b

√
5) = a −

b
√

5.
Let Γ be the subgroup of G given by expId γ, where expId : L(G) → G is

the exponential map and γ ⊂ L(G) is given by

γ =
{(

A 0
0 σ(A)

)
: A ∈ L(H) with entries in the algebraic integers in K

}

with σ(A)ij = σ(Aij). It can be shown that Γ is a lattice (see [29], Section
17.3). Define a Lie algebra automorphism Φ on L(G) by

Φ(X1) = λ1X1, Φ(Y1) = λ2
1Y1, Φ(Z1) = λ3

1Z1,

Φ(X2) = λ−1
1 X2, Φ(Y2) = λ−2

1 Y2, Φ(Z2) = λ−3
1 Z2,

where λ1 = 3+
√

5
2 and λ2 = 3−√

5
2 . There exists a unique automorphism

F : G→ G with dF | Id = Φ. Since λ1 and λ2 are units in K, that is integers
whose inverses are also integers, and σ(λ1) = λ2 we have that F (Γ) = Γ.
Thus, F projects to an Anosov diffeomorphism f of Γ\G.

The invariant splitting for f is T (Γ\G) = Es ⊕ Eu, where Es is the
three-dimensional distribution generated by X2, Y2 and Z2 and Eu is the
three-dimensional distribution generated by X1, Y1 and Z1. Observe that
Eu = P⊕Q where P is the two-dimensional distribution generated byX1, Y1

and Q is the one-dimensional distribution generated by Z1. The distribution
P is intermediate and is not integrable. To see this note that the generators
X1, Y1 and Z1 induce three vector fields x1, y1 and z1 on g ∈ Γ\G such that
x1(g), y1(g) ∈ P (g) and z1(g) ∈ Q(g) for any g ∈ Γ\G. Since the distribution
P is smooth, by the Frobenius theorem, its integrability would imply that
the Lie bracket [x1, y1] of vector fields x1 and y1 lies in P . However, this is
not true since [X1, Y1] = Z1.

It follows from Theorem 5.16 that non-integrability in the above example
is an open property.

6.2. Invariant families of local manifolds. One can always view the invariant
intermediate distribution Ek, 1 < k < t, as a central distribution in the
following splitting of the tangent bundle

TM = (⊕k−1
j=1Ej) ⊕ Ek(⊕t

j=k+1Ej).
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and apply results of Sections 5.4 and 5.5. First, we establish the class of
smoothness of the leaves of the foliation Wk (provided the distribution Ek
is integrable). Denote by �1k and �2k the biggest number such that

µk−1 < λ
�1k
k , µk < λ

�2k
k+1, � = min{�1k, �2k}

(recall that the numbers λk and µk satisfy (4.42) and (4.43)). Applying
Theorem 5.9 we obtain the following result.

Theorem 6.2. Assume that the distribution Ek is integrable. Then the leaves
of the corresponding intermediate invariant foliation Wk are of class of
smoothness C�.

Let g be a Cq diffeomorphism which is sufficiently close to f in the C1

topology. By Theorem 3.4, g possesses an invariant distribution (Ek)g corre-
sponding to Ek. Applying Theorem 5.14 requires an additional assumption
that λk+1 > 1. Of course, this means that f is an Anosov diffeomorphism.

Theorem 6.3. Assume that the foliation Wk is plaque expansive (in partic-
ular, smooth). Assume also that λk+1 > 1. Then the distribution (Ek)g is
integrable and the corresponding foliation (Wk)g is plaque expansive.

Since the diffeomorphism f in the last theorem is Anosov, so is g. By the
structural stability theorem, f and g are topologically conjugate by a Hölder
homeomorphism h which is close to the identity map. It follows that h(Wk)
is a g-invariant foliation whose leaves are Hölder continuous submanifolds.
Theorem 6.3 claims that the leaves of this foliation are indeed smooth of
class C�.

Even if the distribution Ek is integrable its leaves may not be of class Cq

but less. To explain this phenomenon consider the linear map of the plane
A(x, y) = (λx, µy) where 0 < λ < µ < 1 are some numbers. The origin is
the attracting fixed point. The x-axis can be geometrically characterized as
consisting of points P for which

ρ(0, AnP ) ≤ λnρ(0, P ).

On the other hand any curve

γC = {(x, y) : x = Cy
log µ
log λ }

is invariant under A and consists of points P for which

ρ(0, AnP ) ≤ µnρ(0, P ).

Note that these curves are only finitely differentiable except for the y-axis
(corresponding to C = 0). Therefore, there is no “obvious” choice of a
local leaf and “little” chances are that the intermediate foliation will “pick”
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the leaf that is infinitely differentiable. Surprisingly, if µk < 1 and some
special non-resonance condition holds, this simple picture is realizable: the
distribution Ek admits an invariant family of local manifolds {Vk(x)}x∈M
which are as smooth as the map f is but may not comprise a foliation.

Theorem 6.4 (Pesin, [37]). Fix k such that 0 < λk ≤ µk < 1. Assume that
the following non-resonance condition holds:

q ≥ N =[log λ1/ log µk] + 1 and for every j = 1, . . . , N

[(λk)j , (µk)j ] ∩ [λi, µi] = ∅, 1 ≤ i < k.
(6.1)

Then for every x ∈M there exists a local submanifold Vk(x) satisfying:
(1) x ∈ Vk(x) and TxVk(x) = Ek(x);
(2) f(Vk(x)) ⊂ Vk(f(x));
(3) Vk(x) ∈ Cq;
(4) for any x ∈ M the collection of local manifolds {Vk(x)}x∈M is the

only collection of CN local manifolds that satisfies TxVk(x) = Ek(x),
f(Vk(x)) ⊂ Vk(f(x)), and

sup
1≤s≤N

sup
x∈M

‖dsVk(x)‖ ≤ const.

Remark 6.5. The non-integrable intermediate distribution P for the diffeo-
morphism f in Example 6.1 does not satisfy the non-resonance condition.

Proof of the theorem. We will find the local manifold Vk(x) in the following
form

Vk(x) = expx{(v, ψk(x, v)) : v ∈ Bk(r0)},
where ψk(x, ·) : Bk(r0) → E(x) is a smooth map which satisfies ψk(x, 0) = 0
and dψk(x, 0) = 0. Here Bk(r0) is the ball in Ek(x) of radius r0 centered at
the origin and

E(x) =
t⊕

i=1,i
=k
Ei(x).

The number r0 is sufficiently small and is independent of x. To construct
the function ψk(x, ·) we proceed as in the proof of Theorem 4.1 and consider
the map

f̃x = exp−1
f(x) ◦f ◦ expx : Bk(r0) ×B(r0) → Tf(x)M,

which is well-defined if r0 is sufficiently small. Here B(r0) is the ball in E(x)
of radius r0 centered at the origin. We assume that a Lyapunov inner metric
is introduced (see Section 2.2) so that we can write the map f̃x in the form
(4.7) with A(x) = df |Ek(x) and B(x) = df |E(x) satisfying

(6.2) ‖A(x)‖ ≤ µk, (‖B(x)−1‖)−1 ≥ γ
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and with

(6.3) 0 < µk < 1, µNk /γ < 1

for some γ > 0. Furthermore,

gx : Bk(r0) ×B(r0) → Ek(f(x)), hx : Bk(r0) ×B(r0) → E(f(x))

satisfy (4.9)–(4.11).
Since the local manifold Vk(x) is invariant we have f(Vk(x)) ⊂ Vk(f(x)).

Applying (4.7) we obtain the following equation for the function ψk(x, ·):
B(x)ψk(x, v) + hx(v, ψk(x, v))

= ψk(f(x), A(x)v + gx(v, ψk(x, v))), v ∈ Bk(r0).
(6.4)

As the function ψk(x, v) is of class Cq with q ≥ N one can write

ψk(x, v) =ψk(x, 0) + dψk(x, 0)v + · · ·
+ dNψk(x, 0)(v, . . . , v) + ψ̃k(x, v)

= tk(x, v) + ψ̃k(x, v).

(6.5)

Here dsψk(x, 0), s = 0 . . . N , are symmetric s-forms on the manifold M .
Substituting (6.5) into (6.4) and equating coefficients of “equal powers of
v” (i.e., the corresponding s-forms) we come to the following system of
equations on the manifold M

Bi(x)dsψi(x, 0) =dsψi(f(x), 0)As(x)

+ Ti(x, d�ψk(x, 0), djgx(0, 0), djhx(0, 0)),

where s = 0, . . . , N , i = 1, . . . , t, i 	= k, 0 ≤ �, j ≤ s − 1, and Bi(x) =
df |Ei(x). We shall solve this equation by induction on s. Consider the
Banach space of continuous symmetric s-forms on M and for each i define
the linear operator Ωi by

(Ωiω)(x) = (Bi(x))−1ω(f(x))As(x).

The non-resonance condition implies that either the operator Ωi or its inverse
is of norm (induced by the norm in the space of symmetric s-forms) strictly
less than one. Therefore, the operator (I − Ωi)−1 (or (I − Ω−1

i )−1) is well
defined and bounded. The functions Ti depend only on d�ψi(x, 0) with
� ≤ s− 1 and these (s− 1)-forms are already defined. Therefore,

dsψi(x, 0) = (I − Ωi)−1Ti (or dsψi(x, 0) = (I − Ω−1
i )−1Ti).

Finally, for s = 0 we have ψ(x, 0) = (x, 0).
Choose the function ψ̃k(x, v), v ∈ Bk(r0), such that ψ̃k(x, 0) = (x, 0)

for every x ∈ M , ψ̃k(x, v) is q times differentiable, and diψ̃k(x, 0) = (x, 0)
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for i = 1, . . . , N . It follows from (6.4) and (6.5) that the function ψ̃k(x, v)
satisfies the following equation

(6.6) B(x)ψ̃k(x, v) + h̃x(v, ψk(x, v)) = ψ̃k(f(x), A(x)v + g̃x(v, ψk(x, v))),

where

g̃x : Bk(r0) ×B(r0) → Ek(f(x)), h̃x : Bk(r0) ×B(r0) → E(f(x))

are such that

(6.7) g̃x(0, 0) = 0, h̃x(0, 0) = 0, dg̃x(0, 0) = 0, dih̃x(0, 0) = 0,

for i = 1, . . . , N and

(6.8) ‖dg̃x(v,w)‖ ≤ C1, ‖dN+1h̃x(v,w)‖ ≤ C1,

where (v,w) ∈ Bk(r0) ×B(r0) and C1 > 0 is a constant. The desired result
is now an immediate consequence of the following lemma.

Lemma 6.6. Under the conditions (6.2), (6.3), (6.7) and (6.8), Equation
(6.6) has a unique solution ψ̃k(x, v) which is a continuous function in x on
M , is q-times continuously differentiable in v and

ψ̃k(x, 0) = 0, diψ̃k(x, 0) = 0

for i = 1, . . . , N .

Proof of the lemma. Using (4.13) and (4.14) one can rewrite Equation (6.6)
in the following form

Bmψ̃k,m(v)+ h̃m(v, ψk,m(v)) = ψ̃k,m+1(Amv+ g̃m(v, ψk,m(v))), v ∈ Bk(r0),
where by (6.2),

(6.9) ‖Am‖ ≤ µk, (‖Bm−1‖)−1 ≥ γ,

and by (6.7) and (6.8) for i = 1, . . . , N and (v,w) ∈ Bk(r0) ×B(r0),

g̃m(0, 0) = 0, h̃m(0, 0) = 0, dg̃m(0, 0) = 0, dih̃m(0, 0) = 0,

‖dg̃m(v,w)‖ ≤ C2, ‖dN+1h̃m(v,w)‖ ≤ C2,
(6.10)

where C2 > 0 is a constant.
The proof of the desired result is now a modification of the argument in

the proof of Theorem 4.3. Indeed, consider the space Γ with the norm ‖ · ‖κ
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and the operator Φ(y, z). Using (6.9), (6.10), and (6.3) we find that

‖Φ(y, z)‖κ = sup
m≥0

(κ−m‖Φ(y, z)(m)‖) ≤ sup
m≥0

(κ−m‖z(m)‖)

+ sup
m≥0

{
κ−m

[(
m−1∏
i=0

‖Ai‖
)
‖y‖ +

m−1∑
n=0

(
m−1∏
i=n+1

‖Ai‖
)
C2‖z(n)‖

+
∞∑
n=0

(
n∏
i=0

‖B−1
i+m‖

)
C2‖z(n +m)‖N )

]}

≤ ‖z‖κ + sup
m≥0

(κ−mµkm)‖y‖

+ sup
m≥0

(
κ−mC2‖z‖κ

[
m−1∑
n=0

(µk)
m−n−1κn +

∞∑
n=0

γ−(n+1)κN(m+n)

])

≤ ‖y‖ + C3‖z‖κ,
where C3 > 0 is a constant. Therefore, the map Φ is well-defined and
Φ(0, 0) = (0, 0). One can now show that the map Φ is continuously q-times
differentiable and ∂xΦ(y, 0) = − Id. The lemma follows from the Implicit
Function Theorem. We leave the details to the reader. �

This completes the proof of the theorem. �
6.3. Insufficient smoothness of intermediate foliations. The following ex-
ample illustrates the possible lack of smoothness of leaves for intermediate
distributions. Consider an automorphism A of the torus T

3 with eigenval-
ues λi, i = 1, 2, 3, such that 0 < λ1 < λ2 < 1 < λ3. We have an invariant
splitting

TT
3 =

3⊕
i=1

Ei,A.

Assume that the number log λ1/ log λ2 is not an integer, i.e., the above non-
resonant condition holds. Let N = [log λ1/ log λ2] + 1.

Consider the foliation W2,A associated to E2,A. Any C∞ diffeomorphism
f , which is sufficiently C1-close to A, possesses an invariant foliation W2,f

which is tangent to E2,f and whose leaves are of class CN−1, see Theorem
6.2. We will show that in general, the leaves W2,f (x) cannot be more than
CN−1 smooth for a “large” set of points x ∈ M . Hence, they are different
from the local submanifolds given by the preceding theorem, since these
submanifolds are of class CN (indeed, of class C∞ in this particular case).

Theorem 6.7 (Jiang, de la Llave and Pesin, [28]). In any neighborhood η of
A in the space Diff1(T3) there exists G ∈ η such that
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(1) G is a C∞ diffeomorphism and topologically conjugate to A;
(2) G admits an invariant splitting

TT
3 =

3⊕
i=1

Ei,G

with Ei,G close to Ei,A and integrable; the integral manifold Wi,G(x)
passing through x is of class CN−1 but not CN for some x ∈ T

3;
(3) the set of points {x : Wi,G(x) is not of class CN} is a residual subset

of T
3.

Proof. We define the perturbation G in the form G = π ◦ (Ã + h̃) where
π : R

3 → T
3 is the usual projection, Ã is the lift of A, and h̃ : R

3 → R
3 is a

map. We describe h̃ in the standard {e1, e2, e3}-coordinate system where ei
are eigenvectors of A.

Fix a point p0 = (0, β0, 0) ∈ R
3 with sufficiently small β0 > 0 and a small

number ε > 0 such that the sets

π(B(0, ε)), Aπ(B(p0, ε)), π(B(p0, ε)), A−1π(B(p0, ε)), . . . , A−Kπ(B(p0, ε))

are all disjoint for some K > 0. For sufficiently small ε and β0 the number
K can be chosen so large that

(6.11)
(λ2

λ1

)K 1
8λ1

> L.

We also require that Ã(B(p0, ε)) and B(p0, ε) be contained in the same
fundamental domain D. Define a smooth function f : D → R such that

1. |f(α, β, γ)| ≤ δ and ‖df(α, β, γ)‖ ≤ δ where δ is a constant satisfying

0 < δ < max
{λ1ε

4
,

1
4
(λ2 − λ1)

}
;

2. |∂f∂β (α, β0, 0)| ≥ δ
4 for |α| ≤ ε

3 ;
3. f(α, β, γ) = 0 for (α, β, γ) /∈ B(p0, ε).

For all (α, β, γ) ∈ R
3 set

h̃(α, β, γ) = (f(α, β, γ), 0, 0) (mod 1)

and then
G̃ = Ã+ h̃, G = π ◦ (Ã+ h̃).

If δ is sufficiently small thenG is a C∞ Anosov diffeomorphism of T
3 which is

topologically conjugate to A. The first statement follows. G possesses a dG-
invariant splitting TT

3 =
⊕3

i=1 Ei,G and Mather’s spectrum of G satisfies
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the non-resonance condition. We denote the corresponding dG̃-invariant
splitting by TR

3 =
⊕3

i=1 Ei,G̃ so that dπE
i,G̃

= Ei,G, i = 1, 2, 3.
It is easy to see that

G(x) = A(x)

for x /∈ π(B(p0, ε)). Since the origin is a fixed point of Ã and G̃ = Ã near
the origin we conclude that

E2,G̃(0) = E2,Ã(0) = {t e2 : t ∈ R}
and that the local smooth manifold at 0 is

(6.12) V2,G̃(0) = V2,Ã(0) = {t e2 : t ∈ (a,−a) for some a > 0}.
We shall now show that

(6.13) E2,G̃(Ã(p0)) 	= E2,Ã(Ã(p0)) = {t e2 : t ∈ R}.
For p ∈ R

3 one can write

E
2,G̃

(p) = {t (u(p)e1 + e2 + w(p)e3) : t ∈ R},
where u(p) and w(p) are continuous functions on R

3 and u2(p)+w2(p) ≤ 1.
The differential of G̃ is given by

dG̃ =


λ1 + ∂f

∂α
∂f
∂β

∂f
∂γ

0 λ2 0
0 0 λ3


 .

Since E2,G̃(p) is dG̃-invariant we have

C


u(p)1
w(p)


 =


λ1 + ∂f

∂α(G̃−1(p)) ∂f
∂β (G̃−1(p)) ∂f

∂γ (G̃−1(p))
0 λ2 0
0 0 λ3




u(G̃

−1(p))
1

w(G̃−1(p))


 .

This implies that

λ2u(p) =
[
λ1 +

∂f

∂α
(G̃−1(p))

]
u(G̃−1(p))

+
∂f

∂β
(G̃−1(p)) +

∂f

∂γ
(G̃−1(p))w(G̃−1(p))

(6.14)

and

(6.15) λ2w(p) = λ3w(G̃−1(p)).
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It follows from (6.15) that w(p) = 0 for all p ∈ R
3. Thus,

E2,G̃(p) = {t (u(p)e1 + e2) : t ∈ R},

where |u(p)| ≤ 1 and

(6.16) λ2u(p) =
[
λ1 +

∂f

∂α
(G̃−1(p))

]
u(G̃−1(p)) +

∂f

∂β
(G̃−1(p)).

Assume that (6.13) does not hold, i.e., E
2,G̃

(Ã(p0)) = E
2,Ã

(Ã(p0)). We
will show that in this case the angle between E

2,G̃
(p) and E

2,Ã
(p) will exceed

the upper bound given in Statement 3 of Lemma 3.5 at some point (see
Figure 10).

B(p0, ε)

γ

B(0, ε)

0

α

Ap0

v = w

dÃv

dÃ−Kv

dG̃−Kw

β

dG̃w

p0

G−Kp0

G−1p0

Figure 10. To the proof of non-integrability:
the vectors v ∈ E

2,Ã
(Ãp0), w ∈ E

2,G̃
(Ãp0) and the angle

∠(dG̃−Kw, dÃ−Kv) become large.
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There exists q ∈ B(p0, ε) such that

G̃(q) = Ã(p0) = (0, λ2β0, 0).

We estimate |u(q)| which gives us the estimate on the angle. Suppose that
q = (α′, β′, γ′). Then

G̃(q) = (λ1α
′ + f(α′, β′, γ′), λ2β

′, λ3γ
′).

Thus γ′ = 0, β′ = β0, and λ1α
′ + f(α′, β′, γ′) = 0. It follows that

α′ = −λ−1
1 f(α′, β′, γ′).

Therefore,

|α′| =
f(α′, β′, γ′)

λ1
≤ δ

λ1
≤ ε

4
.

This implies that q ∈ B(p0,
ε
3 ). Our assumption means that u(Ã(p0)) = 0.

We have by equation (6.16) that[
λ1 +

∂f

∂α
(q)
]
u(q) +

∂f

∂β
(q) = 0

and hence,

u(q) =
∂f
∂β (q)

λ1 + ∂f
∂α(q)

.

From the definition of the function f it follows that

|u(q)| =
|∂f∂β (q)|

|λ1 + ∂f
∂α(q)| ≥

δ
4

2λ1
=

δ

8λ1
.

Consider the angles between the subspaces E
2,G̃

and E
2,Ã

at the points

G̃−1(q), G̃−2(q), . . . , G̃−K(q). Since all these points are outside of Bε(p0)
we have

∂f

∂α
=
∂f

∂β
= 0

at all of them. It follows that

λ2u(G̃−j(q)) = λ1u(G̃−j−1(q))

and

u(G̃−j−1(q)) =
λ2

λ1
u(G̃−j(q))

for j = 0, 1, . . . ,K − 1. Thus,

u(G̃−K(q)) =
(λ2

λ1

)K−1
u(G̃−1(q)) =

(λ2

λ1

)K
u(q)
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and
|u(G̃−K(q))| =

(λ2

λ1

)K−1|u(G̃−1(q))| ≥
(λ2

λ1

)K δ

8λ1
.

Since the distribution E2,A is smooth the Hölder exponent in Statement 3 of
Lemma 3.5 is one. Therefore, we have the following estimate for the Hölder
constant (λ2

λ1

)K δ

8λ1
≤ L.

However, this contradicts (6.11).
We now conclude that for all n ≥ 1,

(6.17) E2,G̃(Ãn(p0)) 	= E2,Ã(Ãn(p0)).

Indeed, G̃ = Ã near Ãn(p0), E2,G̃(Ãn(p0)) is G̃-invariant and E2,Ã(Ãn(p0))

is Ã-invariant for any n. Therefore, if E
2,G̃

(Ã(p0)) 	= E
2,Ã

(Ã(p0)) then

E2,G̃(Ãn(p0)) 	= E2,Ã(Ãn(p0)).

Since Ãnp0 = (0, λβ0
2 , 0) → 0 as n→ ∞ we have that Ãnp0 ∈ V2,Ã(0) for all

sufficiently large n. For those n, the relation (6.17) means that E2,G̃(Ãn(p0))

is not tangential to the local smooth manifold V
2,Ã

(0) (since E
2,Ã

(Ãn(p0))
is tangential). In view of (6.12), V

2,G̃
(0) and V

2,Ã
(0) do not coincide near

the origin. This implies that W
2,G̃

(0) is not of class CN and the second
statement of the theorem follows.

To prove the third statement let W2,G(π(0)) be the integral manifold of
E2,G. It is not of class CN at x = π(0). Denote by

S = {x ∈ T
3 : W2,G(x) is not of class CN}

and by

I = {x ∈ T
3 : the semi-trajectory {G−n(x) : n ≥ 0} is dense in T

3}.
Since G is topologically conjugate to an Anosov automorphism A it is topo-
logically transitive. Therefore, I is a Baire set. We shall show that I ⊂ S.
Otherwise there is x ∈ I but x /∈ S. Then W2,G(x) is of class CN and
hence, V2,G(x) ⊂ W2,G(x). Since these manifolds are G-invariant we have
V2,G(G−n(x)) ⊂ W2,G(G−n(x)). Furthermore, the size of V2,G(G−n(x))
grows as n increases. Since {G−n(x)} is dense in T

3 there exists a sub-
sequence ni such that G−ni(x) → π(0). Note that V2,G(x) depends continu-
ously on x in the Cq topology. Hence, V2,G(G−ni(x)) → V2,G(π(0)), On the
other hand, since the foliation W2,G is continuous, V2,G(π(0)) ⊂W2,G(π(0))
by the uniqueness of the limit. This implies that W2,G(π(0)) is also of class
CN as V2,G(π(0)). This contradicts the assumption that x /∈ S. �



7. Absolute Continuity

Absolute Continuity is one of the most crucial properties of stable and un-
stable foliations. It was introduced by Anosov in [1]. Let W be a foliation
of M with smooth leaves and V (x), x ∈ M , the local leaf passing through
x. The absolute continuity property addresses the following question:

Let E ⊂ B(x, q) be a Borel set of positive volume, can the inter-
section E ∩ V (y) have zero Lebesgue measure (with respect to the
Riemannian volume on V (y)) for almost every y ∈ E?

If the foliation W is smooth then due to the Fubini theorem, the inter-
section B ∩ V (y) has positive measure for almost all y ∈ B(x, q). If the
foliation is only continuous the absolute continuity property may fail (see
Sections 7.4 and 10.3).

7.1. The holonomy map. Consider a partially hyperbolic diffeomorphism f
of class C2 with a df -invariant splitting of the tangent bundle (4.1) satisfying
(4.2) and (4.3). Let W be the foliation tangent to the stable distribution E.

Fix x ∈M , r > 0 and consider the family of local manifolds

(7.1) L(x) = {V (w) : w ∈ B(x, r)}.
Choose two local disks D1 and D2, which are transverse to the family

L(x), and define the holonomy map π = π(x,W ) : D1 → D2 (generated by
the family of local manifolds) by setting

π(y) = D2 ∩ V (w) if y = D1 ∩ V (w), w ∈ B(x, r).

The holonomy map π is a homeomorphism onto its image (see Figure 11).
A measurable invertible transformation T : X → Y of measurable spaces

(X, ν) and (Y, µ) is said to be absolutely continuous if the measure µ is
absolutely continuous with respect to the measure T∗ν. In this case one
defines the Jacobian Jac(T )(x) of T at a point x ∈ X (specified by the
measures ν and µ) to be the Radon–Nikodym derivative dµ

d(T∗ν) . If X is a
metric space then for µ-almost every x ∈ X one has

(7.2) Jac(T )(x) = lim
r→0

µ(T (B(x, r)))
ν(B(x, r))

.

Let m denote the Riemannian volume. Given a submanifold D in M , let mD

be the Riemannian volume on D induced by the restriction of the Riemann-
ian metric to D. Finally, let Jac(π)(y) be the Jacobian of the holonomy map
π at the point y ∈ D1 specified by the measures mD1 and mD2.
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D1 D2

w

y
V (w)

B(x, r)

x

π(y)

Figure 11. The holonomy map.

Theorem 7.1 (Brin and Pesin, [13], Pugh and Shub, [40, 41], see also [3]). Let
f be a partially hyperbolic C2 diffeomorphism of a compact smooth manifold
M . Given x ∈M and two transverse disks D1 and D2 to the family L(x) of
local stable manifolds V (y), y ∈ B(x, r), the holonomy map π is absolutely
continuous (with respect to the measures mD1 and mD2) and the Jacobian
Jac(π) is bounded from above and bounded away from zero.

Remark 7.2. One can show (see [3], Chapter 4.4) that the Jacobian Jac(π)
can be computed by the following formula: for any y ∈ D1,

(7.3) Jac(π)(y) =
∞∏
n=0

Jac(dfn(π(y))f
−1|Tfn(π(y))f

n(D2))
Jac(dfn(y)f−1|Tfn(y)fn(D1))

(in particular, the infinite product on the right hand-side converges).

Sketch of the proof of the theorem. Let us first outline our approach. To
estimate the Jacobian Jac(π) choose a small open set A ⊂ D1 and let
B = π(A) ⊂ D2. We need to compare the measures νD1(A) and νD2(B).
Consider the images fm(A) and fm(B), m > 0 which are smooth sub-
manifolds of M . When m increases the sets A and B get stretched in the
unstable direction and may get stretched and/or shrunk in the central di-
rection. The latter may occur with at most an exponential rate γ with some
λ < γ < min{1, µ}. On the other hand, the distance between the sets fm(A)
and fm(B) gets small exponentially with a rate λ′ where λ < λ′ < γ.

We then cover the set fm(A) by open sets Ai of size γm such that the
multiplicity K of the cover is finite and depends only on the dimension ofD1.
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The distance between the sets Ai and Bi = π(Ai) is exponentially smaller
than their sizes and therefore, the ratio of their measures is bounded from
above and away from zero (uniformly in i and m). So is the ratio of the
measures of the sets fm(A) and fm(B) (note that the sets Bi form a cover
of fm(B) of multiplicity K).

To return back to the measures νD1(A) we use the well-known formulae

νD1(A) =
∫
fm(A)

Jac(df−m|Tyfm(D1))(y)dνfm(D1)(y),

νD2(B) =
∫
fm(B)

Jac(df−m|Tyfm(D2))(y)dνfm(D2)(y).

It remains to estimate the ratio of the Jacobians Jac(df−m|Tyfm(D1))(y)
and Jac(df−m|Tyfm(D2))(π(y)) for y ∈ fm(A).

We split the proof into several steps.
Step I. Fix a point w ∈ B(x, r) and let yi = V (w) ∩Di for i = 1, 2. Fix

also a number γ such that

(7.4) λ < γ < min{1, µ}.
Choose q > 0 and set for i = 1, 2 and m ≥ 0,

Di
m = fm(Di), wm = fm(w), yim = fm(yi), qm = qγm.

Note that Di
0 = Di, w0 = w, yi0 = yi and q0 = q. For sufficiently small

q > 0 there exists an open neighborhood Di
m(w, q) ⊂ Di

m of the point yim
such that

Di
m(w, q) = expwm

{(ψim(v), v) : v ∈ B(qm)},
where B(qm) ⊂ F (wm) is the ball centered at the origin of radius qm (see
Figure 12).

Furthermore, there are numbers C > 0 and λ < λ′ < γ such that for
i = 1, 2 and m ≥ 0,

(7.5) max
v∈B(qm)

‖dψim(v)‖ ≤ K, max
v∈B(qm)

‖d2ψim(v)‖ ≤ K,

(7.6) ρ(D1
m(w, q),D2

m(w, q)) ≤ K(λ′)m.

It follows that for n = 0, . . ., m,

(7.7) f−1(Di
n(w, q)) ⊂ Di

n−1(w, q), i = 1, 2

provided that D1 and D2 are chosen sufficiently close to each other (this
does not depend on m). Properties (7.5) and (7.6) mean that Di

m(w, q)
is roughly a ball in the direction transversal to E(wm) whose size decays
exponentially with the rate γm while the distance between D1

m(w, q) and
D2
m(w, q) decays exponentially with the rate (λ′)m.
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fm

D2

w1

w2

x

w3

D1

w1
m

w2
m

w3
m

D2
m(w2, q)

D2
m(w3, q)

y1
m

D2
m(w1, q)D1

m(w1, q)

D1
m(w2, q)

D1
m(w3, q)

y2
my1 y2

B(qm)

Figure 12. To the proof of Theorem 7.1.

This allows us to compare the Riemannian volumes νD1
m
|D1

m(w, q) and
νD2

m
|D2

m(w, q) for sufficiently large m.

Lemma 7.3. There exists K1 > 0 such that the following holds: for any
m > 0 there exists q0 = q0(m) > 0 such that for any 0 < q ≤ q0,∣∣∣∣∣

νD1
m

(D1
m(w, q))

νD2
m

(D2
m(w, q))

− 1

∣∣∣∣∣ ≤ K1.

We need the following Covering Lemma.

Lemma 7.4. For any m > 0 there are points wj ∈ B(x, r), j = 1, . . . , p =
p(m) and a number q = q(m) > 0 such that for i = 1, 2 the sets Di

m(wj , q)
form an open cover of the set Di

m of finite multiplicity which depends only
on the dimension of Di.

Step II. We now compute the measures that are the pullbacks under
f−m of the measures νDi

m
|Di

m(w, q) for i = 1, 2. Note that for every w ∈
B(x, r) the points y1

m and y2
m lie on the local manifold V (wm). For any

z ∈ f−m(Di
m(w, q)) (with i = 1 or i = 2) set zm = fm(z) and let

J i(z,m) = Jac(dzmf
−m|TzmD

i
m(w, q)).

We need the following lemma.
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Lemma 7.5. There exist K2 > 0 and m1 > 0 such that for every w ∈ B(x, r)
and m ≥ m1 one can find q = q(m) such that∣∣∣∣J

2(y2
m,m)

J1(y1
m,m)

− 1
∣∣∣∣ ≤ K2,

and if z ∈ D1
0(w, q) then ∣∣∣∣J

1(zm,m)
J1(y1

m,m)
− 1
∣∣∣∣ ≤ K2.

Proof of the lemma. For any 0 < n ≤ m and z ∈ D1
0(w, q) let us set

V (n, z) = TznD
1
n(w, q).

We transport parallelly the space V (n, z) ⊂ TznM along the geodesic that
connects the points zn and y1

n (this geodesic is uniquely defined since these
points are sufficiently close to each other) to obtain a new subspace Ṽ (n, z) ⊂
Ty1nM . We have∣∣Jac(dznf

−1|V (n, z)) − Jac(dy1nf
−1|V (n, y1))

∣∣
≤
∣∣∣Jac(dznf

−1|V (n, z)) − Jac(dy1nf
−1|Ṽ (n, z))

∣∣∣
+
∣∣∣Jac(dy1nf

−1|Ṽ (n, z)) − Jac(dy1nf
−1|V (n, y1))

∣∣∣ .
(7.8)

Since f is of class C2,

(7.9) |Jac(dznf
−1|V (n, z)) − Jac(dy1nf

−1|Ṽ (n, z))| ≤ C1ρ(zn, y1
n)

and
|Jac(dy1nf

−1|Ṽ (n, z)) − Jac(dy1nf
−1|V (n, y1))|

≤ C2d(Ṽ (n, z), V (n, y1)),
(7.10)

where C1 > 0 and C2 > 0 are constants (here d is the distance in the
Grassmannian bundle of TM generated by the Riemannian metric). By
(7.5),

(7.11) d(Ṽ (n, z), V (n, y1)) ≤ C3ρ(zn, y1),

where C3 > 0 is a constant. It follows from (7.8)–(7.11) that

|Jac(dznf
−1|V (n, z)) − Jac(dy1nf

−1|V (n, y1))|
≤ C4ρ(zn, y1

n) ≤ C5µ
kρ(z, y1),

where C4 > 0 and C5 > 0 are constants. Note that for any 0 < n ≤ m and
z ∈ D1

0(w, q),
C6

−1 ≤ |Jac(dznf
−1|V (n, z))| ≤ C6,
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where C6 > 0 is a constant. We obtain

J1(zm,m)
J1(y1

m,m)
=

m∏
n=1

Jac(dznf
−1|V (n, z))

Jac(dy1nf
−1|V (n, y1))

= exp
m∑
n=1

log
Jac(dznf

−1|V (n, z))
Jac(dy1nf

−1|V (n, y1))

≤ exp
m∑
n=1

(
Jac(dznf

−1|V (n, z))
Jac(dy1nf

−1|V (n, y1))
− 1

)

≤ exp

(
C5C6ρ(z, y1)

m∑
n=1

µn

)
.

For a fixed m the last expression can be made arbitrarily close to 1 by
choosing q sufficiently small. This proves the second inequality. The first
inequality can be proven in a similar fashion if one observes that by the
Hölder continuity of the distribution E(x) (see Theorem 3.8),

d(Ṽ (n, z), V (n, y1)) ≤ C7ρ(zn, y1)α,

where C7 > 0 is a constant, α > 0 is the Hölder exponent and Ṽ (n, z) is the
parallel transport of V (n, z) along the geodesic connecting y1 and y2. �

Lemma 7.5 allows one to compare the measures of the preimages under
f−m of D1

m(w, q) and D2
m(w, q). More precisely, the following statement

holds.

Lemma 7.6. There exist K3 > 0 and m2 > 0 such that if w ∈ B(x, r) and
m ≥ m2, then one can find q = q(m) such that

∣∣∣∣νD1(f−m(D1
m(w, q)))

νD2(f−m(D2
m(w, q)))

− 1
∣∣∣∣ ≤ K3.

Proof of the lemma. For i = 1, 2 we have

νDi(f−m(Di
m(w, q))) =

∫
Di

m(w,q)
J i(z,m) dνDi

m
(z)

= J i(zim,m)νDi
m

(Di
m(w, q)),

where zim ∈ Di
m(w, q) are some points. It follows from the assumptions of

the lemma, (7.7), and Lemmas 7.3 and 7.5 that for sufficiently large m and
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small q,∣∣∣∣νD1(f−m(D1
m(w, q)))

νD2(f−m(D2
m(w, q)))

− 1
∣∣∣∣

≤
∣∣∣∣J

1(z1
m,m)

J2(z2
m,m)

− 1
∣∣∣∣× νD1

m
(D1

m(w, q))
νD2

m
(D2

m(w, q))
+

∣∣∣∣∣
νD1

m
(D1

m(w, q))
νD2

m
(D2

m(w, q))
− 1

∣∣∣∣∣
≤
∣∣∣∣J

1(z1
m,m)

J1(y1
m,m)

· J
2(y2

m,m)
J2(z2

m,m)
· J

1(y1
m,m)

J2(y2
m,m)

− 1
∣∣∣∣× (1 +K1) +K1∆

≤ ((1 +K2)3 − 1)(1 +K1) +K1 ≤ K3.

The lemma follows. �

Step III. Given m > 0, choose points wj ∈ B(x, r) and a number q = q(m)
as in Lemma 7.4. Consider the sets

(7.12) D̂1
m =

p⋃
j=1

D1
m(wj , q), D̂2

m =
p⋃
j=1

D2
m(wj , q).

Note that D̂i
m ⊃ fm(Di). We wish to compare the measures νD1 |f−m(D̂1

m)
and νD2 |f−m(D̂2

m). Let Li be the multiplicities of the covers {Di
m(wj , q)},

i = 1, 2. Observe that the cover of the set Di by the sets {f−m(Di
m(wj , q))}

is also of multiplicity Li. Set L = max{L1, L2}. We have

1
L

p∑
j=1

νDi(f−m(Di
m(wj , q))) ≤ νDi(f−m(D̂i

m))

≤
p∑
j=1

νDi(f−m(Di
m(wj , q))).

It follows from Lemma 7.6 that

νD1(f−m(D̂1
m))

νD2(f−m(D̂2
m))

≤ L

∑p
j=1 νD1(f−m(D1

m(wj , q)))∑p
j=1 νD2(f−m(D2

m(wj , q)))

≤ Lmax
{
νD1(f−m(D1

m(wj , q)))
νD2(f−m(D2

m(wj , q)))
: j = 1, . . . , p

}

≤ L (1 +K3) ,

with a similar bound for the inverse ratio. We conclude that

(7.13) K−1
4 ≤ νD1(f−m(D̂1

m))
νD2(f−m(D̂2

m))
≤ K4,

where K4 > 0 is a constant independent of m.
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Step IV. Without loss of generality we may assume that νDi(Di) > 0.
Given β > 0, denote by U iβ the β-neighborhood of the set Di for i = 1, 2.
We need the following lemma from measure theory.

Lemma 7.7. There exists β0 > 0 such that for every 0 < β ≤ β0 and i = 1, 2,

νDi(Di)
νDi(U iβ)

≥ 1
2
.

For any β > 0 and any sufficiently large m > 0 we have Di ⊂ f−m(D̂i
m) ⊂

U iβ for i = 1, 2. It follows from Lemma 7.7 and (7.13) that

1
2K4

≤ νD1(D1)
νD2(D2)

≤ 2K4.

We emphasize that the constant K4 does not depend on the size of the
transversals D1 and D2 but only on their dimension. In particular, for each
y ∈ D1,

1
2K4

≤ νD2(π(B1(y, r)))
νD1(B1(y, r))

≤ 2K4,

where B1(y, r) ⊂ D1 is the ball of radius r centered at y. Letting r → 0 we
conclude from (7.2) that

1
2K4

≤ Jac(π)(y) ≤ 2K4

for νD1-almost every y ∈ D1. Therefore, the Jacobian is bounded from above
and bounded away from zero. This completes the proof of the theorem. �

7.2. Absolute continuity of local manifolds. Fix x ∈M , r > 0 and set

Q(x) =
⋃

w∈B(x,r)

V (w),

where B(x, r) is the ball centered at x of radius r. Consider the measurable
partition ξ of Q(x) into local manifolds.

Let ν be a smooth f -invariant probability measure on M . It generates
conditional measures νV (w) on V (w), w ∈ B(x, r). The factor space Q(x)/ξ
can be identified with an open transverse disk D. We denote by ν̂D the
factor measure generated by the partition ξ (it is supported on the set D),
by mV (w) the Riemannian volume on V (w), and by mD the Riemannian
volume on D.

The following theorem shows that the foliation W satisfies the Fubini
theorem.



84 YA. PESIN

Theorem 7.8. The following statements hold:

(1) the measures νV (w) and mV (w) are equivalent for ν-almost every
w ∈ B(x, r);

(2) the factor measure ν̂D is equivalent to the measure mD.

Proof. Consider a family of smooth disjoint transversals D(w), w ∈ B(x, r),
to the family of local manifolds L(x). They generate a partition η of the
ball B(x, r). Let us denote by mD(w) the Riemannian volume on D(w), by
νD(w) the system of conditional measures generated by the measure ν and
partition η, and by ν̂V the factor measure generated by the partition η and
the measure ν. One can see that the factor space B(x, r)/η can be identified
with the local manifold V (w) for some w ∈ B(x, r). Since the partition η
is smooth there exist continuous functions g(w, z) and h(w) such that for
w ∈ B(x, r) and z ∈ D(w),

dνD(w)(z) = g(w, z) dmD(w)(z), dν̂V (w) = h(w) dνV (w).

Let X be a Borel subset of positive ν-measure. We have

ν(X) =
∫
B(x,r)/η

∫
D(w)

χX(w, z) dνD(w)(z) dν̂V (w)

=
∫
B(x,r)/η

∫
D(w)

χX(w, z)g(w, z) dmD(w)(z) dν̂V (w)

=
∫
B(x,r)/η

∫
D(w0)

χX(w, z)g(w, z)Jac(πw0w)(y) dmD(w0)(y) dν̂V (w),

where χX(w, z) is the characteristic function of the set X at the point
z ∈ D(w), πw0w the holonomy map between the transversals D(w0) and
D(w), z = πw0w(y), and Jac(πw0w)(y) is the Jacobian of the map πw0w at
y. Applying Fubini’s theorem we obtain

ν(X) =
∫
D(w0)

∫
B(x,r)/η

χX(w, z)g(w, z)Jac(πw0w)(y) dν̂V (w) dmD(w0)(y)

=
∫
D(w0)

∫
V (w)

χX(w, z)g(w, z)Jac(πw0w)(y)h(w) dmV (w) dmD(w0)(y).

This implies the desired result. �

As an immediate consequence we obtain that

dνV (w)(y) = κ(w, y)dmV (w)(y)
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for every w ∈ B(x, r) and y ∈ V (w). The function κ(w, y) is continuous and
satisfies the following homological equation

κ(f(w), f(y)) =
Jac(df |E(y))
Jac(df |E(w))

κ(w, y).

It follows that

κ(w, y) =
∞∏
i=0

Jac(df |E(f i(y)))
Jac(df |E(f i(w)))

.

It is easy to see that by the Hölder continuity of the distribution E (see
Theorem 3.8), the infinite product converges.

7.3. Ergodicity of Anosov maps. Let f be a C2 Anosov diffeomorphism of
a smooth compact connected Riemannian manifold M and TM = Es ⊕Eu

the df -invariant decomposition of the tangent bundle such that, for every
x ∈M ,

‖df |Es(x)‖ ≤ λ, ‖df |Eu(x)−1‖−1 ≥ µ,

with 0 < λ < 1 < µ. Using the absolute continuity of the associated
foliations W s and W u of M , one can prove the following ergodicity result.

Theorem 7.9. If f preserves the Riemannian volume, then f is ergodic.

Proof. We follow an approach which is an elaboration of the Hopf argument
(see [2]). Let ϕ : M → R be a continuous function. According to the
Birkhoff ergodic theorem, the three functions

ϕ+(x) = lim
n→+∞

1
n

n−1∑
k=0

ϕ(fk(x)), ϕ−(x) = lim
n→−∞

1
|n|

n+1∑
k=0

ϕ(fk(x)),

ϕ̄(x) = lim
n→+∞

1
2n+ 1

n∑
k=−n

ϕ(fk(x))

(7.14)

exist and are equal for almost every x ∈M . These functions are dense in the
space of invariant measurable functions on M , since continuous functions are
dense in the space of measurable functions on M . Let M0 be the conull set
in M on which ϕ+, ϕ− and ϕ̄ exist and are equal. For any x ∈M0 and every
point z on the local stable manifold V s(x) we have |ϕ(fk(x))−ϕ(fk(z))| → 0
as k → +∞. Hence, ϕ+(x) = ϕ+(z). By absolute continuity, for almost
every x ∈M , almost every point z ∈ V s(x) belongs to M0 and the set⋃

z∈V s(x),z 
∈M0

V u(z)
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has measure zero. Hence, for almost every y close enough to x, the point
z = V s(x) ∩ V u(y) lies in M0, and thus,

ϕ̄(y) = ϕ−(y) = ϕ−(z) = ϕ̄(z) = ϕ̄(x).

Therefore ϕ̄ is constant almost everywhere on a neighborhood of x. Since
any two points of M can be joined by a path contained in a finite union of
such neighborhoods, ϕ̄ is constant almost everywhere on M . �
7.4. An example of a non-absolutely continuous foliation. We describe an
example due to Katok of a non-absolutely continuous foliation (see [32] for
a similar example). Consider a hyperbolic automorphism A of the torus T

2.
There is a family {ft : t ∈ S1} of diffeomorphisms preserving the area m
and satisfying the following conditions:

1. ft is a small perturbation of A for every t ∈ S1;
2. ft depends smoothly on t;
3. the function h(t) = hm(ft) is strongly decreasing in a small neigh-

borhood of t = 0 (here hm(ft) is the metric entropy of the diffeo-
morphism ft).

Consider the diffeomorphism F : T
2 × S1 → T

2 × S1 by F (x, t) = (ft(x), t).
Since ft is sufficiently close to A, they are conjugate via a Hölder home-
omorphism gt, i.e., ft = gt ◦ A ◦ g−1

t . Given x ∈ T
2, consider the set

H(x) = {gt(x) : t ∈ S1}. It is diffeomorphic to the circle S1 and the collec-
tion of these sets forms an F -invariant foliation H of T

2 × S1 = T
3. Note

that H(x) depends Hölder continuously on x. However, the holonomy maps
associated with the foliation H are not absolutely continuous. To see this
consider the holonomy map

πt1,t2 : T
2 × {t1} → T

2 × {t2}.
We have that

π0,t(x, t) = (gt(x), t).
Since the entropy function h(t) is continuous and strongly decreasing for
small t the map gt is not absolutely continuous for all small t, and the same
happens with the map π0,t.

One can show that the foliation H has the following “pathological” prop-
erty: there is a set of full volume which intersects almost every leaf of the
foliation at a set of zero length (one can show that indeed, it intersects al-
most every leaf at exactly one point, see [44]). This phenomenon is known as
“Fubini’s nightmare” since Fubini theorem fails with respect to this foliation
in the strongest possible way. See Section 8.3 for more information.



8. Accessibility and Stable Accessibility

8.1. The accessibility property. Unlike volume-preserving Anosov diffeo-
morphisms partially hyperbolic (in the narrow sense) volume-preserving dif-
feomorphisms may not be topologically transitive nor ergodic. The simple
example that illustrates this is the direct product of a volume-preserving
Anosov diffeomorphism and the identity map. Note that in this example
the stable and unstable foliations, W s and W u, are jointly integrable and
the leaves of the corresponding foliation are the components of topologi-
cal transitivity as well as ergodic components. Therefore, one may expect
that non-integrability of the pair of foliations (W s,W u) would guarantee
(or lead to) topological transitivity and/or ergodicity. Since the foliations
W s and W u are not in general, smooth one cannot use the Lie bracket
techniques and apply Frobenius’ theorem to establish integrability (or non-
integrability). Accessibility is designed to study integrability of the pair of
foliations (W s,W u) when they are not smooth.

Let f be a partially hyperbolic (in the narrow sense) diffeomorphism of a
compact Riemannian manifold M .

Two points p, q ∈ M are called accessible , if there are points z0 =
p, z1, . . . , z�−1, z� = q, zi ∈ M , such that zi ∈ V α(zi−1) for i = 1, . . . , � and
α = s or u (see Figure 13). The collection of points z0, z1, . . . , z� is called the
us-path connecting p and q and is denoted by [p, q]f = [p, q] = [z0, z1, . . . , z�].
Note that there is an actual path which consists of pieces of smooth curves
and connects p and q. The curves lie on local stable or unstable manifolds
and have the points zi as endpoints.

Accessibility is an equivalence relation and the collection of points acces-
sible from a given point p is called the accessibility class of p.

W s(z2) W s(z4)

W u(z3)
z1

z2
p = z0 q = z5

W s(p)

W u(z1)

z3

z4

Figure 13. A us-path connecting points p and q.

A diffeomorphism f is said to have the accessibility property if the acces-
sibility class of any point is the whole manifold M , or, in other words, if any
two points are accessible.
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If f has the accessibility property then the distribution Es ⊕ Eu is not
integrable (and therefore, the stable and unstable foliations, W s and W u,
are not jointly integrable). Otherwise, the accessibility class of any p ∈ M
would be the leaf of the corresponding foliation passing through p.

There is a weaker version of accessibility which provides a useful tool
in studying topological transitivity of f . Given ε > 0, we say that f is ε-
accessible if for every open ball B of radius ε the union of accessibility classes
passing through B is M . An equivalent requirement is that the accessibility
class of any point should enter every open ball of radius ε. Clearly, if f is
accessible then it is ε-accessible for any ε.

Proposition 8.1. Assume that a partially hyperbolic diffeomorphism f has
the accessibility property. Then for every ε > 0

(1) there exist � > 0 and R > 0 such that for any p, q ∈M one can find
a us-path that starts at p, ends within distance ε/2 of q, and has at
most � legs, each of them with length at most R;

(2) there exists a neighborhood U of f in the space Diff2(M) such that
every g ∈ U is ε-accessible.

Proof. Let q1, . . . , qN be an ε/4-net in M . Fix p ∈M . For each qk, choose a
us-path from p to qk; let �(p, k) be the number of legs and R(p, k) the length
of the longest leg in this path. Set

R(p) = max
k

R(p, k) and �(p) = max
k

�(p, k).

By continuity of the foliations W u and W s, every point p ∈M has a neigh-
borhood U(p) such that, for each k, any point in U(p) is joined to some point
in B(qk, ε/4) by a us-path which has at most �(p) legs each of length at most
2R(p). The sets {U(p)} form an open cover of M . Let {U(p1), . . . , U(pm)}
be a finite subcover. Then R = maxi 2R(pi) and � = maxi �(pi) satisfy the
first statement.

The second statement follows from the first one and the continuous de-
pendence of the leaves of W u

g and W s
g on g. �

8.2. Accessibility and topological transitivity. Given ε > 0 we say that an
orbit is ε-dense if the points of the orbit form an ε-net. Clearly, a trajectory
{fn(x)}n∈Z is everywhere dense in M if and only if it is ε-dense for every
ε > 0.

We say that a point x ∈ M is forward (respectively, backward) recurrent
if for any r > 0 there exists n > 0 (respectively, n < 0) such that fn(x) ∈
B(x, r). If a point x is forward (respectively, backward) recurrent then for
any r > 0 there exists a sequence nk → +∞ (respectively, nk → −∞) such
that fnk(x) ∈ B(x, r).
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Theorem 8.2 (Burns, Dolgopyat and Pesin, [14]). If a partially hyperbolic (in
the narrow sense) diffeomorphism f is ε-accessible and preserves a smooth
measure then almost every orbit of f is ε-dense.

Proof. It suffices to show that if B is an open ball of radius ε, then the orbit
of almost every point enters B. To this end, let us call a point good if it
has a neighborhood such that the orbit of almost every point belonging to
it enters B. We now wish to show that an arbitrary point p is good. Since
f is ε-accessible, there is a us-path [z0, . . . , zk] with z0 ∈ B and zk = p. We
shall show by induction on j that each point zj is good. This is obvious for
j = 0.

Now suppose that zj is good. Then zj has a neighborhood N such that
O(x)∩B 	= ∅ for almost every x ∈ N . Let S be the subset of N consisting of
points with this property that are also both forward and backward recurrent.
Since f preserves a smooth measure it follows from Poincaré’s Recurrence
Theorem that S has full measure in N . If x ∈ S, any point y ∈ W s(x) ∪
W u(x) has the property that O(y) ∩B 	= ∅. The absolute continuity of the
foliations W s and W u means that the set⋃

x∈S
(W s(x) ∪W u(x))

has full measure in the set ⋃
x∈N

(W s(x) ∪W u(x)).

The latter is a neighborhood of zj+1. Hence, zj+1 is good. �

An immediate consequence of this result is that accessibility implies topo-
logical transitivity.

Theorem 8.3 (Brin, [6]). Let f be a partially hyperbolic diffeomorphism of
a compact Riemannian manifold M . Assume that f preserves a smooth
measure on M and has the accessibility property. Then for almost every
point x ∈ M the trajectory {fn(x)}n∈Z is dense in M . In particular, f is
topologically transitive.

The assumption that f preserves a smooth measure cannot be dropped
in general. Consider the direct product map F = f×Id : M ×S1 →M×S1

where f is a C1 Anosov diffeomorphism of M .

Theorem 8.4 (Nitică and Török, [34]). There exists a C1 open set of C1 small
perturbations of F which are accessible but not topologically transitive.
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Proof. By Theorem 8.5 below (see also Theorem 8.10) there exists a C1 open
and dense set of C1 small perturbations of F which are accessible. Hence, it
suffices to construct an open set of non-transitive diffeomorphisms. Choose
a map h ∈ Diff1(S1) as close to the identity as desired such that h has a
fixed attracting point. There are two open neghborhoods U, V ⊂ S1 of this
point such that V is not empty, V̄ ⊂ U , and h(Ū) ⊂ V . Set g = f × h.
We have that g(M × Ū) ⊂ M × V and any map that is C0 close to g has
the same property. Note that such a transformation cannot be topologically
transitive because each positive semi-orbit has at most one element in the
open set (M × U) \ (M × V ). �

8.3. Stability of accessibility I: C1-genericity. A diffeomorphism f is said
to be stably accessible if there exists a neighborhood U of f in the space
Diff1(M) (or in the space Diff1(M,ν) where ν is an f -invariant Borel prob-
ability measure) such that any diffeomorphism g ∈ U has the accessibility
property.

The study of stable accessibility is based on the quadrilateral argument
first introduced by Brin (see [7]). This argument is used to establish stable
accessibility in various situations. Roughly speaking it goes as follows (we
assume for simplicity that the central distribution Ec is integrable). Given
a point p ∈ M , consider a 4-legged us-path [z0, z1, z2, z3, z4] originating at
z0 = p. We connect zi−1 with zi by a geodesic γi lying in the corresponding
stable or unstable manifold and we obtain the curve Γp = ∪1≤i≤4 γi. We
parameterize it by t ∈ [0, 1] with Γp(0) = p.

If the distribution Es ⊕ Eu were integrable (and hence, the accessibility
property for f would fail) the endpoint z4 = Γp(1) would lie on the leaf
of the corresponding foliation passing through p. Therefore, one can hope
to achieve accessibility if one can arrange a 4-legged us-path in such a way
that Γp(1) ∈ W c(p) and Γp(1) 	= p (see Figure 14). In this case the path
Γp can be homotoped through 4-legged us-paths originating at p to the
trivial path so that the endpoints stay in W c(p) during the homotopy and
form a continuous curve. Such a situation is usually persistent under small
perturbations of f and hence, leads to stable accessibility.

First, we show that the accessibility property is C1 dense in the space
of partially hyperbolic (in the narrow sense) diffeomorphisms of M , volume
preserving or not.

Theorem 8.5 (Dolgopyat and Wilkinson, [20]). Let f ∈ Diffq(M) (or f ∈
Diffq(M,ν), where ν is a smooth invariant measure on M) be partially hy-
perbolic in the narrow sense. Then for every neighborhood U ⊂ Diff1(M)
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W u(z1)

W s(z2)

W s(p)

a)

z0 = p

γ2

z2

γ3

z4

γ1 z1

z3

W u(z3)
W c(p)

b)

Figure 14. Brin’s quadrilateral argument: a) W s, W u are
jointly integrable (the curve γ4 ends at z4 = p); b) W s, W u

are not jointly integrable (the curve γ4 ends at z4 	= p).

(respectively, U ⊂ Diff1(M,ν)) of f there exists a Cq diffeomorphism g ∈ U

which is stably accessible.

Sketch of the proof. We shall outline the proof of this theorem in the special
case when the central distribution Ec is one-dimensional and integrable.
This will allow us to avoid many technical difficulties yet presenting the
main idea.

Given x ∈M and r > 0 denote by Ic(x, r) the interval in W c(x) centered
at x of length 2r. We call Ic(x, r) the c-interval at x (of size 2r) and we call
a finite collection I of pairwise disjoint c-intervals a c-family.

Consider a sufficiently small perturbation g of f . We say that g is acces-
sible modulo a c-family I if there exists N > 0 such that the following holds:
for every p, q ∈ M there exist I1, . . . , In ∈ I and a us-path for g connecting
p with I1, q with In, and Im with Im+1 (m = 1, . . . , n − 1) for which the
length of each leg and the number of legs do not exceed N (see Figure 15).

If I = {Ic(x1, r1), . . . , Ic(xn, rn)} is a c-family and 0 < β < 1 we set

βI = {Ic(x1, βr1), . . . , Ic(xn, βrn)}.
We also define r(I) = max1≤i≤n ri and R(I) to be the smallest integer in
N ∪ {∞} for which fk(I) ∩ I ′ = ∅ for all I, I ′ ∈ I and k ≤ R(I).

Without loss of generality we may assume that periodic points of f are
isolated: we can always achieve this by an arbitrarily small perturbation
of f .
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Our first step is to construct a c-family with respect to which f is acces-
sible modulo this family. More precisely, the following statement holds.

Lemma 8.6. For every J > 1 there exists a c-family I such that r(I) < J−1,
R(I) > J , and f is accessible modulo 0.5I.

Proof of the lemma. By transversality of foliations W s, W c and W u such
a c-family is given by a collection of c-intervals I = {I(xj , 1)} where the
points xj form an ε-net in M for some sufficiently small ε. If there are
some i, j ≤ Card(I) and k ≤ J such that fk(I(xi, 1)) ∩ I(xj , 1) 	= ∅ we can
remove this intersection by an arbitrarily small shift of xi in the unstable
direction. �

We shall now show that accessibility modulo a c-family is persistent under
small perturbations.

Lemma 8.7. There exists δ0 > 0 such that for any 0 < δ < δ0 and any c-
family I with respect to which f is accessible modulo 0.5I the following holds:
there exists σ > 0 such that any diffeomorphism g satisfying

(8.1) dC1(f, g) < δ, dC0(f, g) < σ,

is accessible modulo 0.75I.

Proof of the lemma. Let W1 and W2 be two foliations of M with smooth
leaves (see Section 4.1). We say that W1 is ε-close to W2 if given any p, q
on the same leaf of W1 with the leafwise distance at most 1 apart, the W2

leaf passing through p intersects the ε ball centered at q.
Let g be a perturbation of f such that dC1(f, g) < δ. If δ0 is sufficiently

small g is partially hyperbolic. Let W s
g and W u

g be its stable and unstable
foliations. It is clear that there exists ε > 0 such that g is stably accessi-
ble modulo 0.75I provided that W s

g is ε-close to W s
f and W u

g is ε-close to
W u
f . Note that W s

g and W u
g depend continuously on g in the C1 topology

(see Theorem 3.4). Therefore, ε-closeness would follow if δ were sufficiently
small. However, the number δ is given and cannot be changed. The mean-
ing of Lemma 8.7 is that ε-closeness of stable and unstable foliations can be
achieved provided the maps f and g satisfy (8.1) with σ chosen appropriately
and independently of δ (but σ depends on ε). We shall prove ε-closeness for
stable foliations W s

f and W s
g . The proof for unstable foliations W u

f and W u
g

is similar.
We shall show that for all

p ∈M, q ∈ Bs(p, 1) ⊂W s
f (p)
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the intersection W s
g (p) ∩ B(q, ε) 	= ∅. Since f is partially hyperbolic in the

narrow sense it satisfies (2.7) and (2.8) with contraction and expansion rates
satisfying (2.6). There also exists a continuous cone family Ccu(p, α) such
that for sufficiently small α > 0 and any p ∈M ,

(a) dpf(Ccu(p, α)) ⊂ Ccu(f(p), α);
(b) ‖dpfv‖ > 3

4λ2‖v‖ for any v ∈ Ccu(p, α);
(c) Ccu(p, α) is transverse to Esf (p) uniformly over p.

See (2.11) and (2.12). For sufficiently small δ0 > 0 the cone Ccu(p, α) also
satisfies (a)–(c) if f is replaced by any g with dC1(f, g) ≤ δ0.

Fix n > 0 and choose q ∈W s(p) such that ρW s(p, q) ≤ 1. We have that

(8.2) ρ(fn(p), fn(q)) ≤ µn1 .

Consider a local smooth submanifold V of dimension dim(Eu⊕Ec) passing
through q and such that TxV ⊂ Ccu(x, α) for any x ∈ V (one can for
example, use V = expq Bcu(0, 1)). By (8.2), for a sufficiently small σ > 0
the condition dC0(f, g) < σ implies that

ρ(gn(p), gn(V )) < 2µn1 .

By Properties (a)–(c) above, gn(V )(y) is transverse to Esg(y) (as well as
Esf (y)) uniformly over y ∈ gn(V ). Therefore, there is K = K(f) such
that W s

g (gn(p)) ∩ gn(V ) contains a point z with ρ(gn(q), z) ≤ Kµn1 . Hence,
g−n(z) ∈ W s

g (p) and, by Property (b), ρ(q, g−n(z)) ≤ K(3
4)n. Therefore, if

n is large enough the foliation W s
g is ε-close to W s

f . �

Since (8.1) is an open condition it follows from Lemma 8.7 that any per-
turbation g satisfying (8.1) is stably accessible modulo 0.75I. Our goal
now is to show that there exists an arbitrarily small perturbation g of f
which is accessible on 0.75I, i.e., for any c-interval I ∈ I and any two points
p, q ∈ 0.75I there is a us-path connecting p and q (see Figure 15).

Lemma 8.8. Given δ > 0 there exists J > 1 with the following property. If I

is a c-family with r(I) < J−1 and R(I) > J then for any σ > 0 one can find
a diffeomorphism g satisfying (8.1) and stably accessible on 0.75I (i.e., any
sufficiently small perturbation of g is accessible on 0.75I).

The proof of the theorem now follows from Lemmas 8.6, 8.7 and 8.8.
Indeed, given δ, 0 < δ < δ0 (the number δ0 is given by Lemma 8.7), choose
the number J according to Lemma 8.8. By Lemma 8.6, there exists a c-
family I with r(I) < J−1 and R(I) > J and such that f is accessible modulo
0.5I. Choose σ according to Lemma 8.7. Applying Lemma 8.8 we obtain a
Cr diffeomorphism g satisfying (8.1) and such that g is stably accessible on



94 YA. PESIN

W c(p)

W c(z2)

z1

z2

W c(q)

z3
z4

q

z0 = p

Figure 15. To the proof of theorem 8.8: to connect p and
q we first connect their central manifolds W c(p) and W c(q)
by a us-path [z0, . . . , z4] and then connect z4 with q by a
us-path “along” W c(q).

0.75I. By Lemma 8.7, g is also accessible modulo 0.75I. Thus, g is stably
accessible.

We now outline a proof of Lemma 8.8. At this point, for the sake of
exposition, we first consider the special case when the distribution Es ⊕Eu

is smooth and integrable and we denote by W su the corresponding foliation.
We then show how to modify our arguments to avoid this assumption.

Choose a c-interval I = I(p, r) ∈ I, a sufficiently small ε > 0, and let

Uε(I) =
⋃
q∈I

Bsu(q, ε),

where Bsu(q, ε) is the ball in W su(q) centered at q of radius ε. The local
stable, unstable, and central leaves introduce a local coordinate system in
Uε(I). The assumption that the distribution Es ⊕ Eu is integrable implies
that the holonomy map π between different local center-stable manifolds
V cs generated by local unstable manifolds V u preserves the local stable
manifolds V s, i.e., for any q1, q2 ∈ I,
(8.3) π(V s(q1)) = V s(q2).

Since R(I) > J , taking a smaller ε if necessary we may assume that for any
I, I ′ ∈ I and 0 ≤ n ≤ J ,

(8.4) fn(Uε(I)) ∩ Uε(I ′) = ∅.
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Choose any diffeomorphism ϕ of M satisfying

(8.5) ϕ = Id outside Uε(I) and dC1(ϕ, Id) < δ.

and consider the perturbation g = ϕ ◦ f (so that dC1(f, g) < δ). We shall
estimate the effect of the composition ϕ ◦ f on the partially hyperbolic
splitting TM = Esg ⊕ Ecg ⊕ Eug for g. This is where we make use of the
property of the c-family I that r(I) < J−1 and R(I) > J and our choice of
neighborhoods Uε(I) (see (8.4)).

Lemma 8.9. There exists δ0 > 0 such that the following is true. For any
β > 0 there exists J > 0 such that for any diffeomorphism ϕ satisfying
(8.5), and any p, q ∈ Uε(I) with ρ(p, q) < J−1 we have

∠(Esg(q), E
s(p)) ≤ β, ∠(dϕ−1Eug (q), Eu(p)) ≤ β.

Proof of the lemma. By the uniform continuity of the splitting Es(p) ⊕
Ec(p) ⊕ Eu(p) in p there exists a positive continuous function ψ, with
ψ(0) = 0, such that for all p, q ∈M ,

∠(dϕEu(q), dϕEu(p)) ≤ ψ(ρ(p, q)),

∠(Es(q), Es(p)) ≤ ψ(ρ(p, q))
(8.6)

provided dC1(ϕ, Id) is sufficiently small. Let

λ = max
{
µ1

λ2
,
µ2

λ3

}
< 1.

There exists C1 > 0 and θ0 > 0 such that for any subspaces F s(p), F u(p) ⊂
TpM satisfying

max
p∈M

{∠(F s(p), Es(p)),∠(F u(p), Eu(p))} ≤ θ0

we have that for all j ≥ 0,

∠(df−jF s(p), df−jEs(p)) ≤ C1λ
j,

∠(df jF u(p), df jEu(p)) ≤ C1λ
j.

The splitting Esg(p)⊕Ecg(p)⊕Eug (p) depends continuously on g and therefore,

max
p∈M

{∠(Esg(p), E
s(p)),∠(Eug (p), Eu(p))} ≤ θ0

provided dC1(ϕ, Id) is sufficiently small.
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Fix positive m < J . If q /∈ Uε(I) then gi(q) = f i(q) for 0 ≤ i ≤ m and
hence,

∠(Esg(q), E
s(q)) = ∠(dg−mEsg(q), df

−mEs(q))

= ∠(df−mEsg(q), df
−mEs(q))

≤ C1λ
m.

Similarly, for q ∈ Uε(I) and all i between 1 and m− 1,

g−i(q) = f−iϕ−1(q) = f−i+1g−1(q)

and hence,

∠(Eug (q), dϕEu(q)) = ∠(dgEug (q), dgEu(q))

≤ C2∠(Eug (g−1(q)), Eu(g−1(q)))

≤ C2∠(dfm−1Eug (g−1(q)), dfm−1Eu(g−1(q)))

≤ C1C2λ
m−1,

where C2 > 0 is a constant. Combining these inequalities with (8.6) we
obtain that

∠(Esg(q), E
s(p)) ≤ C(λm + ψ(ρ(p, q)))

and

∠(dϕ−1Eug (q), Eu(p)) ≤ 2∠(Eug (q), dϕEu(p)) ≤ C(λm + ψ(ρ(p, q))).

It follows that if m is sufficiently large and ρ(p, q) is sufficiently small (and
hence, J should be sufficiently large) these quantities are bounded by β. �

Proceeding with the proof of Lemma 8.8 let us pick an arbitrary perturba-
tion g of f . Given a point q ∈ I, consider a 4-legged us-path [z0, z1, z2, z3, z4]
for g originating at z0 = q. Without loss of generality we may assume that
z1 ∈ W s

g (z0), z2 ∈ W u
g (z1), z3 ∈ W s

g (z2), and z4 ∈ W u
g (z3). We also assume

that the length of each leg in the path does not exceed some small number
r0. We connect zi−1 with zi by a geodesic γi lying in W s

g (zi−1) for i = 1, 3
and in W u

g (zi−1) for i = 2, 4. Finally, we consider the curve Γg,q = ∪1≤i≤4 γi
and parameterize it by t ∈ [0, 1] with Γg,q(0) = q.

By varying the lengths of the last 2 legs in Γg,q, one can arrange that
Γg,q(1) ∈ I. Furthermore, the path Γg,q can be homotoped through 4-legged
us-paths originating at q to the trivial path so that the endpoints stay in
I during the homotopy. In other words, we obtain a family of 4-legged us-
paths Γg,q,α originating at q and such that their endpoints Γg,q,α(1) cover
an interval I1 = I1(q) ⊂ I. Note that Γf,q,α(1) = q for any q ∈ I and that
one may expect this to happen for some perturbations g of f .
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We now specify a particular choice of the map ϕ. Observe that there is a
vector field v in M satisfying:

(1) v is divergence free and ‖v‖ < δ;
(2) v vanishes outside U2ε(I);
(3) v(q) ∈ TqW

c(q) for any q ∈ Uε(I).
This vector field generates a local flow ϕt in U2ε(I). For sufficiently small
t0 > 0 the map ϕ = ϕt0 preserves volume as well as the leaves of W c. It
also satisfies

(8.7) dC1(ϕ, Id) < δ, dC0(ϕ, Id) < σ.

The map gI = ϕ◦f preserves volume and coincides with f outside U2ε(I). In
view of (8.7), it also satisfies (8.1). Using Lemma 8.9 (and choosing δ < δ0),
the preservation of stable manifolds by the holonomy map π (see (8.3)), and
Property (3) of the vector field v one can show that for any q ∈ 0.75I the
point Γg,q(1) lies on a positive distance from q. Indeed, consider two points
moving along Γg,q and Γf,q with the same speed. Observe that they both
start at q and the distance between them changes very little while they move
along the legs of the paths lying in the stable direction and the distance gains
some positive amount while they move along the legs of the paths lying in
the unstable direction. We conclude that gI is accessible and indeed stably
accessible on 0.75I. Composing the maps gI , I ∈ I, with each other and
with the map f we obtain the desired diffeomorphism g.

In the case when the distribution Es⊕Eu is neither smooth nor integrable,
the main idea is to approximate this distribution locally (within a small
neighborhood of each I ∈ I) by a smooth and locally integrable distribution
and then proceed as above. To this end choose a c-interval I = I(p, r) ∈ I

and consider a family {V (q), q ∈ I} of disjoint smooth local transversals to
I. For a sufficiently small ε > 0 let

Uε(I) =
⋃
q∈I

BV (q, ε),

where BV (q, ε) is the ball in V (q) centered at q of radius ε. The family of
transversals introduces a local coordinate system in Uε(I) such that Uε(I) =
ξ(D), where D ⊂ R

m is the unit ball (with m = dimM) and ξ : D → Uε(I)
a diffeomorphism. In this local coordinates we have a smooth splitting

TUε(I) = Ẽs ⊕ Ẽc ⊕ Ẽu,

which is the image under dξ of a splitting

R
m = R

s ⊕ R
c ⊕ R

u,
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(m = dimM) and which agrees (by an appropriate choice of ξ) with the
splitting Es⊕Ec⊕Eu at the point p. We also have smooth (local) foliations
of Uε(I), Ṽ s, Ṽ u, Ṽ c, Ṽ cs, Ṽ cu, tangent to the corresponding distributions,
and such that the foliations Ṽ s and Ṽ u are jointly integrable. Note that the
distribution Ec and hence, the foliation Ṽ c, is one-dimensional. Finally, we
may arrange ξ in such a way that the holonomy map π̃ between different local
manifolds Ṽ cs generated by local manifolds Ṽ u preserves the local manifolds
Ṽ s, i.e., for any q1, q2 ∈ I,

(8.8) π̃(Ṽ s(q1)) = Ṽ s(q2).

The proof of Lemma 8.9 goes through (with Es and Eu replaced by Ẽs and
Ẽu respectively) and the construction of the particular map ϕ follows the
line of the above argument with some modifications which we now describe.

Fix unit vectors ws ∈ R
s and wu ∈ R

u and define local flows

τ st , τ
u
t : Uε(I) → U2ε(I)

by
τ st (q) = ξ(u+ tws), τut (q) = ξ(u+ twu), q = ξu.

Note that τ st sends the Ṽ cs leaves to other Ṽ cs leaves, and between differ-
ent Ṽ cs leaves it is exactly the holonomy map generated by the Ṽ u leaves.
Similar statement holds for τut . Moreover, where defined, τ s−tτu−tτ st τut is the
identity. This expresses the fact that the local foliations Ṽ s and Ṽ u are
jointly integrable. Finally, there is a vector field v on M satisfying:

(1) v is divergence free and ‖v‖ < δ;
(2) v vanishes outside U2ε(I);
(3) v(q) ∈ TqṼ

c(q) for any q ∈ Uε(I).

This vector field generates a local flow ϕt in U2ε(I). For sufficiently small
t0 > 0 the map ϕt0 satisfies (8.7), preserves volume as well as the leaves of
Ṽ c inside Uε(I).

We define the map ϕ as follows

ϕ(q) = τ s−tτ
u
−tτ

s
t τ

u
t ϕt0 , q ∈ Uε(I)

and ϕ(q) = q otherwise. Observe that 1) ϕ preserves volume as well as the
leaves of Ṽ c inside Uε(I); 2) ϕ = Id outside U2ε(I); 3) ϕ satisfies (8.7).

Similarly to the maps τ st and τut which translate along leaves of Ṽ s and
Ṽ u respectively, we introduce maps

πst , π
u
t : Uε(I) → U2ε(0.75I)
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which translate along leaves of W s and W u:

πst (q) = W s(q) ∩ Ṽ cu(τ st (q)), πut (q) = W u(q) ∩ Ṽ cs(τut (q)).

If δ is sufficiently small these maps are well-defined for sufficiently small |t|.
Between Ṽ cs leaves πut is the holonomy map generated by the leaves of W u

(and similarly for πst ). For sufficiently small t consider the map

h = πs−tπ
u
t π

s
tπ

u
t

which is a homeomorphism of Uε(0.75I) onto its image. Observe that h(q)
is the endpoint of a 4-legged us-path for g originating at q. The proof now
goes to show that

πut is approximately ϕτut and πst is approximately τ st .

This implies that h is approximately ϕ. More precisely, one can show that
ρ(h, ϕ) ≤ tε for sufficiently small t and that this implies accessibility and
indeed, stable accessibility of gI = ϕ ◦ f on 0.75I. Composing the maps gI ,
I ∈ I, with each other and with the map f we obtain the desired diffeomor-
phism g.

In the general case, when the central foliation is multidimensional and
is not necessarily integrable, substantial technical difficulties arise in the
construction of the c-family in Lemma 8.6 and in the construction of the
particular perturbation ϕ in Lemma 8.8. �

8.4. Stability of accessibility II: particular results. Theorem 8.5 can be im-
proved in some special cases. We consider skew products over Anosov diffeo-
morphisms satisfying Condition (2.13), time-t maps of suspension flows and
group extensions over Anosov diffeomorphisms. These systems are partially
hyperbolic in the narrow sense and so are their small perturbations. Their
central distribution is integrable and the corresponding central foliation has
compact smooth leaves.

In studying accessibility the following observation is useful. For the sake of
definiteness consider a skew product map F over an Anosov diffeomorphism
f : M → M where M is compact smooth connected Riemannian manifold.
The phase space is fibered with the fiber N where N is a compact smooth
Riemannian manifold. Given points q, p ∈ M , there is a us-path [q, p]f =
[z0, z1, . . . , z�]f connecting q and p. It follows that any point Q in the fiber
over q can be connected to some point P in the fiber over p by a us-path
[w0, w1, . . . , w�]F where each wi lies in the fiber over zi. Note that the length
of each leg in the path and the number of legs are uniformly bounded over
P and Q. Therefore, if G is a small perturbation of F any point Q can
be connected to some point P in the fiber over p by a us-path [Q,P ]G
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(remark that the local stable and unstable manifold depend continuously
on the perturbation). If the map F is not accessible we shall show that by
an arbitrarily small perturbation one can ensure that any point P ′ in the
fiber over p can be connected to P by a us-path [P,P ′]G. Moreover, any
sufficiently small perturbation of G will have the same property.

A similar observation applies to time-tmaps of suspension flows and group
extensions over Anosov diffeomorphisms (see below). The proofs exploit
various versions of Brin’s quadrilateral argument (see the beginning of this
section).

1. Skew products over Anosov diffeomorphisms. We consider the case
when the manifold N is one-dimensional, i.e., N = S1. One can strengthen
Theorem 8.5 to obtain density of accessibility in the space Diffq(M ×S1) or
Diffq(M × S1, ν ×m) with q > 1 (here ν is a smooth invariant measure for
f and m the length in S1).

Theorem 8.10 (Nitică and Török, [34]). Assume that M is a connected mani-
fold. There is a neighborhood U of F in Diffq(M×S1) or Diffq(M×S1, ν×m)
such that stable accessibility is open and dense in U.

Sketch of the proof. We will construct a special small perturbation G of F
(in the Cq topology) for which any two points x and y in W c

G(p), p ∈M , are
accessible and any sufficiently small perturbation of G has the accessibility
property. Write G = F ◦ Ḡ where the map Ḡ coincides with Id outside a
small tubular neighborhood of the central leaf W c

F (p) = S1 and preserves
the leaf.

p

W c
G(p)

x1

x3 W u
G(x3)

W s
G(x2)

W u
G(x1)

W s
G(x)

y

x
x2

Figure 16. To the proof of Theorem 8.13.

Starting from a point x ∈ W c
F (p) (= W c

G(p)) we construct a point y ∈
W c
F (p) in the following way: choose a point x1 ∈ W s

G(p) close to x, then
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a point x2 ∈ W u
G(x1) close to x1 and finally, a point x3 ∈ W s

G(x2) close to
x2. It is easy to see that the intersection W u

G(x3) ∩ W c
F (p) is not empty

and consists of a single point (see Figure 16). This is the point y. Thus, y
is accessible from x and by continuity of the stable and unstable foliations,
so is the whole interval between x and y. Hence, the following additional
conditions ensure that G has the accessibility property:

(1) Ḡ|W c
F (p), viewed as a diffeomorphism of S1, has finitely many peri-

odic points x1, . . . xk;
(2) yi 	= xi for all i, where yi ∈ W c

F (p) is obtained by the above con-
struction.

Indeed, there is a positive integer n such that
n⋃

j=−n

k⋃
i=1

Gj([xi, yi]) = W c
G(p),

and therefore, since the intervals [xi, yi] are accessible, any two points of
W c
G(p) are accessible. Choose p to be a periodic point of f (and hence,

W c
F (p) to be a periodic central leaf for F ) of period m. We may assume

that m = 1 (otherwise, replace F by Fm and observe that accessibility of
Fm implies accessibility of F ). One can show that there exists a volume-
preserving perturbation Ḡ which preserves the leaf W c

F (p) and satisfies the
above conditions (1) and (2). Moreover, any perturbation of the diffeomor-
phism G (in the C1 topology) has the accessibility property. �

2. Suspension flows. Let Tt be the suspension flow over a Cq Anosov
diffeomorphism f : M → M with a roof function H : M → R

+ and the
suspension manifold M (see Section 2.1).

Theorem 8.11 (Brin, [9], see also [49]). There exists an open and dense set
U of Cq functions H : M → R

+ such that the suspension flow Tt is stably
accessible.

Sketch of the proof. As discussed above given a point p ∈ M , any point
(q, t) ∈ M, 0 ≤ t ≤ H(q) is accessible to a point (p, s) for some 0 ≤ s ≤
H(p). We may assume that p is a periodic point of f . Since periodic
points are dense, given ε > 0, we can find a periodic point p1 ∈ B(p, ε).
Moreover, there is a us-path [x0, . . . , x4] such that x0 = x4 = p and x2 = p1.
Furthermore, given 0 ≤ t ≤ H(p), there is a unique us-path [z0, . . . , z4] such
that zi = (xi, ti) and t0 = t. If t4 	= t the flow Tt is accessible. Indeed,
assuming for example, that τ = t4 − t > 0, by continuity of the stable
and unstable foliations we obtain that for any t ≤ s ≤ t4 the point (p, s)
is accessible from (p, t). Applying the above argument to the map Tτ we
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obtain that any point (p, s) with t4 ≤ s ≤ t4 + τ is accessible from (p, t4)
and so on.

Assume now that t4 = t. We wish to perturb the roof function H such
that the new suspension flow T̃t has the accessibility property. Let H̃ be the
roof function of the flow T̃t. We may choose H̃ such that its values along the
periodic orbit of p coincide with the corresponding values of H (and hence,
the periodic orbit through p for Tt is also a periodic orbit for T̃t). Moreover,
we may choose H̃ such that the above procedure, applied to the flow T̃t, will
result in t4 	= t.

Let n be the period of p (as a periodic point of f). Choose ε0 > 0 so
small that

(p1) x1, x2, x3 /∈ B(p, ε0);
(p2) B(p, ε0) ∩ f i(B(p, ε0)) = ∅ for i = 1, . . . , n− 1;
(p3) B(p, ε0) ∩ V s

f (p1) = ∅ and B(p, ε0) ∩ V u
f (p1) = ∅.

Choose ε1 > ε0 such that x1 /∈ B(p, ε1). Given δ > 0, set H̃ = H−h(ρ(p, x))
where h is a C∞ function satisfying:

(h1) h(u) = 0 if u ≥ ε1;
(h2) h(u) > 0 if u < ε1;
(h3) h(u) = δ/2 if u ≤ ε0;
(h4) ‖h(u)‖Cr ≤ δ for any 1 ≤ r ≤ q.

By construction, the flows T̃t coincides with the flow Tt in a neighborhood
of the periodic orbit through p1. It follows that these flows have the same
local stable and unstable manifolds at (p1, t) for any t. Moreover, there is a
unique us-path [z̃0, . . . , z̃4] such that z̃i = (xi, t̃i) and t̃0 = t. By (p1) – (p3)
and (h1) – (h4), we obtain that

t̃1 > t1 + δ/2, t̃4 > t4 + δ/2

and
t̃1 − t1 = t̃2 − t2 = t̃3 − t3.

The desired result follows. �

3. Group extensions. Let G be a compact connected Lie group, f : M →
M a Cq Anosov diffeomorphism, and ϕ : M → G a Cq function. Consider
the G-extension F = Fϕ : M ×G→M ×G of f ,

(8.9) Fϕ(x, y) = (f(x), ϕ(x)y).

See Section 2.3.

Theorem 8.12 (Brin, [7], Burns and Wilkinson, [17]). For every neighborhood
U ⊂ Cq(M,G) of the function ϕ there exists a function ψ ∈ U such that the
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diffeomorphism Fψ is stably accessible. In other words, stably accessible
group extensions are dense in the space of Cq group extensions over the
Anosov diffeomorphism f .

We outline a proof of this theorem following the approach by Burns and
Wilkinson [17] which is built upon some earlier ideas from the work of Brin
[7]. We say that the two points (x1, g1), (x2, g2) ∈ M × G are equivalent
and write (x1, g1) ∼ (x2, g2) if there is a us-path from (x1, g1) to (x2, g2).
We also say that the points (x, g1), (x, g2) ∈M ×G are restricted equivalent
and write (x, g1)

◦∼ (x, g2) if there is a us-path from (x, g1) to (x, g2) whose
projection to M is a null-homotopic loop. It is easy to see that for every
g ∈ G these relations are invariant under the right translation Rg of G×M
(that sends (x, h) to (x, hg)) and that each equivalence class of the relation
∼ meets {x}×G for any x ∈M (since any point (y, g) can be connected to
a point on the fiber {x} ×G).

The holonomy group for Fϕ at x0 is defined by

H = H(x0, Fϕ) = {g ∈ G : (x0, g) ∼ (x0, e)}.
We also define the restricted holonomy group for Fϕ at x0 by

H0 = H0(x0, Fϕ) = {g ∈ G : (x0, g)
◦∼ (x0, e)}.

It is easy to see that H is a Lie subgroup of G. So is H0. Indeed, it is
an analytic subgroup (i.e., a connected Lie subgroup) of G. To see this
note that for any element g ∈ H0, there is a us-path γ : [0, 1] → M × G
such that γ(0) = (x0, e), γ(1) = (x0, g), and πM ◦ γ (πM is the natural
projection to M) is homotopic to the trivial loop through a homotopy fixing
the basepoint x0. One can show that there is a homotopy through us-loops
in M (for the map f) based at x0 from the trivial loop to πM ◦ γ. One
can further show that each path in this homotopy has a lift to a us-path in
M×G that starts at (x0, e) and ends in π−1

M (x0). This gives us a continuous
map A : [0, 1]× [0, 1] →M ×G such that, for each t ∈ [0, 1], the path A(t, ·)
is a us-path in M ×G starting at (x0, e), covering a null-homotopic loop in
M and ending in the fiber over x0. Moreover A(0, ·) is the trivial loop at
(x0, e) and A(1, 1) = γ(1) = (x0, g). The path πG ◦A(·, 1) (πG is the natural
projection to G) is a path in H0 from e to g. Thus, H0 is path-connected.
By a theorem of Kuranashi-Yamabe [50], a path-connected subgroup of a
Lie group is an analytic Lie subgroup.

The desired result is an immediate corollary of the following two state-
ments.
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Lemma 8.13. If H0 = H0(Fϕ) = G, then Fϕ is stably accessible.

Lemma 8.14. For any ε > 0 there exists a Cq group extension Fψ such that
dCq(Fϕ, Fψ) ≤ ε and H0(Fψ) = G.

We outline the proof of Lemma 8.13. Since H0 = G, every x ∈ M has
the property that every point in {x} ×G can be reached from (x, e) along
a us-path. Since every x ∈ M can be reached from x0 along a us-path
(for the map f) it follows that every (x, g) ∈ M × G can be reached from
(x0, e) along a us-path. It suffices to show that (x0, e) can be connected by
a us-path to a point (x0, g) with g 	= e.

Let Z be a set. We call a map h : Z → G achievable if it is the “endpoint
map” of a continuous family of us-paths that begin at (x0, e), end in {x0}×G
and project to null-homotopic loops in M . More precisely, h is achievable
if there are a continuous function H : Z × [0, 1] → M × G and a positive
integer C such that for each z ∈ Z, the path hz : [0, 1] →M ×G defined by
hz(t) = H(z, t) is a us-path from (x0, e) to (x0, h(z)) with at most C legs
that is the lift of a null-homotopic loop in M .

It suffices to construct an achievable map h : (D,∂D) → (G,G \ {e})
(where D is homeomorphic to the closed disc of dimension n = dim G) that
induces a nontrivial map on n-dimensional homology. Moreover, it is not
necessary that h itself be achievable but it can be approximated arbitrarily
closely in the C0 topology by an achievable map.

To this end we call a map h : Z → G approximable if for each ε > 0 there
is an achievable map hε : Z → G such that distC0(h, hε) < ε.

One can show that if hi : Zi → G, 1 ≤ i ≤ k are approximable then the
product map

(z1, . . . , zk) �→ hk(zk)hk−1(zk−1) · · · h2(z2)h1(z1)

is approximable.
Suppose now that we knew that the geodesic arc σv : [0, 1] → G, σv(t) =

exp(tv), was approximable for all v in the Lie algebra L(G). Then the map

h(z1, . . . , zn) = exp(znvn) exp(zn−1vn−1) · · · exp(z2v2) exp(z1v1)

is approximable for any choice of v1, . . . , vn ∈ L(G). Moreover, h will be a
diffeomorphism of D = [−1, 1]n onto a neighborhood of e if we choose the
vectors vi to be short enough and to form a basis for L(G) that is orthogonal
with respect to the bi-invariant metric.

Let us call v ∈ L(G) approximable if σv is approximable. The proof goes
on by showing that the set of approximable vectors is a Lie subalgebra of
L(G), i.e., if a vector v ∈ L(G) is approximable then so is the vector λv for
all λ ∈ R and if vectors v and w are approximable then so are the vectors
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v+w and [v,w] (the Lie bracket of v and w). The hard part of the proof is
to show that this subalgebra coincides with H0, in other words, the geodesic
arc σv is approximable if and only if v is tangent to H0. The lemma follows.

We now sketch a proof of Lemma 8.14. First, we show that ϕ can be
perturbed so as to make H = G. Since periodic points for f are dense
in M we may choose the base-point x0 of our holonomy groups to be a
periodic point. Since both W u(x0) and W s(x0) are dense in M there are
infinitely many distinct homoclinic orbits for x0. Let z1, . . . , zn, n = dim G,
be homoclinic points for x0 that belong to distinct orbits of f . For each zi
choose a neighborhood Ui such that x0 /∈ Ui and fk(zj) ∈ Ui if and only if
j = i and k = 0. Now choose for each i a two-legged us-loop formed by a
path from x0 to zi in W u(x0) and a path from zi to x0 in W s(x0). Let γi,
1 ≤ i ≤ n, be the lifts of these loops to us-paths that begin at (x0, e) and
end in {x0}×G. If ϕ̃ is a perturbation of ϕ, let γ̃i be the us-path for Fϕ̃ that
starts at (x0, e) and has the same projection to M as γi. Observe that if ϕ
and ϕ̃ differ only in Ui, then γj and γ̃j both have the same endpoint for each
j 	= i. It is not difficult to perturb ϕ within Ui so as to move the endpoint of
γ̃i in any desired direction within {x0} ×G. Consequently one can arrange
that the projections to G of the endpoints of the paths γ̃1, . . . , γ̃n do not lie
in any subgroup of G with dimension less than n. Since these projections
belong to H(fϕ̃), we obtain H(fϕ̃) = G.

In order to adapt the preceding argument so that it applies toH0, we need
to change the paths γi so that their projections to M are null homotopic.
To this end, we choose periodic points xi, 1 ≤ i ≤ n, close to x0, and for
each i a pair of heteroclinic points z0

i and z1
i such that there are short paths

from x0 to z0
i in W u(x0), from z0

i to xi in W s(xi), from xi to z1
i in W u(xi),

and from z1
i to x0 in W s(x0). This loop is null homotopic and its lift to

a us-path starting at (x0, e) is the new γi. Of course, we ensure that all
of the points were chosen from different orbits of f . The sets Ui are now
neighborhoods of the points z0

i with the properties that none of the periodic
points x0, x1, . . . , xn is in any Ui and fk(zaj ) ∈ Ui if and only if j = i, a = 0
and k = 0. After these changes, the argument proceeds as before and the
lemma follows.

This completes the proof of Theorem 8.12.
4. Time-tmaps of an Anosov flow. Let ϕt be an Anosov flow on a compact

smooth Riemannian manifold M . It turns out that stable accessibility of
the time-1 diffeomorphism depends on whether the distribution Es ⊕ Eu

is integrable, i.e., whether the stable and unstable foliations, W s and W u,
of the time-1 map are jointly integrable. First, let us comment on joint
integrability.
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Fix ε > 0. Given a point x ∈ M , consider a local smooth submanifold
through x,

Π(x) =
⋃

y∈Bu(x,ε)

⋃
−ε≤τ≤ε

ϕτ (y).

For x, x′ ∈ M let πx,x′ : Π(x) → Π(x′) be the holonomy map generated by
the family of local stable manifolds. The foliations W s and W u are jointly
integrable if for every y ∈ Π(x) the image of the local unstable leaf V u(y)
under πx,x′ is the local unstable leaf V u(πx,x′(y)).

Theorem 8.15 (Burns, Pugh and Wilkinson, [16]). Assume that the stable
and unstable foliations of the flow are not jointly integrable. Then the time-1
map ϕ1 is stably accessible.

Sketch of the proof. By a result of Plante [38] if the stable and unstable
foliations of the flow are not jointly integrable then all leaves of both W s

and W u are dense in M . Given ε > 0 there exists δ > 0 such that any
diffeomorphism g which is δ-close to ϕ1 in the C1 topology has the property
that every leaf of either W s or W u is ε-dense in M (i.e., for any x, y ∈ M
either W s(x) ∩ B(y, ε) or W u(x) ∩ B(y, ε) are not empty). It follows that
for any x, y ∈ M there is a point w ∈ B(y, ε) which is accessible from x.
Therefore, one can find z = ϕτ (y) with |τ | ≤ 2ε which is accessible from x.

Note that if the foliations W s and W u are not jointly integrable then
there is a point y ∈M such that the following property holds: one can find
a point y′ = ϕτ ′(y) with τ ′ 	= 0 and a four-legged us-path [y, y′]ϕ1 starting
at y and ending at y′. One can then show that for a sufficiently small ε
there is a point y′′ = ϕτ ′′(y) with τ ′′ 	= 0 and a four-legged us-path [y, y′′]g
starting at y and ending at y′′. It follows that any point between y and y′′
is accessible from y. Applying the map ϕτ ′′ to the point y we obtain that
any point between ϕτ ′′(y) = y′′ and ϕτ ′′(y′′) is accessible from y′′ and so on.
Hence, the point z is accessible from y and the desired result follows. �

By verifying conditions of Theorem 8.15 one can establish stable accessi-
bility of the time-1 map for the following flows:

(1) geodesic flows on negatively curved manifolds (more generally, con-
tact flows; Katok and Kononenko, [30]);

(2) C2 volume-preserving flows on compact 3-manifolds which are not
special flows with a constant height function (Burns, Pugh and
Wilkinson, [16]).



9. The Pugh–Shub Ergodicity Theory

Let f be a C2 diffeomorphism of a smooth compact Riemannian manifold M
which is partially hyperbolic in the narrow sense. Assume that f preserves
a smooth measure ν. Let TM = Es ⊕Ec ⊕ Eu be the invariant splitting of
the tangent bundle such that

λ < ‖df |Es‖ < µ, γ < ‖df |Ec‖ < γ−1, µ−1 < ‖df |Eu‖ < λ−1,

where 0 < λ < µ < γ ≤ 1.
To study ergodicity of f we use a version of the Hopf argument that we

have exploited to prove ergodicity of Anosov diffeomorphisms (see the proof
of Theorem 7.9). This version is better adapted to the case of partially
hyperbolic systems.

Let B be the Borel σ-algebra of M . Call x, y ∈M stably equivalent if

ρ(fn(x), fn(y)) → 0 as n→ +∞,

and unstably equivalent if

ρ(fn(x), fn(y)) → 0 as n→ −∞.

Stable and unstable equivalence classes induce two partitions of M , and we
denote by S, respectively, U, the Borel σ-algebra they generate. Recall that
for an algebra A ⊂ B its saturated algebra is the set

Sat(A) = {B ∈ B : there exists A ∈ A with ν(A�B) = 0}.
It follows from the Hopf decomposition theorem that f is ergodic if

(9.1) Sat(S) ∩ Sat(U) = T,

where T is the trivial algebra.
For an Anosov diffeomorphism f the stable equivalent class containing

a point x is the leaf W s(x) of the stable foliation. Similarly, the unstable
equivalent class containing x is the leaf W u(x) of the unstable foliation. The
σ-algebra S consists of those Borel sets S for which W s(x) ⊂ S whenever
x ∈ S. Respectively, the σ-algebra U consists of those Borel sets U for
which W u(x) ⊂ U whenever x ∈ U . The relation (9.1) holds due to the
absolute continuity of stable and unstable foliations thus, proving ergodicity
for Anosov diffeomorphisms.

If a diffeomorphism f is partially hyperbolic in the narrow sense the stable
and unstable foliations W s and W u of M also generate Borel σ-algebras Ms

and Mu, respectively, and we have that S ⊂ Ms and U ⊂ Mu (note that
stable and unstable sets containing a point x may be larger than W s(x)



108 YA. PESIN

and W u(x) due to possible contractions and expansions along the central
directions). It follows that

Sat(S) ∩ Sat(U) ⊂ Sat(Ms) ∩ Sat(Mu).

If the map f is accessible we have that Sat(Ms ∩ Mu) = T. In fact one can
require a weaker property than accessibility to make the same conclusion.
We say that f possesses the essential accessibility property if the partition
of M by the accessibility classes is trivial in the measure-theoretical sense,
i.e., any measurable set which consists of accessibility classes has measure
zero or one.

If f is essentially accessible then ergodicity would follow if we could es-
tablish that

(9.2) Sat(Ms) ∩ Sat(Mu) ⊂ Sat(Ms ∩ Mu)

(note that the opposite inclusion is obvious). We shall describe some condi-
tions which guarantee (9.2).

Recall that the center-stable foliation W cs is absolutely continuous if the
holonomy map generated by the family of local leaves V cs of the foliation
is absolutely continuous (see Section 7.1). In other words the conditional
measure generated by the volume on the local leaves is absolutely continuous
with respect to the volume on the leaves. A similar notion applies to the
center-unstable foliation W cu.

Theorem 9.1. Let f be a volume-preserving partially hyperbolic diffeomor-
phism. Assume that that f is essentially accessible and dynamically coher-
ent. Assume also that the foliations W cs and W cu are absolutely continuous.
Then f is ergodic.

Proof. Inclusion 9.2 is an immediate corollary of the conditions of the the-
orem. �

The assumption that the foliations W cs and W cu are absolutely continu-
ous is very strong. It holds for example, when the center foliation is smooth
(more generally, Lipschitz continuous). However, “typically” the center foli-
ation is not even absolutely continuous (see Section 10.3). We will use more
“practical” yet still technical assumption.

We say that f is center bunched if

µθ < γ, where θ =
log µ− log γ

log λ

(i.e., µ = γλθ). The number θ is the Hölder exponent of the distributions
Es, Ec, and Eu (compare with (3.2)).
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Theorem 9.2 (Grayson, Pugh and Shub, [21], see also [41]). Assume that a
partially hyperbolic diffeomorphism f is (essentially) accessible, dynamically
coherent, and center bunched. Then f is ergodic.

Remark 9.3. It is an open problem whether the theorem holds without the
technical hypothesis that f is dynamically coherent and center bunched.

Sketch of the proof of the theorem. Our goal is to establish (9.2). To this
end given a point x ∈M , we introduce a collection of special sets at x called
Juliennes , Jn(x) (they resemble slivered vegetables). We shall describe a
construction of these sets which assures that

(J1) Jn(x) form a basis of the topology.
(J2) Jn(x) form a basis of the Borel σ-algebra. More precisely, let Z be

a Borel set; a point x ∈ Z is called Julienne dense if

lim
n→+∞

ν(Jn(x) ∩ Z)
ν(Jn(x))

= 1.

Let D(Z) be the set of all Julienne dense points of Z. Then

D(Z) = Z (mod 0).

(J3) If Z ∈ Sat(Ms) ∩ Sat(Mu), then D(Z) ∈ Sat(Ms ∩ Mu).
Properties (J1)–(J3) imply (9.2).

Note that the collection of balls B(x, 1
n) satisfies requirements (J1) and

(J2) but not (J3). Juliennes can be viewed as balls “distorted” by the
dynamics in the following sense. Fix an integer n ≥ 0, a point x ∈ M and
numbers τ, σ such that 0 < τ < σ < 1. Denote by

Bs
n(x, τ) = {y ∈W s(x) : ρ(f−k(x), f−k(y)) ≤ τk},
Bu
n(x, τ) = {y ∈W u(x) : ρ(fk(x), fk(y)) ≤ τk}.

The Julienne Jn(x) is defined as the local foliation product

Jn(x) = Bs
n(x, τ) ×Bu

n(x, τ) ×Bc(x, σn),

where Bc(x, σn) is the ball in W c(x) centered at x of radius σn. We also
introduce center stable and center unstable juliennes as the local foliation
product

Jcsn (x) = Bs
n(x, τ) ×Bc(x, σn), Jcun (x) = Bu

n(x, τ) ×Bc(x, σn).

The proof of (J1)−(J3) is based on the the following properties of juliennes:
(1) scaling : for any fixed k ≥ 0,

ν(Jn(x))
ν(Jn+k(x))

is uniformly bounded as n→ ∞;
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(2) engulfing : there is � ≥ 0 such that, for any x, y ∈M , if the intersec-
tion Jn+�(x) ∩ Jn+�(y) is not empty then

Jn+�(x) ∪ Jn+�(y) ⊂ Jn(x);

(3) quasi-conformality: there is k ≥ 0 such that if x, y ∈ M are con-
nected by an arc on an unstable manifold that has length ≤ 1 then
the holonomy map π : V cs(x) → V cs(y) generated by the family of
local unstable manifolds (see Section 7.1) satisfies

Jcsn+k(y) ⊂ π(Jcsn (x)) ⊂ Jcsn−k(y).

The properties (1) and (2) are possessed by the family of balls in Euclidean
space and they underline the proof of the Lebesgue Density Theorem. One
can use these properties to show that juliennes are density bases. The center-
unstable juliennes are a density basis on W cu(x) with respect to the smooth
conditional measure νW cu on W cu(x), the center-stable juliennes are a den-
sity basis on W cs(x) with respect to the smooth conditional measure νW cs

on W cs(x), and the juliennes are a density basis on M with respect to the
smooth measure ν.

Juliennes, Jn(x), are small but highly eccentric sets in the sense that the
ratio of their diameter to their inner diameter increases with n (the inner
diameter of a set is the diameter of the largest ball it contains). In general,
sets of such shape may not form density bases as an example by Nikodym
[33] of a “paradoxical set” N in the plane shows. This set is contained in
the unit square in plane, it has full Lebesgue measure there, and each p ∈ N
lies on a line meeting N only at p. Therefore, N has a closed subset K of
positive measure with the same property. For each p ∈ K draw a line L
through p that meets K only at p. Draw a rectangle R along L, centered at
p, such that its side parallel to L has length ε, and its side perpendicular to
L has length δ. Fix some µ, 0 < µ < 1. When δ � µε, R ∩K is contained
in the (µε, δ)-part of R at p. (Otherwise, by closedness of K there would be
additional points of K on L.) Hence,

m(R ∩K)
m(R)

≤ µεδ

εδ
= µ,

wherem is area. Since µ is arbitrarily small, there is a sequence of rectangles
Rn shrinking down to p such that

lim
n→∞

m(Rn ∩K)
m(Rn)

= 0.
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Thus, a set such as K has positive measure but each point p has density
zero with respect to rectangles that shrink badly to p.5

What makes juliennes different from Nikodym’s rectangles is that their
elongation and eccentricity are controlled by the dynamics, in particular,
they nest in a way similar to balls.

Quasi-conformality is what is needed to prove Property (J3). Roughly
speaking it means that the holonomy map (almost) preserves the shape of
juliennes. �

5I would like to thank C. Pugh for providing me with this description of the Nikodym
set.



10. Stable Ergodicity

10.1. The Pugh–Shub Stable Ergodicity Theorem. A diffeomorphism f of a
smooth compact Riemannian manifold M preserving a smooth measure ν is
called stably ergodic if any small perturbation of f preserving ν is ergodic.

To establish stable ergodicity of a partially hyperbolic diffeomorphism f
let us analyze whether conditions of Theorem 9.2 are stable under small
perturbations:

(a) if f is dynamically coherent and the central foliation W c is of class
C1 then every diffeomorphism g which is sufficiently close to f in the C1

topology is dynamically coherent (see Theorems 5.10 and 5.14);

(b) if f is center bunched then every diffeomorphism g which is sufficiently
close to f in the C1 topology is center bunched.

This shows that for partially hyperbolic diffeomorphisms which are dy-
namically coherent and center bunched stable ergodicity amounts to stable
accessibility. More precisely, the following theorem holds.

Theorem 10.1. Assume that a partially hyperbolic diffeomorphism f pre-
serves a smooth measure ν, is dynamically coherent and center bunched. If
f is (essentially) stably accessible, then f is stably ergodic.

Combining this theorem with results in Section 8.4 we obtain the following
classes of stably ergodic systems:

1. skew product maps over Anosov diffeomorphisms: if F = f×Id : M×
S1 →M ×S1 then there is a neighborhood U of F in Diff2(M ×S1)
or Diff2(M×S1, ν×m) such that stable ergodicity is open and dense
in U (here m is the length);

2. suspension flows over Anosov diffeomorphisms: there exists an open
and dense set of Cq functions H : M → R

+ such that the suspension
flow Tt with the roof function H is stably ergodic;

3. group extensions over Anosov diffeomorphisms: if Fϕ : M×G→M×
G is a group extension then for every neighborhood U ⊂ Cq(M,G)
of the function ϕ there exists a function ψ ∈ U such that the diffeo-
morphism Fψ is stably ergodic;

4. time-t maps of Anosov flows: if the stable and unstable foliations
of an Anosov flow are not jointly integrable then the time-t map for
t 	= 0 is stably ergodic.
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10.2. Frame flows. We describe some cases in which the frame flow is er-
godic.

Theorem 10.2. Let Φt be the frame flow on a compact smooth Riemannian
n-dimensional manifold M of negative sectional curvature pinched between
−Λ2 and −λ2. Then the flow is ergodic in the following cases:

(1) if M has constant negative curvature (Brin, [6]);
(2) for a set of metrics of negative curvature which is open and dense in

the C3 topology (Brin, [6]);
(3) if n is odd and n 	= 7 (Brin and Gromov, [11]);
(4) if n is even, n 	= 8, and λ/Λ > 0.93 (Brin and Karcher, [12])
(5) if n = 7 and λ/Λ > 0.999714... (Burns and Pollicott, [15]);
(6) if n = 8 and λ/Λ > 0.999785... (Burns and Pollicott, [15]).

10.3. Pathological foliations. Let A be an area-preserving linear hyperbolic
automorphism of the two dimensional torus T

2. Consider the map F =
A× Id of the three dimensional torus T

3 = T
2 × S1. Any sufficiently small

C1 perturbation G of F is uniformly partially hyperbolic in the narrow sense
with one dimensional central distribution. The latter is integrable and its
integral curves form a continuous foliation W c of M with compact leaves
(they are diffeomorphic to the unit circle; this foliation can be shown to
be, indeed, Hölder continuous; see [42, 43]). There is a perturbation G
of F which preserves volume and has nonzero Lyapunov exponents in the
central direction (see [18]). In this case the central foliation is not absolutely
continuous: for almost every x ∈ M the conditional measure (generated by
the Riemannian volume) on the leaf W c(x) of the central foliation passing
through x is atomic.

We describe a far more general version of this result. Let (X, ν) be a
probability space and f : X → X an invertible transformation which pre-
serves the measure ν and is ergodic with respect to ν. Let also M be a
smooth compact Riemannian manifold and ϕ : X → Diff1+α(M) be a map.
Consider the skew-product transformation F : X ×M → X ×M given by

F (x, y) = (f(x), ϕx(y))

and assume that it is Borel measurable. We also assume that F possesses an
invariant ergodic measure µ on X×M such that π∗µ = ν where π : X×M →
X is the projection.

Fix x ∈ X and define the maps ϕ(k)
x , k ∈ Z, on M by

ϕ(k+1)
x = ϕfk(x) ◦ ϕ(k)

x ,
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where ϕ(0)
x is the identity map. Since the tangent bundle to M is measurably

trivial the derivative map of ϕ along the M direction gives a cocycle

A : X ×M × Z → GL(n,R), n = dimM,

where A(x, y, k) = dyϕ
(k)
x . If log+ ‖dϕ‖ ∈ L1(X ×M,µ) then the Multi-

plicative Ergodic Theorem and ergodicity of µ imply that the Lyapunov
exponents of this cocycle are constant for µ-almost every (x, y),

χ1 < · · · < χ�, 1 ≤ � ≤ n.

Theorem 10.3 (Ruelle and Wilkinson, [44]). Assume that for some γ > 0
the function ϕ satisfies

(10.1) log+ ‖dϕ‖γ ∈ L1(X, ν),

where ‖ · ‖γ is the γ-Hölder norm. Assume also that χ� < 0. Then there
exists a set S ⊂ X × M of full measure and an integer k ≥ 1 such that
#(S ∩ {x} ×M) = k for every (x, y) ∈ S.

Proof. We need the following description of regular neighborhoods at typical
points in X ×M .

Lemma 10.4. There exists a set Λ0 ⊂ X ×M of full measure such that for
any ε > 0 the following statements hold:

(1) there exist a measurable function r : Λ0 → (0, 1] and a collection of
embeddings Ψx,y : B(0, r(x, y)) →M such that Ψx,y(0) = y and

exp(−ε) < r(F (x, y))
r(x, y)

< exp(ε);

(2) if ϕ(x,y) = Ψ−1
F (x,y) ◦ ϕx ◦ Ψ(x,y) : B(0, r(x, y)) → R

n then

exp(χ1 − ε) ≤ ‖d0ϕ
−1
(x,y)‖−1, ‖d0ϕ(x,y)‖ ≤ exp(χ� + ε);

(3) the C1 distance dC1(ϕ(x,y), d0ϕ(x,y)) < ε in B(0, r(x, y));
(4) there exist K > 0 and a measurable function A : Λ0 → R such that

for any z,w ∈ B(0, r(x, y)),

K−1ρ(Ψ(x,y)(z),Ψ(x,y)(w)) ≤ ‖z − w‖
≤ A(x)ρ(Ψ(x,y)(z),Ψ(x,y)(w))

with

e−ε <
A(F (x, y))
A(x, y)

< eε.
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Decomposing µ into a system of conditional measures

dµ(x, y) = dµx(y)dν(x)

and using invariance of µ with respect to F we obtain for ν-almost every
x ∈ X,

(ϕx)∗µx = µf(x).

The following result is an immediate consequence of Lemma 10.4.

Lemma 10.5. There exists a set Λ ⊂ Λ0 and real numbers R > 0, C > 0,
and 0 < α < 1 such that

(1) µ(Λ) > 1
2 and if (x, y) ∈ Λ then µx(Λx) > 1

2 where Λx = {y ∈ M :
(x, y) ∈ Λ};

(2) if (x, y) ∈ Λ and z ∈ M are such that ρ(y, z) ≤ R, then for all
m ≥ 0,

ρ(ϕ(m)
x (y), ϕ(m)

x (z)) ≤ Cαmρ(y, z).

To prove the theorem it suffices to show that there is a set B ⊂ X of
positive ν-measure such that for any x ∈ B the measure µx has an atom.
Indeed, for x ∈ X set d(x) = supy∈M µx(y). Clearly, the function d(x)
is measurable, f -invariant and positive on B. Since f is ergodic we have
d(x) = d > 0 for almost every x ∈ X. Let S = {(x, y) ∈ X×M : µx(y) ≥ d}.
Note that S is F -invariant, has measure at least d and hence, has measure
1. The desired result follows.

Let Λ be the set constructed in Lemma 10.5 and B = π(Λ). Clearly,
ν(B) > 0. We shall show that for any x ∈ B the measure µx has an atom.

Let U be a cover of M by N closed balls of radius R/10. For x ∈ X set

m(x) = inf
∑

diamUj ,

where the infimum is taken over all collections of closed balls U1, . . . , Uk in
M such that k ≤ N and µx(

⋃k
j=1 Uj) ≥ 1

2 . We also set m = esssupx∈Bm(x).
We will show that m = 0. Otherwise, there is p > 0 such that

(10.2) C∆Nαp <
m

2
,

where ∆ is the diameter of M . For x ∈ B let U1(x), . . ., Uk(x)(x) be those
balls in the cover U that meet Λx. Since these balls cover Λx and µx(Λx) > 1

2
we have that

(10.3) µx


k(x)⋃
j=1

Uj(x)


 ≥ 1

2
.
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Since (ϕ(i)
x )∗µx = µf i(x) we obtain for all i that

µf i(x)


k(x)⋃
j=1

ϕ(i)
x Uj(x)


 ≥ 1

2
.

Since the balls Uj(x) meet Λx and have diameter less than R/10, we obtain,
by Lemma 10.5, that

(10.4) diam(ϕ(i)
x Uj(x)) ≤ C∆αi.

Let τ(x) be the first return time of the point x ∈ B to B under the map
fp and Bi = {x ∈ B : τ(x) = i}. We have that B =

⋃∞
i=1Bi and since f is

invertible and its inverse f−1 preserves ν we also have that

B′ =
∞⋃
i=1

fpi(Bi) = B (mod 0).

If z ∈ B′ then z = fpi(x) for some x ∈ Bi and some i ≥ 1. It follows from
the definition of m(z) and inequalities (10.2), (10.3), and (10.4) that

m(z) ≤
k(x)∑
j=1

diam(ϕ(pi)
x Uj(x)) ≤ Ck(x)∆αpi ≤ CN∆αp ≤ m

2
.

This implies that

m = esssupx∈Bm(x) = esssupz∈B′m(z) ≤ m

2
contradicting the assumption that m > 0.

We conclude that m = 0 and hence, m(x) = 0 for ν-almost every x ∈ B.
This implies that for such an x there is a sequence of closed balls U1(x),
U2(x), . . . with

lim
i→∞

diamU i(x) = 0

and µx(U i(x)) ≥ 1
2N for all i. Take zi ∈ U i(x). Any accumulation point of

the sequence {zi} is an atom for µx. �
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absolutely continuous map, 76
accessibility class, 87
accessibility property, 87

essential, 108
accessible points, 87
Anosov diffeomorphism, 5
Anosov flow, 8

time-t map, 16

backward recurrent, 88

center bunched, 108
center-isometric, 54
completely hyperbolic, 5
cone, 14

δ-shadowing, see shadowing
direct products over Anosov maps, 16
distribution

central, 13
Hölder continuous, 15, 24, 26
integrable, 29
intermediate, 64
local uniquely integrable, 51
stable, 13
uniquely integrable, 50
unstable, 13
weakly integrable, 62

ε-accessible, 88
ε-dense orbit, 88
ε-pseudo orbit, see pseudo-orbit
ergodic, 7

foliation, 29
absolutely continuous, 76, 108
coordinate chart, 29
jointly integrable, 106
k-stable, 41
k-unstable, 41
quasi-isometric, 51
stable, 41
uniquely integrable, see distribution,

uniquely integrable
unstable, 41

forward recurrent, 88

frame flow, 16

geodesic flow, 9
global stable manifold, 31, 39
group extensions over Anosov maps, 17

Hölder continuous, see distribution,
Hölder continuous

holonomy map, 76
hyperbolic diffeomorphism, 5

Inclination Lemma, 44
integrable, see distribution, integrable

Jacobian, 76
Juliennes, 109

leaf
global, 29
local, 29

leaf conjugacy, 56
local stable manifold, 30, 47
Local Stable Manifold Theorem, 33
local unstable manifold, 47
Lyapunov inner metric, 12
Lyapunov norm, 12

Mather spectrum, 18

non-resonance condition, 67
non-wandering, 6
normally hyperbolic, 47

partially hyperbolic, 9, 14
in the narrow sense, 14, 15, 47

plaquation, 58
plaque, 58
plaque expansive, 58
pseudo orbit, 46

respecting a plaquation, 58

quadrilateral argument, 90
quasi-isometric, see foliation,

quasi-isometric

roof function, 8

shadowing, 46
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skew products over Anosov maps, 16
smooth measure, 7
stable

distribution, 13
foliation, 41
subspace, 5, 10

Stable Manifold Theorem, 30
stably accessible, 90
stably ergodic, 112
Structural Stability Theorem, 45
suspension flow, 8

topologically mixing, 7
topologically transitive, 6

unstable
distribution, 13
foliation, 41
subspace, 5, 10

us-path, 87
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