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1. Introduction

The goal of these lectures is to present a comprehensive exposition of mod-
ern partial hyperbolicity theory. They contain the core of the theory as well
as outline some recent new achievements in this rapidly developing area.
The material is accessible to students and non-experts who possess some
basic knowledge in dynamical systems and wish to learn some new phenom-
ena outside classical hyperbolicity. These lectures may also be of interest
to experts as they provide a unified and systematic treatment of partial
hyperbolicity and stable ergodicity and are unique in that.

Partial hyperbolicity is a relatively new field, just over 30 years old, but
has proven to be rich in interesting ideas, sophisticated techniques and ex-
citing applications. It appears naturally in some models in science. To
illustrate this consider the FitzHugh-Nagumo partial differential equation
which is used in neurobiology to model propagation of electrical impulse
through the nerve membrane:

ug(x,t) = eAgu(z,t) + h(u),
where u(z,t) = (u1(z,t),uz(x,t)) and
h(u1,u2) = (g(u1) — bug, cuy — dus)
is the local map. The function g introduces a cubic non-linearity
g(uy) = —aug(u; — 0)(ug — 1).
We shall discuss traveling wave solutions of the FitzHugh-Nagumo equation.
These are solutions of the form
P(&) = oz —ct) = (p1(z — ct), pa(x — ct)),

where ¢ > 0 is the velocity of the wave. The function () satisfies the
traveling wave equation

@ (€) + ey (€) + h(p(€)) =0.

Setting ¢ = v we obtain

© =v
{ v = —cv — h(p)
By changing the function h(y) outside a ball B(0, R) of some large radius R,
one can obtain that (¢, v)-(¢,v) < 0. This modification of the original sys-
tem guarantees that no solutions escape to infinity which is thus a repelling
fixed point. This allows us to consider the equation (and the corresponding
flow) on the two-dimensional sphere.
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everywhere dense). The map T is called topologically mizing if for any two
open sets U and V there exists N such that 7"(U)NV # (0 for each n > N.

For an Anosov diffeomorphism f of a compact connected manifold the
following statements are equivalent:

1. all points in M are non-wandering;

2. f is topologically transitive;

3. f is topologically mixing;

4. each stable leaf W*(x) and each unstable leaf W"(z) is dense.

It is an open problem whether every Anosov diffeomorphism has these prop-
erties although in all known examples this is the case.

4. Ergodicity. A measure-preserving transformation 7" of a Lebesgue
space (X,v) is called ergodic if any measurable invariant subset A C X has
measure either zero or one; equivalently, any measurable invariant (mod 0)
function is constant (mod 0).

Assume that an Anosov diffeomorphism f preserves a smooth measure v
on M (i.e., a measure which is equivalent to the Riemannian volume). If the
manifold is connected then f is ergodic. If f is topologically mixing then it
is isometric (in the measure-theoretical sense) to a Bernoulli automorphism.

5. Stability and structural stability. Any sufficiently small perturbation
g of an Anosov diffeomorphism f (in the C'! topology) is again an Anosov
diffeomorphism (this is a particular case of Theorem 3.6 below). Moreover,
the map g is topologically conjugate to f via a homeomorphism h: M — M,
i.e., foh=hogand his CY close to the identity map (see Theorem 4.11).

It follows that any sufficiently small perturbation of a linear hyperbolic
automorphism of the torus is an Anosov diffeomorphism.

We describe an example of an Anosov map of algebraic origin for which
the phase space is not a torus. We follow [29] (see Section 17.3).

Let G be a simply connected Lie group and I' a (uniform) lattice, i.e., a
discrete subgroup such that the factor I'\G is compact. For some nilpotent
Lie groups I' one can show that there exists an automorphism F: G — G
preserving I', i.e., F/(I') = T, and such that dF|Id is hyperbolic. Note that
F projects to I'\G. One can show that there is an invariant splitting of the
Lie algebra

L(G) =TG =FE°® E"

and a norm on L(G) with respect to which dF|E® and dF~!|E* are both
contractions. Applying the differential of the left translation  — gx one can
“spread out” the invariant splitting at Id to obtain an invariant hyperbolic
splitting for F'. By construction, this splitting and the norm are invariant
under left translations, so they induce a splitting and a norm on the compact
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nilmanifold I'\G. The factor f: I'\G — I'\G is an Anosov map (see also
Section 6.1).

6. Anosov flows. We extend the notion of complete hyperbolicity to
dynamical systems with continuous time.

Let ¢;: M — M be a C? flow on a compact smooth Riemannian manifold.
It is generated by the vector field

d
X(t) = E(@t(@”t:o-
The flow ; is called an Anosov flow if for each x € M there exist a decompo-
sition T, M = E*(x)® E°(z)® E%(x) and constants ¢ > 0 and 0 < A < 1 <
such that for each z € M,

1. E°(x) is the one-dimensional subspace generated by the vector field
X(t);

2. dyp B (x) = E*(py(x)) and dypi E" () = E"(p1(w));

3. |ldzrv|| < eXt|lv|| whenever v € E*(z) and t > 0;

4. ||deo—¢v|| < e~ t||v|| whenever v € E¥%(z) and ¢ > 0.

A simple example of an Anosov flow is a suspension flow over an Anosov
diffeomorphism. Let f be an Anosov diffeomorphism of a compact Riemann-
ian manifold M and H a smooth function on M called the roof function.
Consider the direct product M x [0,00) and define the flow 7} in the follow-
ing way. Starting with a point (z,0), set T3(z,0) = (x,t) if t < H(x) and
Th(z)(x,0) = (f(x),0) (see Figure 2). The phase space M = M x [0, 1]/ for
the suspension flow is diffeomorphic to the direct product M x [0, 1], where
the sections M x 0 and M x 1 are identified by the action of f.

H{(z)

L s@)

FIGURE 2. A suspension flow.

Note that if the roof function H(z) = 1 for all 2 € M, the time-1 map
Ty is not topologically transitive, since each t-level of M gets mapped into
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itself. Furthermore, assume that f preserves an ergodic measure v on M.
Then the map T} preserves the product measure on M, but it is not ergodic.
Due to ergodicity of f the ergodic components of T} are precisely the t-level
sets.

Another example of an Anosov flow is the geodesic flow on a compact
Riemannian manifolds of negative curvature. Let V be a closed oriented
manifold of negative sectional curvature and M = SV the unit tangent
bundle of V. Given x € V and v € S,V denote by 7. (t) the geodesic
passing through x in the direction of v. The geodesic flow ¢; is a flow on
M defined by gi(z,v) = (y,w) where y = v, ,)(t) and w = Y, )(t) (see
Figure 3). The celebrated theorem of Anosov [1] claims that the flow g¢; is
an Anosov flow.

F1cURE 3. The geodesic flow.

To explain this result assume that the manifold V' has constant nega-
tive curvature. Consider the Poincaré (ball) model for the universal cover
V = H" (n-dimensional hyperbolic space) of V. Given (z,v) € M = SV, the
geodesic 7, . (t) determines two points, 7(—00) and y(+00), on the ideal
boundary of H" (that is, the unit sphere). The two points z and (+00) de-
termine the unique horosphere H*(z,v) that can be characterized as follows:
for any y € H*(z,v) there is a unique geodesic 7 passing through y and as-
ymptotic to (,,.)(t) (i.e., the distance p(y(t),¥(z,)(t)) is bounded; one can
show that, indeed, this distance decreases to zero with an exponential rate).
The framing of H*(z,v) by the orthonormal vectors directed towards ~(+00)
is the global stable manifold W#(x, v) passing through (x,v). Similarly, the
two points z and y(—o0) determine the unique horosphere H"(z,v) and its
framing by the orthonormal vectors directed outward v(—o0) is the global
unstable manifold W*(x,v) passing through (z,v) (see Figure 4).

2.2. Definition of partial hyperbolicity. A diffeomorphism f is called par-
tially hyperbolic [13] if there exist numbers 0 < A < u, ¢ > 0, and subspaces
E(x) and F(z), © € M, such that
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FicURE 4. Stable and unstable horospheres for the geodesic flow.

1. E(x) and F(x) form an invariant splitting of the tangent space, i.e.,

T,M =E(z) & F(x),

21) 0, fE(x) = B(f(x)), dof F(z) = F(f(2));

2. for n > 0,

lde f"0l] < Aol v e E(z),
ldo f" 0] > Tt loll, v € F(a).

If A < 1 the subspace E(x) is stable and it will be denoted by E*(z). If
p > 1 the subspace F'(x) is unstable and we will use the notation E"(z).

Clearly, either A < 1 and/or p > 1 and without loss of generality in what
follows we assume the former.

The second condition characterizes the subspaces E(x) and F(z) in a
unique way and they depend continuously in x; in particular, the angle
between them is uniformly bounded away from zero.
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Proposition 2.1. The following statements hold:

(1) the subspace E(x) consists of all vectors v € TyM for which the
estimate ||dg f™v| < av"||v|| holds for some a > 0, A <y < p and
all n > 0;

(2) the subspace F(x) consists of all vectors v € TyM for which the
estimate ||dy f"v|| > br™||v|| holds for some b >0, A < k < pu and all
n > 0;

(3) the distributions E(x) and F(x) are continuous in x € M;

(4) there exists k > 0 such that Z(E(x), F(x)) >k for all x € M.

Proof. To prove the first statement consider a vector v € T, M and write
it as v = vg + vp with vp € E(z) and vp € F(z). Fix n > 0 and let
Uy, = dy f"0 = vy g + vy, p. Since the distributions £ and F' are df-invariant
we have that v, g = d, f"vg and v, r = d, f"vp. It follows that if vp # 0
then for all sufficiently large n,

[vnll = on,pll = lda frorll = ¢ u[lor]l = 207" o]l > ay"|v]|

and the first statement follows. The proof of the second statement is simi-
lar. !

To prove the third statement consider a sequence x,, of points in M
converging to a point x € M. Since the Grassmanian bundle is compact the
sequence of subspaces E(z,,) has a convergent subsequence E(z,,, ) — E(z).

Without loss of generality we may assume that F'(z,, ) — F(z) and also
dim E(z, ) = dim E(z), dim F(xy, ) = dim F(x).

Fix n > 0. For each k and v € FE(x,, ) we have de;‘Mka < ey

Therefore, ||df§mk|E(xmk)H < ¢A". Taking the limit as k — oo yields

ldf|E(x)|| < eA". This implies that E(z) C E(z). Similarly, one has

that F'(z) C F(z) and the desired result follows from the first statement

since dim E(z) + dim F(z) = dim M. The last statement is an immediate
corollary of the third one. O

We shall see below that the distributions E(x) and F(z) are, indeed,
Holder continuous.
The splitting (2.1) is unique in the following sense.

Proposition 2.2. There exists € > 0 with the following property. Let E C TM
be an invariant distribution for which

dim E(z) = dim E(z), Z(E(z),E(z)) <e

11 would like to thank O. Lanford who provided me with this argument.
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for every & € M. Then E(zx) = E(z). A similar statement holds for the
distribution F(x).
Proof. Assuming the contrary, we obtain for every v € E(z) that ||dy f™v]| >

aX"||v|| for some a > 0 and all n > 0. By Proposition 2.1, E(z) C F(z) and
hence, cannot be e-close to E(x). O

There is a special Lyapunov inner metric <,>" which provides a conve-
nient tool in the study of hyperbolicity. Choose numbers \" and ' such that
0< A< N <y <p. Setfor v,w € E(x),

<vw>h=Y <dffvdffw > p N
k=0
and for v,w € F(z),

o0
<v,w >h= Z < df Fv,df Fw > p—k(z) ul%.
k=0

Notice that each series converges. Indeed, by the Cauchy-Schwarz inequality,
if v,w € FE(x) then

o0
<v,w >, <3 ENENTH ol ),
k=0
= (1= 2/X)Ho]cllwlls < co.

Similarly, if v,w € F(x) then
<vw><§jé—%”ﬂﬂnwz

= 02( — i /) ollzllwlle < oo
For any vectors v,w € T, M set
<v,w > =<wvg,wg >, + < vp,wp >,

where v = vp4vp and w = wp4wp with vg, wp € E(z) and vp, wp € F(z).
Let || - ||, denote the Lyapunov norm in T, M induced by the Lyapunov
inner metric. It is easy to see that the angle

L(B@). F(@)) = 5
and that

(2.2) Il < Jloll;

Iz

< d|Jv]le,

L
— ||V
V2



LECTURES ON PARTIAL HYPERBOLICITY AND STABLE ERGODICITY 13

where

D=

d= kN (1 = \N) T+ (1= /) ),
In addition,

ldf[E@)]" <X, lldf~HE@)) < ()7
Indeed, for v € E(z),

ldf vl =< dfv,dfv >'= 3" < dffdfv,df*dfv > X"
k=0

o0 o0

= Z < df*v,df*v > N2kED 2 Z < df*v, dffv > N7
k=1 k=1

= X2 ([[o]I”? = [lv]|?) < N?[Jo]|”*.

The proof of the second inequality is similar.

It should be noticed that due to Holder continuity of invariant distribu-
tions £y and E3 (see Theorem 3.8 below), the Lyapunov inner metric is
in general, only Holder continuous but not smooth. However, in studying
local stability of trajectories, we only need hyperbolic structure along indi-
vidual trajectories, and we will use a Lyapunov inner metric. On the other
hand, while measuring distances between points in the manifold M or sub-
manifolds of M we will use the original smooth Riemannian metric. The
relations (2.2) allow us to switch between the two metrics when necessary.

Using a Lyapunov inner metric one can reformulate the notion of par-
tial hyperbolicity in the following way. A diffeomorphism f is partially
hyperbolic if there exist a (not necessarily smooth) Riemannian metric || - ||,
numbers

(2.3) 0< A <p1<Ae<po, p<l,
and an invariant splitting of the tangent bundle
T.M = Ey(x) ® Ey(z),
df Ex(z) = Ev(f(2)), df Ex(z) = Ea(f(x))
such that for every z the subspaces F;(z) and Es(x) are orthogonal and

(2.5) A< ldf B (@) < pa, Ao < ldf [Ba(z)] < po.

(2.4)

In many situations uniform partial hyperbolicity arises in the form in
which the tangent space T, M is split into three invariant distributions E*(x),
E¢(z) and E%(x), and the diffeomorphism contracts uniformly in the stable
direction E*(x), expands uniformly in the unstable direction E*(x), and may
contract or expand in the central direction E¢(z) with smaller rates. More
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precisely, a diffeomorphism f is called partially hyperbolic in the narrow
sense if there exist numbers C' > 0,

(26) 0<)\1§,U,1<>\2§M2<)\3§,U,3, [,L1<1, )\3>1
and an invariant splitting
T.M = E*(z) ® E°(z) ® E%(),

27) d.fE"(x) = E™(f(x)), 7T=s,cu

such that for n > 0,

CNoll < lld f0l < Cpa™loll, v € B (@),

CN" ol < lld f] < Cpa™ [, v € B(a),

CTIN" ol < [ldo fM0ll < Cus™|loll, v € E*(x).
One can construct a Lyapunov inner metric with respect to which partial
hyperbolicity in the narrow sense can be defined as follows: there exist
numbers \;, p;, ¢ = 1,2, 3 satisfying (2.3) and invariant splitting (2.4) such
that for every = € M, the subspaces E*(z), E(z) and E"(z) are mutually
orthogonal and

AL < lde fIES ()| < pas o Ao < lde fIE(2)|| < po,

28 A < o |E*()] < s

There is a description of partial hyperbolicity which provides a useful tool
in verifying hyperbolicity conditions. Given a point x € M, a subspace
E C T, M and a number o > 0, define the cone at x centered around E of
angle o by

C(z,E,a) ={veT,M: Z(v,E) < a}.

For a partially hyperbolic diffeomorphism f there are a > 0 and two contin-
uous cone families Cy(x, ) = C(z, Eq(z),a) and Co(z, o) = C(z, Es(x), @)
for which
(29)  dof THOi(w,@)) € CL(f TN (@) @), dof(Ca(z,q)) C Cof(x), ).
Moreover,
210 Idaf ol > i oll, v € Cie,a)

lde fol] > Aafloll, v e Calz, ).

It is easy to see that Conditions (2.9) and (2.10) are equivalent to partial
hyperbolicity: if a diffeomorphism f possesses two continuous cone families
Ci(z,a) = C(x, B1(x), ) and Cy(z, ) = C(x, Eo(x), ) (centered around
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non necessarily invariant continuous distributions Fj(z) and Es(x)) satisfy-
ing (2.9) and (2.10) for some o > 0 and some 0 < g1 < Ag, 1 < 1 then f is
partially hyperbolic.

Similarly, partial hyperbolicity in the narrow sense can be described in
terms of invariant cone families of stable and unstable cones

C*(z,a) = C(z, E%(x),0), C"(x,a) =Cl(zx, E"(x),)
and of center-stable cones or center-unstable cones
Ccs(x7 a) = C(:U7 Ecs(x)7 a)’ CCU(:U? a) = C(x7 Ecu('r)’ a)'

Here
E%(x) = E°(z) ® E°(z), E“(x)=E°(z)® E"(x).

These cone families satisfy

de fH(C%(z, ) C C*(fH(2), ),
o) 4 f (O (@,0)) € (7 @), ),
do f(C*(z, ) € C*(f(2), ),
do f(C(z, ) € C(f(2), )
and
ldef = 0ll > pytloll, v € C¥(x,a),
212 ldefYoll > iz o, v € % (a,a)

e foll > Asloll, v e C¥,a),
ldefoll > Nalloll, v e C(z,a).
Moreover, Conditions (2.11) and (2.12) are equivalent to partial hyperbol-

icity in the narrow sense.

We now describe the crucial Holder continuity property of invariant dis-
tributions.

Theorem 2.3 (Brin, [5]). Let f be a partially hyperbolic diffeomorphism in
the narrow sense of a compact smooth manifold M. Then the distributions
E™(x), T = s,u,c, sc,uc are Holder continuous , i.e., there exist o > 0 and
C > 0 such that

Z(ET(2), E™(y)) < Cplx,y)*
for all x,y € M.

Proof. We prove a more general statement below (see Theorem 3.8) O
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2.3. Examples of partially hyperbolic systems. Here are some basic exam-
ples of partially hyperbolic diffeomorphisms.

1. The time-t map of an Anosov flow. Let ¢, be an Anosov flow on
a compact smooth Riemannian manifold M. Given ¢t € R, the map ¢ is
partially hyperbolic with one-dimensional central direction generated by the
vector field.

2. Frame flows. Let V be a closed oriented n-dimensional manifold of
negative sectional curvature and M = SV the unit tangent bundle of V. Let
also IV be the space of positively oriented orthonormal n-frames in T'V. This
produces a fiber bundle 7: N — M where the natural projection 7 takes a
frame into its first vector. The associated structure group SO(n—1) acts on
fibers by rotating the frames, keeping the first vector fixed. Therefore, we
can identify each fiber N, with SO(n—1) where g; is the geodesic flow. The
frame flow ®; acts on frames by moving their first vectors according to the
geodesic flow and moving the other vectors by parallel translation along the
geodesic defined by the first vector. For each ¢, we have that mwo ®; = g, o.
The frame flow ®; preserves the measure that is locally the product of the
Liouville measure with normalized Haar measure on SO(n — 1). The time-¢
map of the frame flow is a partially hyperbolic diffeomorphism (for ¢ # 0).
The center bundle has dimension 1 + dim SO(n — 1) and is spanned by the
flow direction and the fiber direction.

3. Direct products. Let f be an Anosov diffeomorphism of a compact
manifold M and E}(z), EY(x) the stable and unstable subspaces at the
point x € M. Let also g be a diffeomorphism of a compact manifold N
satisfying

ma |df | E7(2)]| < mi ldg ™ ()|~

< d . d —1 Eu 71'
< max [dg(y)l| < min [ldf | B} ()]

The map F': M x N — M x N given by F(z,y) = (f(x),9(y)) is partially
hyperbolic. A particular case is when g is the identity map of N or when
N = S! and g is a rotation.

4. Skew products. Let f be an Anosov diffeomorphism of a compact
manifold M and g,, * € M, a family of diffeomorphisms of a compact
manifold N which depend smoothly on = and satisfy
iy HFIIEIE < gy ldg; ()]

< s —1 U 71‘
< mapemae | dg (9)] < min ldf | (@)
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The map F': M x N — M x N given by F(x,y) = (f(z),9.(y)) is partially
hyperbolic. A particular case is the map F = F,,: M x S' — M x S! given
by

F(z,y) = (f(2), Ra@)(y), €M, ye S,
where R, is the rotation of the circle by the angle  and a: M — M is a
smooth function. The map F,, is partially hyperbolic with one-dimensional
central direction.

5. Group extensions.An “algebraic” version of the previous example is a
group extension over an Anosov diffeomorphism. Let G be a compact Lie
group and ¢: M — G a smooth function on M with values in G. Define the
map F'=F,: M x G — M x G by

Flz,y) = (f(x),¢(2)g), zeM, geC.

The map F' is partially hyperbolic since left translations are isometries of
G in the bi-invariant metric. If f preserves a smooth probability measure
v then F preserves the smooth probability measure v X vg where v is the
(normalized) Haar measure on G.

6. Partially hyperbolic systems on 3-dimensional manifolds. It is an open
problem to describe compact smooth Riemannian manifolds which admit
partially hyperbolic diffeomorphisms in the narrow sense. The dimension
of the manifold should be at least three. An automorphism of the torus
T3, given by an integer matrix A, whose eigenvalues are A\, 1, A~ with
|A| < 1, is partially hyperbolic. We will see later that any sufficiently small
perturbation of this automorphism is partially hyperbolic in the narrow
sense. In [10], Brin, Burago and Ivanov studied partiallly hyperbolic in the
narrow sense diffeomorphisms on 3-dimensional manifolds.

Theorem 2.4. A compact 3-dimensional manifold whose fundamental group
1s finite does not carry a partially hyperbolic diffeomorphism in the narrow
sense whose central distribution is uniquely integrable (for the definition of
unique integrability see Section 5.3).

One can derive from this result that there are no partially hyperbolic in
the narrow sense diffeomorphisms on the 3-dimensional sphere S? (see [10]).



3. The Mather Spectrum Theory

3.1. Mather’s spectrum of a diffeomorphism. A dynamical system f on a
smooth compact Riemannian manifold M generates a continuous linear op-
erator f, acting on the Banach space I'°(T'M) of continuous vector fields v
on M by the formula

(fev)(z) = dfv(f~(2)).

The spectrum @ = Q of the complexification of f, is called Mather’s spec-
trum of the dynamical system f. The following result provides some infor-
mation on the structure of the set () as well as the corresponding structure
of the tangent bundle.

Theorem 3.1 (Mather, [31]). Suppose that non-periodic orbits of f are dense
in M. Then

(1) any connected component of the spectrum @ coincides with an an-
nulus Q; around 0 with radii \; and p; where

0< A <pp <o <M <y

and t < dim M;

(2) the invariant subspace H; € T°(T'M) of f. corresponding to the com-
ponent Q; of the spectrum is a modulus over the ring of continuous
functions;

(3) the collection of the subspaces E;(x) = {v(z) € T,: v € H;} consti-
tutes a df -invariant continuous distribution on M and

t
T,M = @Ei(x), e M.
=1

Proof. First we show that if 4 € @ and A € C with |[A| = 1 then \u € Q.
We need the following characterization of the points in the spectrum.

Lemma 3.2. 1 € Q if and only if for all € > 0 there exists v € T°(T M) such
that ||v|| =1 and ||fiv — pv]|| <e.

Let A € C and |A] = 1. We wish to show that given € > 0, there exists
w € (T M) such that ||[w| =1 and ||fow — Auw|| < e.

Choose v € T'%(T M) such that ||v|| =1 and || f,v — puv| < €/4. Since the
non-periodic points of f are dense in M, one can choose a non-periodic point
x such that ||v(z)|| > 4. Pick a positive integer n such that n > @ and a
neighborhood U of x such that the sets f*(U) are disjoint for —n < k < n.
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Let ¢ : U — [0,1] be a continuous function with compact support and
¢(x) = 1. Define ¢ : M — [0, 1] by

B 0 for Yy ¢ UZ:fn fk(U)’
Uly) = {(1 _ %)/\—k(@offk)(y) for y € f*(U).

Clearly, v is continuous. If n = ¢v € T°(T M) then

[l = In(z)| = [¢(z)||v(z)] = %
and
Ifem — pAnll = [[(¢ o f71) fuv — pAiv]|
= [I( o fH(fev = pv) + (i o v — pAipv||

< lfev = pvll + lpll(@ o f71) = Xp[[lv]]
<e/d+|p|/n <e/d+e/d=¢€/2.

Setting w = ﬁ we conclude that || fuw — Auw|| < € and hence, A\ € Q.

Assume now that the spectrum is split into two (not necessarily con-
nected) components, i.e., Q = Q1UQ2, Q1NQ2 = 0. Let I%(T'M) = H,® H,
be the corresponding splitting with f.(H;) = H; and Q; be the spectrum of
the operator fi|H;, i =1,2.

Note that the spectral radius of the operator f.|H; does not exceed p
while the spectral radius of the operator f.|Hs is at least Ag. Therefore,

v € Hy if and only if
lim 3/[F2TEL <

and v € Hs if and only if
tim 3/ [F7TE] > Ao

This implies that ¢v € H; for any ¢ € C°(M) and v € H;, i = 1,2, and
hence, H; and Ho are moduli over the ring C°(M) of continuous functions
on M.

Finally, let

Ei(z) ={v(z) e T,M:v e H}, i=1,2.

E;i(x) are clearly linear subspaces of T, M and df E;(z) = E;(f(z)). More-
over, they span T, M since any vector field v can be written as a sum vy +vo
with v; € H;.
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We shall show that Ej(z) N Ea(x) = 0. If this is not the case, then
dim E(x) + dim Ea(x) > dim M. Since Ej(x) and Ea(z) depend continu-
ously on z, so do dim F(z) and dim Fy(z). Hence, there exists a neighbor-
hood U of x such that

dim F(y) + dim Es(y) = dim Ey(x) + dim Es(x) > dim M

for every y € U. Therefore, E1(y) N E2(y) # 0 in U. There is a nonzero
vector field v € TO(TU) with v(y) € Ey(y) N E2(y) for each y € U. By
multiplying v with an appropriate continuous function vanishing outside an
open set V C U, we get a nonzero vector field w € I'Y(TM). But then
w € Hi N Hs, a contradiction. We conclude that the spectrum cannot have
more than dim M connected components and the desired result follows. [

One can characterize various classes of dynamical systems using their
Mather’s spectra.

Theorem 3.3 (Mather, [31]). The following statements hold.

(1) A diffeomorphism f is Anosov if and only if 1 is not contained in
its Mather’s spectrum Q).

(2) A diffeomorphism f is partially hyperbolic if and only if its Mather’s
spectrum is contained in a disjoint union of two non-empty annuli,
Q C Q1 UQy with Q1 lying inside of the unit disk and/or Qo lying
outside of the unit disk.

(3) A diffeomorphism f is partially hyperbolic in the narrow sense if and
only if its Mather’s spectrum is contained in a disjoint union of three
non-empty annuli, Q C Q1UQ2UQ3 with Q1 lying inside of the unit
disk and Q3 lying outside of the unit disk.

Proof. We shall prove the first statement leaving the proof of other state-
ments to the reader. It is easy to see that if f is an Anosov diffeomorphism
then 1 € Q. It remains to show that if 1 & ) then non-periodic orbits of f
are dense.

Assuming the contrary there exists an open set U C M consisting of
periodic orbits. Let P, be the set of periodic orbits of period < n. These
sets are closed and U C |J,, P, Hence, one of them, say P,,, contains a non-
empty open set V' C U. Let W C V be open and so small that its m images
under f are disjoint. Pick a vector field v € T'9(TM), ||v|| = 1, vanishing
outside W and consider the vector field w = Y";" fEv. Then f,w =w, a
contradiction. 0

3.2. Stability of Mather’s spectrum. We denote by DiffY(M) the space of
C1 diffeomorphisms equipped with the C? topology. Mather’s spectrum
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is stable under small perturbations of dynamical systems in the following
sense.

Theorem 3.4 (Pesin, [37]). Let f be a diffeomorphism of M whose non-
periodic orbits are dense. Let

t
Qf = UQf,i
=1

be the decomposition of its Mather’s spectrum into disjoint annuli Q; with
radii

0<Ap1 <ppr < <Ape < pre
and t < dim M. Let also

t
TM = P Ey,
i=1

be the corresponding decomposition of the tangent bundle into df -invariant
subbundles Ey;,i = 1,...,t. Then for any sufficiently small € > 0 there
exists a neighborhood n of f in Diff!(M) such that for any g € n:

(1) Mather’s spectrum Qg is a union of disjoint components Qg;, each
being contained in an annulus with radii Ag; < pig; satisfying
Api = Agil <& lpgi — pgal <e.
(2) the distribution E,; corresponding to the component Qg ; satisfies

max Z(Ey;(z), Egi(x)) < Lo“ < ¢,
$€M I’ k)

where 0 = dci(f,g) and L >0, o > 0 are constants.
Proof. We begin with the following lemma.

Lemma 3.5. Let g be a diffeomorphism of M and T°(TM) = Hy © Hs
a splitting.  Assume that with respect to this splitting g. = (Gji) where
Gji: Hi — Hj, i,j = 1,2 are bounded invertible linear operators satisfying

IGull <A, IGR | <p Ap<l
Then for any € > 0 there is 6 > 0 such that if ||Gi2|, |G21|| < 6, then
(1) there is an invariant splitting T°(TM) = H} & H} with respect to
which g, = (G%;);
(2) 1(G)ull <A, G2 N < s (G2 =0, (G2 = 0;
(3) d(H;, H) < Lé* < & where L > 0 and a > 0 are constants and d is
the distance between subspaces.
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Proof of the lemma. We find H] in the form of the graph of a linear trans-
formation A: H; — Hj. Since Hj is invariant, i.e. g,H| = H{, we obtain
for any vector field v € H; and z € M,

( Gii(z) Gia(x) ) ( v(z) ) _ ( Gii(z)v(z) + Gra(z)A(x)v(x) )
Gor(z) Goa(x) A(z)v(zx) Gor(z)v(z) + Goa(z)A(x)v(2)

_ ( Gii(z)v(z) + Gra(x)A(x)v(z) >
Alg(@))(Gui(x)v(z) + Gra(x)A(z)v(z)) )

Hence, the transformation A should satisfy the equation
A(z) = Goy (2) Ag())G1i (2)
+ Gy () ( — G (x) + A(g(2))Gra(2) A(x)).

Consider the space A of all linear transformations A: Hy — Hs for which

(3.1)

[A]l = sup [|A(z)]| < oo.
zeM

This is a Banach space with the norm || - ||. Consider the operator Q acting
on A by the formula

(QA)(z) = Goy () A(g(2)) G ()
+Goy (1) (= Gar(2) + Alg(2))Grz(2) A(x)).
If |A| <1 and |4’ <1 then
QAN < AullAfl + pd(|AI? + 1) < App+ 206 = 6

and
194 — QA < Ml A — A'|| + 248 A — A = 6]l 4 — A'|.

This shows that if § is chosen such that § < 1 then the operator Q contracts
the unit ball in A into itself. The fixed point A of Qs the unique solution of
Equation (3.1). Moreover, if § is sufficiently small then ||A|| < e and hence,
d(H;, H!) < e

To prove the last statement it suffices to show that ||A|| < L§*. Fix
some 0 < ¢ < § and assume that ||G1a|| < 0" and [|Ga1]] < . Since the
operator Q is contracting for any transformation P with ||P|| < 1 we have
|Q"P — A|| — 0 as n — oco. Setting P = 0 we get that Q0 = —Gopy Goy
and hence, [|Q0| < pd’. Proceeding by induction, we wish to show that
|Q"0|| < L'¢" for some constant L' > 0. Indeed, if ||Q"~10|| < L' then

1970]] < |Gy Q"1 0G| + (|G (—Gar + Q" 710G12Q"10) |
<ML + (8 + (L)*(5)?).
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Thus, choosing
L/ lu‘ + 1 6/ 1

T 1o 2L /i’

we obtain
1970] < AuL'® + i + %5’ <.
It follows that
1Al < lim (]Q"0 — AJ + [[2°0]}) < L'¥.

By Theorem 3.8 below §' < L"§* where § = dci(f,g), L” > 0 is a Holder
constant and o > 0 is a Holder exponent of the distribution Ey ;. Therefore,
|A|| < L'L"6%. The lemma follows. O

We proceed with the proof of the theorem. It suffices to consider the case
t = 2 so that (T M) = Hy © Hs, where H; are subspaces generated by Ej,
i =1,2. Write g. = (Gj;). Given ¢, we apply Lemma 3.5 to this splitting
and conclude the proof. O

The following result is an immediate corollary of Lemma 3.5.

Theorem 3.6. Anosov systems, partially hyperbolic systems, and partially
hyperbolic systems in the narrow sense form open subsets in DiffY(M), g > 1.

Remark 3.7. While a component @ ; of the spectrum of f may be an annu-
lus, the corresponding component ), ; of the spectrum of g may consist of
several annuli (see Figure 5). To illustrate this situation consider an Anosov
flow ¢y on a smooth manifold M and observe that Mather’s spectrum of
o = Id is the unit circle while Mather’s spectrum of ¢, for ¢t # 0 (which is
partially hyperbolic in the narrow sense) contains at least two more addi-
tional annuli.

Q1 Q2 Q3 Qf
: | | | | '
0 | | | | !
| | | | !
| | | | :
I I I
I
ST /Qg,,ngﬁ:ﬂ\ (4N Qg
O \ T T / \ T T LI I/ \ /
QRg,1Qq,2 Qg4 Qgp Qg7

F1GURE 5. Mather’s spectrum for the perturbation.
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3.3. Holder continuity. Consider a partially hyperbolic diffeomorphism f of
a compact smooth Riemannian manifold M with a df-invariant splitting of
the tangent bundle (2.4) satisfying (2.5) and (2.3).

Each distribution F7 and Es is Holder continuous. More precisely, the
following statement holds.

Theorem 3.8 (Brin, [5]). The distribution E;(x) is Holder continuous, i.e.,
for all x,y € M,

Z(Er(z), Er(y)) < Cp(z,y)?,
where C' > 0 and

log Ao — log 1

3.2 0<a<
(3.2) log p2

Let us first outline the main idea of the proof without going into some
technical details.

For any v > 0 one can choose a smooth distribution E(z) such that
Z(Ey(z), E(z)) <~ forall x € M. Since ||df|E1|| < 1 < A2 < ||df|E2||, we
have that for any two distributions E’, E” # E»,

4(f;1E’,f;1E”) < %Z(E/,EH).
2
Since Fj is invariant this implies that f;7"F — FE; as n — oo. Note that
the distribution f_"F is smooth for any n > 0 and in particular, is Holder
continuous. Our goal is now to show that there are positive numbers C' and
« such that the Holder continuity “survives” when passing from f."FE to
f" 'E. This would imply that E; is also Hélder continuous.

Choose § > 0 so small that for any two points z,y € M with p(z,y) <
there exists a unique geodesic connecting x and y. For any distribution
E define the distance between subspaces E(x) and E(y) to be the angle
/(E4(y), E(y)), where E,(y) is the parallel transport of E(z) from T, M to
Ty, M along the geodesic connecting x and y. Write

L(f B (), [T E(y)) = Z(df T E(f(2). df T E(f ()

(*)
< LB (). E(f())

2

(+)
< L2C0(/(@). F()"
2
< %Cugﬂ(%y)”‘-
2
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Thus, the Holder continuity of f'FE would follow if we choose « according
to (3.2) so that

H1 o
—uy < 1.
A Ha

See Figure 6. To complete the proof one should justify the inequalities
(¥) and (). The inequality (%) needs some correction since the parallel
transport does not commute with the differential df ~*. The inequality (**)
needs some correction since the distance p(f(x), f(y)) may exceed 0.

—~—

f;lE(.CL') E/ — (f;lE)x(y)
i E(y)
x Yy
E(f(x)) dfE" Ep(f(y))
E(f(y))
f(z) f(y)

FIGURE 6. To the proof of Holder continuity: the subspaces
dfE" and Eg,)(f(y)) may not coincide, and the distance
p(f(x), f(y)) may exceed 6.

Although these gaps can actually be fixed we prefer to present instead a
more general and technically less involved proof.

By the Whitney Embedding Theorem, every manifold M can be embed-
ded in RV with a sufficiently large N. If M is compact, the Riemannian
metric on M is equivalent to the distance ||z —y|| induced by the embedding.
The Holder exponent does not change if the Riemannian metric is changed
for an equivalent smooth metric, while the Holder constant may change. We
assume, without loss of generality, that the manifold is embedded in RY.

For a subspace A C RY and a vector v € RV, set

dist(v, A) = mig lv —w]|,
we
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i.e., dist(v, A) is length of the difference between v and its orthogonal pro-
jection to A. For subspaces A, B in RY, define

dist(A4, B) = max{ max dist(v,B), max dist(w, A)} :
veA,||v]|=1 weB,||w||=1
A k-dimensional distribution E on a set A € RN is Hélder continuous with
Holder exponent o € (0, 1] and Holder constant L > 0 if there exists g9 > 0
such that
dist(E(z), E(y)) < Ll —y|*
for every x, y € A with ||z — y|| < 9. The subspaces Ey, Ey C RV are said
to be k-transverse if |[v; — va|| > &k for all unit vectors vy € Fy and vg € Fs.
We obtain Theorem 3.8 from the following general result.

Proposition 3.9 (Brin, [5]). Let M be a compact m-dimensional C* sub-
manifold of RN for some m < N, and f: M — M a C'*% map for some
B € (0,1). Assume that there exist a set A C M and real numbers 0 < \ < p,
c >0, and k > 0 such that for each © € A there are k-transverse subspaces
E(x), F(x) C T,M with the following properties:
(1) T,M = E(x) ® F(z);
(2) lldefmoll < Aol and |ldpf ] > Lllul] for every v € E(),
w € F(x), and every positive integer n.
Then for every a > max.en ||d. f||**°, the distribution E is Hélder contin-
uous with exponent
log 1t — log A
“= loga —log A"~

Proof of the proposition. We begin with two lemmas.

Lemma 3.10. Let A, and By, forn = 0, 1, ..., be two sequences of real
N x N matrices such that for some A € (0,1) and a > 1,

|An, — Byl < Aa™

for every positive integer n. Assume that there exist subspaces E4, Eg C RN
and numbers 0 < A < p and C' > 1 such that A < a and for each n > 0,

[Anv]] < CXMJo]l if v e Ea;  [|Agw]| > CTH M lwl| if w € Ea™s
|Buvll < CXMlloll if v e Eg; | Bawll = O™\ |fwl] if w € B,
Then

log p—log A

dist(E4, Eg) < 3C2§Aloga_logx_
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Proof of the lemma. Set
Q% = {v e RV : [ A0l < 20M"|lvl},
Q% = {v e RY ;|| Bpv|| < 2CX\"|Jv]|}.

For each v € RV, write v = v; 4+ vo, where v; € E4 and vy € Eat. If
v € @Y, then

1Anv]l = [|An(v1 +v2) ]| 2 | Anve]l = | Anvi]] = €™ [lvz]] = CA™[fual],

and hence,
—nN n )\ "
ool < O idwoll + CX ) < 362(2) ol
Therefore,
)\ n
(3.3) dist(v, F4) < 302<;> v]l.

Set v = A/a < 1. There exists a unique nonnegative integer n such that
Y < A < A" If w € Ep, then

HAan < HanH + HAn - BnH : ||w||
< ON'Jw[| + Aa™[[w]|
< (CA" + (va)")[[w]| < 2CN"[Jw]].

It follows that w € @’ and hence, Ep C Q". By symmetry, 4 C Q%. By
(3.3) and the choice of n, we obtain

n
dist(E4, Ep) < 3C? (3> < 3§C2A<,
7]

log p—log A

where ¢ = loga—log A *

This completes the proof of the lemma. O

Lemma 3.11. Let f: M — M be a C'*% map of a compact m-dimensional
C? submanifold M C RN. Then for every a > max.cn ||d.f||'T° there
exists D > 1 such that for every n € N and every x, y € M we have

Ide /" = dy /"] < Da™ |l — yl|”.
Proof of the lemma. Let D' be such that
ld.f = dy f|| < D'l|lz —y]|°.
Set b = max,c) ||d. f|| > 1 and observe that for every z, y € M,

1" () = W)l < 0"l =yl
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Fix a > b. Then the lemma holds true for n = 1 and any D > D’. For the
inductive step let us note that

Ido £ = dy fH < ld g oy £ - ™ = dy 7
+lldgnizy f = dpniy Il - [ldy 7]
< bDa"|lx — y|® + D' (b" |z — y||) b

b D/ bl—l—ﬂ n
<wawx—mﬁ(—+—f )).
a

D qntl

If @ > b7 then there exists D > D’ for which the factor in parentheses is
less than 1. O

We proceed with the proof of the proposition.

For x € M, let (T, M)~ denote the orthogonal complement to the tangent
plane T, M in RY. Since (TM)* is a smooth distribution, it is sufficient to
prove the Holder continuity of P = E @ (T M) .

Since E(x) and F(x) are s-transverse and of complementary dimensions
in T,,M, there exists d > 1 such that ||d, f"w]|| > d~'u"||w]|| for every z € A
and w L F(x).

For z, y € A and a positive integer n, let A,, and B,, be N x N matrices
such that

Apv = dpf™ if v € T,M and A,w =0 if w € (T, M)*,
By =dyf™v if v € T,M and B,w = 0 if w € (T,M)™*.
By Lemma 3.11,
14, = Byl < Da™|jx —yl|”.

Now the proposition follows from Lemma 3.10 with A = D||z — y||’, Ea =
P(z), Ep = P(y), and C = max{c, d}. O

One should not expect the distribution F; to be smooth even in the
case of Anosov diffeomorphisms. The first example of a non-smooth stable
distribution was constructed by Anosov in [1]. Hasselblatt [24] has shown
that for a “typical” Anosov diffeomorphism stable and unstable distributions
are only Holder continuous. Nevertheless, there are situations where these
distributions are smooth:

(1) Mather’s spectrum of f satisfies the pinching condition,
i—;ﬂz <1

(in view of (3.2) this condition guarantees that E; is Lipschitz);
(2) the distribution Ej is of co-dimension one.



4. Stable and Unstable Foliations

Let f be a partially hyperbolic diffeomorphism of a smooth compact Rie-
mannian manifold M. Switching, if necessary, to a Lyapunov inner metric
|| - || (see Section 2.2) we assume that there exists a df-invariant decomposi-
tion of the tangent bundle

(4.1) TM=E&F

such that for every x € M the subspaces E(x) and F(x) are orthogonal and

(4.2) ldf|E@)| <X, ldfHF @)™ > p,
where
(4.3) 0 < A < min{l, u}.

Recall that p(z,y) denotes the distance between two points 2,y € M induced
by the (smooth) Riemannian metric on M. Given a smooth submanifold
W C M, let pw(x,y) denotes the distance in W between two points z,y € W
induced by the Riemannian metric on W.

In this section we discuss the problem of integrability of the stable distri-
bution FE. Since this distribution is not in general smooth its integrability
is associated with foliations of a special kind which we now consider.

4.1. Foliations. [13, 26].
A partition W of M is called a foliation of M with smooth leaves or simply
foliation if there exist 6 > 0 and £ > 0 such that for each x € M,

1. the element W (z) of the partition W containing = is a smooth
(-dimensional immersed submanifold; it is called the (global) leaf
of the foliation at x; the connected component of the intersection
W (x) N B(x,0) that contains z is called the local leaf at x and is
denoted by V(x);

2. there exists a continuous map ¢, : B(x,d) — CY(D, M) (where D C
R’ is the unit ball) such that for every y € M N B(x,§) the manifold
V(y) is the image of the map ¢, (y): D — M.

The function ¢, (y,2) = wz(y)(2) is called the foliation coordinate chart.
This function is continuous and has continuous derivative %g@c.

A continuous distribution E on T'M is called integrable if there exists a
foliation W of M such that E(x) = T,,W (x) for every x € M.
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4.2. Stable Manifold theorem. The statement. In this section we study the
integrability of the stable invariant distribution E. If it is smooth one can
use the classical Frobenius theorem to establish its integrability. Namely,
one can show that if A < p? then for any two vector fields v,w € E the
Lie bracket [v,w] belongs to E and hence, F is integrable. The correspond-
ing foliation is smooth. Since, in general, F is not smooth other methods
should be exploited to establish its integrability. It can be achieved by first
constructing local leaves of the foliation (local stable manifolds) and then
by gluing them together.

In the hyperbolicity theory constructing local stable manifolds can be
carried out by either Hadamard’s method [23] (also known as the graph
transfer method) or Perron’s method [36]. 2 Each method is based on
representing the local stable manifold as a graph of some function which
satisfies an “invariance equation” (see Equation (4.12) below) and provides
an approach to solve this equation. By Hadamard, the solution can be found
as the fixed point of a contracting operator acting in an appropriate space
of functions while by Perron, the solution can be obtained by applying the
Implicit Function Theorem to a non-linear operator acting in an appropriate
functional space.

Each method has its advantages and disadvantages. Hadamard’s method
is geometrical and is somewhat more “natural”. It can also be used in
non-smooth (Lipschitz) case. However, proving high smoothness of local
manifolds by Hadamard’s method is somewhat a difficult task. Arguably
it is better to use Hadamard’s method in the case of complete uniform
hyperbolicity while in the case of partial hyperbolicity (as well as nonuniform
hyperbolicity) Perron’s method seems to be more efficient (though it is quite
formal). 3

Theorem 4.1 (Brin and Pesin [13], Hirsch, Pugh and Shub, [26]). (Stable
Manifold Theorem). The following statements hold:

(1) the distribution E is integrable and its maximal integral manifolds
generate a foliation W of M. The global leaf W (x) which passes
through the point x € M is a C'-immersed submanifold of M ;

2 Anosov remarks in [1], p. 23 (repeated by Hirsh, Pugh and Shub in [26], p. 2) ”Every
five years or so, if not more often, someone “discovers” the theorem of Hadamard and
Perron, proving it by Hadamard’s method of proof or by Perron’s”.

3Fenichel [22] used Hadamard’s method and Irwin [27] used Perron’s method to estab-

lish some other versions of Stable Manifold Theorem.
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(2) the foliation W is f-invariant and contracting: for any x € M,y €
W(z), and n >0,

(4.4) pw (["(2), " (y)) < C(A+ )" pw (2, y),

where € > 0 is sufficiently small and C = C(e) > 0 is a constant
independent of x, y, and n;

(3) if f is of class C? then so is W (x) for any x € M.

Remark 4.2. Property (4.4) characterizes leaves of the foliation W, i.e., any
point y, for which (4.4) holds for all n > 0, lies in W (z). This implies that
the foliation W is uniquely integrable. In fact, it follows from Statement 3
of Theorem 4.3 that W is locally uniquely integrable. See Section 5.3 for the
definitions of unique integrability and local unique integrability.

The proof of the Stable manifold Theorem is presented in Sections 4.3—
4.5. Here we briefly outline our approach. First, given a point z € M, we
construct a local stable manifold V(x) (see Sections 4.3 and 4.4). This is
a smooth submanifold through x which consists of all points y in a small
neighborhood of x whose trajectories {f"(y)} converge with an exponential
rate to the trajectory {f"(z)} as n — +oo. This describes local stability
properties of the trajectory { f™(x)}. Let us stress that constructing V (x) re-
quires a partial hyperbolic structure only along the positive semi-trajectory
through z, i.e., it does not require any other partially hyperbolic trajectories
to be present. In Section 4.3 we derive an “invariance equation” for the local
stable manifold, and in Section 4.4 we apply Perron’s method to solve it.
This can be done in an abstract setting which is described in Theorem 4.3.

In Section 4.5 we then construct the global stable manifold W(x) at x
by either gluing local stable manifolds passing through different points or
iterating backwards local stable manifolds along the positive semi-trajectory
through x. The global manifold is a smooth immersed submanifold and
consists of all points y in the whole phase space M whose trajectories { f™(y)}
converge with an exponential rate to the trajectory {f™(z)} as n — 4o00. It
is the leaf of the foliation through x.

4.3. The invariance equation. We begin by constructing local stable man-
ifolds. Given © € M, a local stable manifold at « can be found in the
following form

(4.5) V(z) = exp,{(v,¢,(v)): v € Bg(ro)},

where Bp(rg) is the ball in E(x) centered at the origin of radius ry and
Y, Bp(rg) — F(x)is a smooth map, which satisfies 1, (0) = 0 and dv,(0) =
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0. The number rq is sufficiently small and is independent of x. To construct
the function 1, consider the map

(4.6) f;; = exp;(lsc) of oexp,: Br(ro) x Br(ro) — Tpu)M,

which is well-defined if 7 is sufficiently small. Here Bp(rg) is the ball in
F(x) of radius ro centered at the origin. The map f, can be written in the
following form:

(4.7) fa(v,w) = (A(2)v + g2 (v, w), B(x)w + he(v, w)),

with v € Bg(rg) and w € Br(rg). Here A(z) = df|E(x) and B(x) = df | F(x)
satisfy

(4.8) lA@)I <A (I1B@) " D7 = p
Furthermore,
gzt Be(ro) x Br(ro) — E(f(x)), ha: Be(ro) x Br(ro) — F(f())

are smooth maps satisfying

(4.9) 9:(0,0) =0, h;(0,0) =0,
(4.10) dg,(0,0) =0, dhy(0,0) =0,
(4.11) ldgz (v, w)|| < C1,  ||dha(v,w)|| < C4,

where C'y > 0 is a constant.
Since the manifold V' (z) is invariant we have f(V(z)) C V(f(z)). Apply-
ing (4.7) yields the following equation for the function 1),:

(4.12) B(2)¢2(v) 4 ha (v, 12 (v)) = y@) (A@)v + g2 (v, 12 ().

Consider the trajectory {f™(z)}mez and the family of maps ffm(x). We
identify the tangent spaces T'pm ()M with RP = RxRP~* via an isomorphism
T such that 7,,(E(f™(x))) = Rf and 7,,,(F(f™(x))) = RP~¢ where ¢ =
dim E(z) and p = dim M. Consider the map
(4.13) Fry = Tin41 0 fpm(z) © T~ L B(rg) x BP(rg) — RP,

where Bf(rg) and BP~¥(rq) are balls in R’ and RP~¢ respectively centered
at zero of radius ry. This map is of the form
(4.14) Fp(v,w) = (Anv + gm (v, w), Bpyw + hy, (v, w)),

where
A, RESRY B, RO R
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are linear maps and
gm: B'(ro) x B"~“(rg) = R, hy: B'(rg) x BP“(rg) — RP~*
are nonlinear maps. In view of (4.8)—(4.11) these maps satisfy:

(4.15) lAmll <A, (1B~ D7 2 1,
(4.16)  gm(0,0) =0, dgm(0,0) =0, hyp(0,0)=0, dhy(0,0) =0,

(4.17) ldgm (v, w)|| < Ca,  |dhm (v, w)]| < Ca,

where Cy > 0 is a constant. Using (4.14) one can rewrite Equation (4.12)
in the form:

(4.18) PYm(v) = Bniﬁﬁm—&-l (Ao + gm (0, ¥m (v))) — B;Llhm(v, PYm(0)).

4.4. Local stable manifold theorem. We will now establish a general version
of the Local Stable Manifold theorem which provides a unique solution of
Equation (4.18).

Let us fix a number x such that

A<K<p, k<1

Theorem 4.3. (Local Stable Manifold Theorem). There are constants D > 0,
0 <7 <ry, and a map : B (r) — RP~! such that:

(1) + is of class C*, (0) =0, and di(0) =
(2) if m >0 and v € B*(r) then

where H?;Bl F; denotes the composition F,,_1 o --- o Fy with the
convention that [[;_, Fi = 1d;
(3) given v € BY(r) and w € BP~(ry), if there is a number K > 0 such

that
(If) e

(HF) v,w) € B*(rg) x BP~(ry) and
(4) if the map f is of class C4, ¢ > 1, then so is the function 1.

m—1
Olﬂ)mwmewaxwfmx

< Dr™|[(v, (),

m—1
(Hﬂ)mwm

=0

< Kr™

for every m > 0, then w = (v);
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Remark 4.4. The constants D and r depend only on A, u, x and Cy and
hence, the size of local stable manifold V' (z) does not depend on =z € M.

Remark 4.5. The theorem is valid if instead of the finite-dimensional space
RP we allow a Banach space B with a splitting B = € & F into Banach
subspaces € and F and a family of local maps F),, in the form (4.14) as long
as the estimates (4.15) and (4.17) are uniform.

Proof of the theorem. Consider the linear space I' of sequences of vectors
z = {z(m) € RP},,>( satisfying

(4.19) 2]l = ;i%(H*mIIZ(m)H) <0

I' is a Banach space with the norm ||z||,;. Set
(4.20) W ={z eT: z(m) € Bry) x B"*(r) for every m > 0}.

Since k < 1 the set W is open. Consider the map ®: B(rg) x W — T" given
by

(4.21) D(y, 2)(m) = —z(m) + (P1(y, 2)(m), P2(y, z)(m)),

where

(422)  @y(y,2)(0) =y, Pa(y,2)(0)=—>_ (H B;1> hn(2(n))
n=0 \i=0

and if m > 0 then

B (H A ) iy <mH AZ) ()

n=0 \i=n-+1

Do (y, 2)(m Z(HBler) ntm(z(n 4+ m)).

n=0

(4.23)

We will show that the map ® is well-defined and is continuously differentiable
in y and z. Indeed, by (4.16) and (4.17) for z € B*(ro) x BP~“(r¢) and n > 0,

(4.24) lgn ()]l = [lgn(2) — gn(O)I| < [ldgn (E)[ll2]l < Call2]I,

where £ lies on the interval that joins the points 0 and z. Similarly, we have
that

(4.25) [P ()] < Coll=]]-
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Using (4.15), (4.24) and (4.25), we find that
12y, 2)llx = sup (== [y, 2)(m)]]) < Sup( “lzm)l)

- Sup{ (H | As !) lyll + Z ( H ||Ai||> Calz(n)|
m=0 n=0 \i=n-+1
+Z( 1B )02! n+m) }
1=0
< |lzllx + sup (=" A™) [[y]]
m
m—1 00
+ Sup ( Oz k [ )\m_”_lﬁn + Z M—(n—i-l),g(m—&-n)] ) .
n=0 n=0

Note that

sup(k~"A™) = 1.
m>0

It is easy to check that

m—1
sup [/{m)\ml Z ()\*1/@)”
n=0

m>0

=(C3< 0

and
o0
sup (ul Z (ulﬂ)n> = (4 < .
m20 n=0
Setting M = C5 + Cy we conclude that
1@(y, 2)lx < llyll + (C2M + 1)[|2]]x

This implies that the map ® is well-defined. Clearly, ®(0,0) = (0,0).
We will show that the map ® is of class C''. Indeed, for any y € B(rq)
and t € RY such that y +t € B(rg), any z € W, and m > 0 we have

D(y +t,2)(m) — Dy, 2) ((HA)t 0)

It follows that

m—1
(4.26) 9y®(y,z)(m) = (H A;, 0) :
=0

For any y € BY(rg), 2 € W, t € ' such that z +t € W we write
(4.27) D(y,z+t) — Py, 2) = (A(z) — Id)t + oz, 1),
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where Id is the identity map,

m—1 m—1
A(2)t(m) = (Z ( Ai) dgn(2(n))t(n) ,
(4.28) ”;0 ij” !
—XIOIBHm>MMm<m+wmum+n07
n=0 \i=0
and

n=0 =n—+
- (H B;_lm> 09(z,t)(m + n))
n=0 \7=0

Here 0;(z,t)(m), for i =1, 2, are given by

01(2,t)(m) = gm((z +)(m)) = gm(z(m)) — dgm(z(m))t(m),
02(2,t)(m) = hin((z +)(m)) = him(2(m)) — dhpn (z(m))t(m).
If 21, 20 € W and ¢ € I then by (4.15) and (4.17),

Z(Hnm%wmn

n=0 \i=n-+1

00 n
-3 ([Tim ) Clf )]
n=0 0
Z A=l n + Z M(n+1)ﬂ(n+m)] }’t’n-
n=0 n=0

At < sup{w™ ™
[ A=)t p
m>0

1=

m>0

< sup {ﬁng

It follows that

A=)t < CoMIJt]],.
Therefore, by the Mean Value Theorem, ||o;(z,t)(m)|| = o(||t(m)|]). Arguing
as above we find that

lo(z Bllx = oflltl)-
This implies that 0,®(y, z) = A(z) — Id. In particular, 9,®(y,0) = —Id.
Clearly, the map 0,®(y, z) is continuous. Therefore, the map ® satisfies

the conditions of the Implicit Function Theorem, and hence, there exist a
number 0 < r < 79 and a map ¢: BY(r) — W of class C' such that

(4.29) ¢(0) =0 and P(y,¢(y)) = 0.
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We describe some properties of the map ¢. Differentiating the second
equality in (4.29) with respect to y yields

do(y) = —10:®(y, o(y))] "' 0,2 (y, o(y))-

Setting y = 0 in this equality yields

m—1
(4.30) dep(0)(m) = (H A;, 0) . yeBYr).
=0

One can write the vector ¢(y)(m) in the form

e(y)(m) = (pr(y)(m), wa(y)(m)),

where @1 (y)(m) € R® and @o(y)(m) € RP~. Tt follows from (4.29) that if
m > 0 then

m—1 m—1 m—1
(431)  euy)m) = (H Az-) y+ > ( 11 Ai) gn(i0(y) ()
i=0

n=0 \i=n+1

and

(4.32) pa(y)(m) = =) (H B[fm> hiym((y)(n +m)).

n=0 \i=0
These equalities imply that

P1(y)(m +1) = Amp1(y) (m) + gm(e1(y)(m), @2 (y)(m)),
p2(y)(m + 1) = Bmpa(y) (m) + han(01(y) (1), p2(y) (m)).

Indeed, iterating the first equality forward one easily obtains (4.31). Re-
writing the second equality in the form

@2(y)(m) = By oa(y)(m + 1) — By hin (1) (m), @2 (y) (m)

and iterating it backward yields (4.32). Therefore, the function ¢(y) is
invariant under the family of maps Fj,,

(4.33) Fn(p(y)(m)) = o(y)(m + 1).
The desired map v is now defined by
(4.34) ¥ (v) = ¢2(v)(0)

for each v € BY(r). Note that o1(v)(0) = v. It follows from (4.29) and
(4.30) that the map v satisfies Statement 1 of the theorem. Furthermore,
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by (4.33),
m—1 m—1
H Fi(v,9(v)) = H Fi(e1(v)(0), ¢2(v)(0))
(4.35) =0 -
= H Fi(¢(v)(0)) = p(v)(m)
1=0
and
m—1
H Fi(v, ()| < 6™ le@)ls = " [le(v) — @(0)]]
(4.36) =

<&™ sup |[|dp(§)]lx]v]|
£eBY(r)

< D&™ o] < DE™||(v, 9 (v))]]

for some D > 0 (we use here the fact that |vi|],||v2|| < |lv|| for every
v = (v1,v2) € RP). This proves Statement 2. Let (v,w) € BY(r) x BP~¢(rq)
satisfy the assumptions of Statement 3 of the lemma. Set

It follows that z € I" (since ||z||,, < K) and that ®(v,z) = 0. The uniqueness
of the map ¢ implies that z = ¢(v) and hence,

w = a()(0) = P(v).

This establishes Statement 3. To prove Statement 4 it suffices to show
that the map @ is of class C9. Indeed, a simple modification of the above
argument shows that

k _
dyq)(y’z)_(070)7 2§k§q

and

(4.37) -
-> (H Bi+1m> A oy (2(m + n))) .
=0 \:=0

We leave the details to the reader. O
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4.5. Construction of global manifolds. In this section we construct the global
stable manifold at a point . There are two ways to do this. The first one
is by gluing the local stable manifolds. Namely, if y € V(x) then the local
stable manifold V' (y) has the same "size” as V(z) and is a continuation of
V(z), i.e., V(z) UV (y) is a smooth submanifold in M. Continuing this way
one will obtain the global manifold W (xz). We shall not discuss details of
this process and proceed with another way of constructing the global stable
manifolds.

It is based on iterating the local stable manifolds backward along the
positive semi-trajectory of x. Namely, let

(4.38) W)= J V().
n=0

It is a finite-dimensional immersed smooth submanifold (of class C? if f is
of class C'?) and it has the following properties.

Theorem 4.6. If x, y € M, then:
(1) W(z)nW(y) =0 ify & W(x);
(2) W(z) =W(y) if y € W(x);
3) f(W(x)) =W(f(x));
(4) W(x) can be characterized as follows: it consists of all points y € M

for which (4.4) holds.
Remark 4.7. For every € M and y € W (z) we have
p(f" (), f*(x)) — 0 asn — oo

(with an exponential rate) but W (z) may not consist of all such points due
to a possible contraction in other directions in the tangent bundle.

Proof of the theorem. Fix x € M, pick a point y € W(z) and connect x
and y by a curve v whose length does not exceed 2pw (x,y). There are
points zg, 21, ..., 2, € v such that zop = z, zx = y and z;41 € V(z) for all
1=20,...,k—1. It follows from Local Stable Manifold Theorem 4.3 that for
all © and n > 0,

["(zig1) € V(f"(2)

and
(4.39) p(f" (zit1), [ (21)) < C(A+€)"p(zi1, 2),

where C' > 0 is a constant independent of 7. Fix n > 0. Summing (4.39)
over i we obtain that

T
L

(4.40) Zﬂ (zi41), ["(2)) < CQA+)" ) pl2iga, ).

@
Il
o
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Clearly, pw (f"(x), f*(y)) does not exceed the sum on the left-hand side of

(4.40).

The sum on the right-hand side of (4.40) can be estimated from

above by Cilength~ where C'; > 0 is a constant. This implies Statement 4.
Statement 3 is obvious and Statements 1 and 2 follow form Statement 4. [

4.6. Filtrations of foliations. As an immediate corollary of the Stable Man-
ifold Theorem 4.1 we obtain the integrability theorem in the case when the
tangent space admits a df-invariant splitting

(4.41)

with
(4.42)

where

(4.43)

t
TM = @E
=1
i < \df | Bl < g,

0< A <y <o < A < g

Theorem 4.8. The following statements hold:

(1)

(4)
()

if w < 1 then the distribution

k
F;=E
=1

1s integrable and the maximal integral manifolds of this distribution
generate a foliation W} of M. The global leaf W}}(x) through x € M
is a Cl-immersed submanifold of M ;

if A\ > 1 then a similar statement holds about the distribution

t
= E;
i=k

the corresponding foliation is W' and its leaves are Wi*(x), x € M;
the foliation W} is f-invariant and contracting, i.e., for any x €
M,y e Wi(x) andn >0,

pe(f™(@), [ (W) < C(Ae + )" pi(, y),

where € is such that 0 < ¢ < min{Agy1 — pg, 1 —pg}, C =C(e) >0
is a constant independent of x, y and n, and p;, is the distance in
Wi (x) induced by the Riemannian metric;

the foliation W}! is f-invariant and contracting for n < 0;

if f is of class C1 then W (x) € C? and W}(x) € C1.
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We now have two filtrations of distributions
Fy CcFyC---CF}, Fy>---DF!
and the corresponding filtrations of foliations
Wy cCcWws cC---C Wy, Wy DD WS,

where ¢ and m are such that uy < 1 and A, > 1 (note that m = ¢+ 1 or
0+ 2). W} is called the k-stable foliation and W}* the k-unstable foliation
for f. For a partially hyperbolic in the narrow sense diffeomorphism f the
foliations W* = W7 and W* = W are called stable and unstable foliations.

For each k, 1 < k < £ (respectively, m < k < t), the foliation W}
subfoliates the foliation W, , (respectively, W' , subfoliates W}'). One
can show that for every x € M the leaves W} (y) depend CNr smoothly on
y € W7, (z), where N}, is the biggest number satisfying pj < )\kajl (see
[26], Theorem 6.1; compare with Statement 4 of Theorem 5.2). A similar
statement holds for W}.

4.7. The Inclination Lemma. Perron’s approach, described formally by The-
orem 4.3, is quite powerful: one can use it to construct invariant manifolds
in various situations with simple (sometimes quite obvious) modifications
keeping the main ingredients of the method essentially unchanged. Here we
use it to construct stable and unstable manifolds for small perturbations of
Anosov diffeomorphisms. This will allow us to establish structural stability
of Anosov maps, see Section 4.8.

Let f be a C? Anosov diffeomorphism of a smooth compact Riemannian
manifold M and TM = E®*® E" the invariant splitting of the tangent bundle
such that

ldf I < A, (I(dfIEY) 7 = gy

with 0 < A <1 < p.
Given x € M, consider the family of local stable manifolds

{Vinp = V2(f"(2)) }mez-

Let T be a small perturbation of f. It is an Anosov diffeomorphism. For
any point y in a small neighborhood U of z and any m € Z consider a local
stable manifold V*(T™(y)) for T'. It turns out that one can identify a unique
family {V},, 7}mez of local (stable) manifolds with the property that for any
m € 7,

p(f™ (@), Vi) < C,

where C' > 0 is a constant. More precisely, the following statement holds.
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Theorem 4.9. Given § > 0 there is € > 0 with the following property. Let
T:M — M be a C? diffeomorphism such that den (f,T) < e. Givenx € M,
there is a family of local C? manifolds { Vi, 1}mez such that:
(1) d(f™ (@), Vin,r) < 0;
(2) Vipr is a local stable manifold for T, i.e., T(Vi, 1) C Vipy1,10 and,
for any y,z € Vi andn >0, d(T"(y),T"(2)) < Ck"d(y, z), where
C >0 and0< k<1 are constants;
(3) the family {Viy, 1} is unique, i.e., any other family satisfying State-
ments 1 and 2 coincides with {V,, r}.

Proof. Given x € M we find a family of local manifolds at  in the following
form: for every m € Z,

(4.44) Vin,r = exp {(v, ¥ (v)): v € B(ro)},

where B?®(rg) is the ball in E®(x) centered at the origin of radius ry
and ¥, : B%(rg) — F(x) is a smooth map satisfying |9, (0)] < e and
||dir (0)|| < e. The number rg is sufficiently small and is independent of x.
To construct the family of functions {t,, } mez consider the local map
(4.45) T, = exp;(lz) oT oexp, : B*(rg) x B"(ro) — Tz M,
where B%(rg) C E*(x) is the ball of radius rg > 0 centered at the origin.
The reader should notice that the action of the perturbation 7T is evaluated
along the trajectory of x under the map f (compare (4.45) with (4.6)).
Using the coordinate system associated with the splitting TM = E*® E",
which is invariant under df but not under dT', one can write for v € B*(rg)
and w € B"(rp),

Ty (v, w) = (A(z)v + C(2)w + g2 (v, w), D(x)v+ B(z)w + he(v,w)).

Here
Az) : E°(z) — E°(f(2)), B(z): E"(z) — E*(f(2))

are linear maps satisfying

(4.46) lA@) <A +e, [1B) ™ 2p—¢
with

(4.47) O0<A<A+e<l<p—e<yp.
Furthermore,

C(z): E%(x) — E°(f(x)), D(z):E*(z) — E*(f(x))
are linear maps such that
(4.48) [C@)| <e, [D@)] <e.
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Finally,
9o 2 B%(ro) x B%(rg) — E*(f(2)), hy: B(rg) x B%(ro) — E"(f(z))

are non-linear maps satisfying

(4.49) 192(0,0)[| <&, [h=(0,0)]| <e,
(4.50) dg2(0,0) =0,  dhy(0,0) =0,
(4.51) ldge (v, w)|| < C1,  |dhe (v, w)|| < C1,

where C7 > 0 is a constant. Using trivializations 7, : Tpm ()M — RP, where
p =dim M, we obtain, as in (4.13) and (4.14), the sequence of maps

G = Ting1 © Tym(zy 0 T+ B (1) x BP(rg) — RP (£ = dim E(x))
such that
Gm(v,w) = (Apv + gm(v,w), Bpw + Em(v, w)).

Here

A, RESRY B, RO R
are linear maps and by (4.46),
(4.52) lAml <A+e 1B 7 2 p—-.
Furthermore,

Gm: BY(ro) x BP™4(rg) — RY,  hy: BY(rg) x BP~Y(rg) — RP~*

are nonlinear maps and by (4.48)—(4.51),

(4.53) G (0,0)[| < &, [[hm(0,0)]| <e,
(4.54) 1dGn (0,0)]| < &, [|dhm(0,0)] <&,
(4.55) dGm (v, w)|| < Cay || dhm (v, w)]| < Cs,

where Cy > 0 is a constant.
Conditions (4.53) and (4.54) are more general than similar Conditions
(4.9) and (4.10) and this requires appropriate modifications of the proof.
Since the family of local stable manifolds {V},, 7}mez is invariant under T’
we have for every m,

T(Vin,r) C Ving1,r-
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This yields the following equation for the functions ,,:
(4.56) Bppm(v) + Em(% PYm (V) = Ymt1(Am® + G (v, Pm (v))).

To solve this equation we proceed as in the proof of Theorem 4.1, us-
ing instead of Local Stable Manifold Theorem 4.3 the following statement,
known as the Inclination Lemma (or A-Lemma,; see [29], Section 6.2).

Lemma 4.10. Given § > 0, there is € > 0 such that for any C? diffeomor-
phism T with doi (f,T) < € the following holds. There are constants D > 0,
0 <7 <ryand a map 1) : B(r) — RP~¢ satisfying:

(1) ¥ is of class C? and ||[¢(0)| <6, ||dy(0)|| < 6;
(2) for any m >0 and v € B*(r),

(HG) v)) € B'(ro) x B* (1),

(i)

(3) if (v,w) € BY(r) x BP~Y(ry) is such that

(HG) v,w) € B(rg) x BP(rg), H(HG)

for some K >0 and every m > 0, then w = 1 (v).

< DA+ )™|(v, ()|

<KA+e)™

Proof. We shall follow with some modifications the proof of Theorem 4.3.
Consider the linear space I' of sequences of vectors z = {z(m) € RP},,>¢
satisfying

[z]lr = sup [z(m)]] < oo
m>0

(this corresponds to (4.19) with x = 1). I" is a Banach space with the norm
|z]lr. Consider the open subset W C I' and the operator ®: B(rg)x W — T’

as in (4.20), (4.21), (4.22) and (4.23) (with g and h replaced by g and h).
Using (4.55) and (4.53), we obtain (compare with (4.24) and (4.25))

(4.57) 1Ga(2)l| < Collz + &, hn(2)]l < Call2l] +e.
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In view of (4.47), (4.52) and (4.57), we have the following estimate
19y, 2)|lr = sup [|®(y, 2)(m)|| < sup [[z(m)]|
m>0 m>0

m—1 m—1 m—1
+ Su%{ (H !Ai!> Iyl + > ( I1 IIAZ-||> (Calz(n)]| +€)
m2 i=0

n=0 \it=n+1

+ Z (H ’Bi_—‘,-lm’> (Callz(n +m)| +5)}

n=0 \i=0
< |lzllr + sup A™[y||
m>0

m—1 0o
+ (Callz[lr +¢) sup [Z Amon=l Zu(nﬂ)] '

m20 n=0 n=0

It follows that
12(y, 2)[I0 < llyll + CsllzlIr + Cae,

where C's3 > 0 and Cy > 0 are constants. This implies that the map & is
well-defined. We also have that ®(0,0) = ®( for some (in general, not zero)
Oy with || Pgl|r < e. We leave it to the reader to show that the map & is of
class C! with partial derivatives given by (4.26), (4.27) and (4.28) (where
g and h should be replaced by g and ﬁ) Although A(0) may not be zero
in view of (4.54) we have that [|A(0)r < e. One can further verify that
the map @ is ¢ times differentiable with derivatives of higher order given by
(4.37) (where g and h should be replaced again by g and h).

Applying the Implicit Function Theorem as in the proof of Theorem 4.3
yields that, for sufficiently small €, there exist a number 0 < r < rg and a
map ¢: BY(r) — W of class CY satisfying (compare with (4.29))

(1) ®(y, p(y)) = Do for all y € B (r);
(2) ¢(0) = o, dp(0) = ¢y with [pollr <0 and [lo1[[p < 6.
The desired map v is given by (4.34). O

Observe that for each m the local manifold V,, 7 (see (4.44)) is stable
with respect to 7" and smooth of class CY9. In particular, T,V 7 = Ef.(y)
for every y € V,,, 7. This completes the proof of the theorem. O

4.8. Structural stability of Anosov diffeomorphisms. As a manifestation of
Theorem 4.9 we obtain the following Structural Stability theorem for Anosov
diffeomorphisms.

Theorem 4.11 (Anosov, [1]). There is 6o > 0 such that for every 0 < 6 < d
one can find € > 0 for which the following holds: if g : M — M is a CY
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diffeomorphism with dci(f,g) < € then f and g are topologically conjugate
via a homeomorphism h for which dgo(h,Id) < 6.

Sketch of the Proof. 1f € is sufficiently small, any diffeomorphism g, for which
doi(f,g) < e, is Anosov. Applying Theorem 4.9 to f, given x € M, one
can construct a family of local stable manifolds, {V,;,  }mez such that, if e
is sufficiently small, then for any m € Z,

P (), Vit g) <0

Applying then Theorem 4.9 to f~!, given x € M, one can construct a family
of local unstable manifolds, {V}; ;}mez such that, if ¢ is sufficiently small,
then for any m € Z,

p(f™ (), Vi g) < 0.
For sufficiently small § the intersection Vi, N V', consists of a single point
y and the map h(z) = y can be shown to be a homeomorphism of M which
gives the desired conjugacy between f and g. U

There is another somewhat more powerful approach to structural stability
of Anosov maps based on the concept of pseudo orbits. A sequence of
points {xy, }nez is called an e-pseudo orbit (or simply a pseudo orbit) if
p(f(zn), xnt1) < € for every n € Z. Roughly speaking this means that
starting from the point z¢ we apply f to obtain f(xg), budge it by < € to
produce z1, apply f to z1 to obtain f(x1), budge it by < € to produce z2,
etc.

We say that an orbit {f™(y)}nez d-shadows (or simply shadows) a pseudo
orbit {zp tnez if p(zn, f"(y)) < 0 for all n € Z. The Shadowing theorem for
Anosov diffeomorphisms (see [29], Theorem 18.1.2) claims that any pseudo
orbit is shadowed by a unique orbit. The Structural Stability theorem is a
corollary of this statement. Indeed, if a diffeomorphism g is a perturbation
of f, so that doi(f,g) < ¢, then for any € M the sequence of points {z,, =
9" (%) }nez is an e-pseudo orbit for f (to see this write p(f(zn),Tnt1) =
p(f(xn),g(xy)) < €). Thus, it is shadowed by a unique orbit { f"(y) }nez and
the map h: x — y can be shown to be a homeomorphism which conjugates
f and g (see [29], Section 18.1).

There is a version of the notions of pseudo orbits and shadowing for
partially hyperbolic systems which will be discussed in Section 5.5.



5. Central Foliations

5.1. Normal hyperbolicity. The notion of normal hyperbolicity in dynamical
systems was introduced by Hirsch, Pugh and Shub in [25] (see also [26]; a
particular case of normal hyperbolicity was considered by R. Sacker, [45]
in his work on partial differential equations). Normal hyperbolicity and
partial hyperbolicity theories are closely related in their results and methods.
Moreover, the former provides techniques to study integrability of the central
distribution and robustness of the central foliation for partially hyperbolic
systems (see Sections 5.4 and 5.5).

Let f be a diffeomorphism of class C9, ¢ > 1, of a compact smooth
Riemannian manifold M which is connected and without boundary. Let
also N = Ny be a compact smooth submanifold of M which is invariant
under f, i.e., f(N) = N. The map f is called normally hyperbolic to N if f
is partially hyperbolic on N in the narrow sense. More precisely, for every
x € N there is an invariant splitting

T,M = ES(z) & T,N & E*(xz),

(5-1) IE (@) = B*(f(@)), dfE"(z) = E"(f(2))
such that
o M <@ < i1, Ao < |FITN] < o,

Az < ||df[E* () || < pa,

where the numbers \; and p;, ¢ = 1,2,3, satisfy (2.6). It follows from
Proposition 3.9 that the splitting (5.1) is Holder continuous.
By the Local Stable Manifold Theorem 4.3, one can construct, for every

x € N, local stable and unstable manifolds at z, V*(z) and V*(x) respec-
tively, such that

(1) z € V3(x), x € V¥(x);

(2) T,V¥(z) = E*(x), T,V"(z) = E%(z);

(3) for n >0,

p(f"(z), f"(y) < Clpr +¢)"plx,y), yeVi(x),
p(f @), (W) <Cs—e)"plz,y), ye V),

where C' > 0 is a constant and € > 0 is sufficiently small.

(5.3) VeON)= | Vi@), VW) =)V
zeN zeN
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These are topological manifolds called local stable and unstable manifolds
of N. They are f-invariant and

N = V*(N) N V*(N).

Theorem 5.1 (Hirsch, Pugh and Shub, [26], Proposition 5.7). V*°(N) and
V#°(N) are Lipschitz submanifolds in M.

Proof. We shall show that V%°(N) is a Lipschitz submanifold in M. The
proof for V5°(N) is similar. First, we introduce a special tubular neighbor-
hood of N and a special coordinate system in it. o

Given small € > 0, choose smooth distributions E*, E* C TM which
approximate invariant distributions E® and EY, i.e.,

(5.4) Z(E*(p), B5(p)) <&, Z(E“(p),E"(p)) <e

for every p € N (without loss of generality we may assume that E* and E*
are of C* class of smoothness). For small ro > 0 let B*(p,r9) C E*(p) and

B“(p,r9) C E*(p) be balls centered at zero of radius 7). One can arrange
the sets

(55) V(p) = expp(és(p, TO) X Eu(p,rg)),
corresponding to different p € N, to be disjoint. Thus, the set

(5.6) Un(N) = |J V(p)

pEN
is a tubular neighborhood of N. Up to the identification by the exponential
map every point z € U,,(N) has coordinates z = (p,v,w), where p € N,
v € E5(p) and w € E*(p). Let

X = U §u(pﬂd())'
pEN

We can view V"°(N) as the graph of a map ¢: X — E*, and we wish to
show that 1 is a Lipschitz map. To this end choose § > 0 and two points
z,z/ € V¥(N) such that p(z,2") < . Write z = (z,y), 2/ = (2/,y) with
y = ¥(z) and y' = ¢(a’). Tt suffices to show that for some sufficiently small
g, any d > 0 and any z and 2’ as above,

(5.7) ly =o'l < llz — 2|

Assuming the contrary, one can find, for some small € > 0 and some p,p’ €
N, two points z € B%(p,e) (the e-ball in V*(p) centered at p of radius )
and 2/ € BY(p',e) which are very close to each other and whose distance

apart in the unstable direction is greater or equal to their distance apart
in the central direction (see Figure 7). Apply f~™ to these points and
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observe that the distance apart in the central direction cannot expand as
fast as the distance apart in the unstable direction must expand (by normal
hyperbolicity). Likewise f~"(z), f~"(2’) must lie very near N and f~"(p),
f7"™(p") must not be very far apart.

This is incompatible with the local unstable manifolds V*(p) being uni-
formly tangent to E%(p), p € N.

FiGURE 7. To the proof of Theorem 5.1.

Since such z, 2’ cannot occur, V¥ (N) is a Lipschitz submanifold. O

Once V¥ (N) and V"°(N) are proven to be Lipschitz submanifolds, one
can use results in [26] (see Theorem 3.5) to conclude that they are indeed
smooth.

5.2. Local stability of normally hyperbolic manifolds. In [26], Hirsch, Pugh
and Shub used Hadamard’s method for constructing local stable and unsta-
ble manifolds through N. Their approach does not rely on the existence of
local stable manifolds through individual points x € N but instead, builds
local stable and unstable manifolds through N as a whole. Of course, a pos-
teriori one can derive the formula (5.3). Hirsch, Pugh and Shub obtained a
more complete information on local stable and unstable manifolds through
N. In particular, they showed that a normally hyperbolic manifold N sur-
vives under small perturbation of the system, thus establishing stability of
normal hyperbolicity. We state here their results without proof referring to
Sections 4-6 of their paper.
Define the numbers ¢, ¢,, < ¢ to be the biggest integers such that

(5.8) 1 < )\g“, ugs < Az, £ =min{lg,{,}
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Theorem 5.2. Let f be a diffeomorphism of class C4, g > 1 which is normally
hyperbolic to a compact smooth manifold N. Then the following statements
hold.

(1) Existence: there exist locally f-invariant submanifolds V°(N) and
VU(N) tangent to E* @ TN and E* & TN respectively.

(2) Uniqueness: if N' is an f-invariant set which lies in an e-neighbor-
hood U.(N) of N, for sufficiently small e, then N' C V*°(N) U
VU (N).

(3) Characterization: V*°(N) (respectively, V'°(N)) consists of all
points y for which p(f"(y), N) < r for alln > 0 (respectively, n <0)
and some small r > 0; indeed, p(f™(y), N) — 0 with an exponential
rate as n — +oo (respectively, as n — —o0).

(4) Smoothness: V*°(N) and V'°(N) are submanifolds in M of class
C% and C* respectively; in particular, N is a C* submanifold.

(5) Lamination: V*°(N) and V*°(N) are fibered by V*(x) and V" (x),
x € N; see (5.3).

Theorem 5.3. Let f be a diffeomorphism of class CY, ¢ > 1, which is nor-
mally hyperbolic to a compact smooth manifold N. Then for every § > 0
there exists r > 0 and € > 0 such that the following statements hold:

(1) for every diffeomorphism T of class C? with den (f,T) < e, there
exists a smooth submanifold Ny, invariant under T, to which T is
normally hyperbolic; Nt lies in an r-neighborhood U,(N¢) of Ny.

(2) V°o(N) € %, V#o(N) € C* and Ny € CF (where the numbers s,
Ly, and £ are given by (5.8)); they depend continuously on T in the
C! topology;

(3) there exists a homeomorphism H: U, — M which is §-close to the
identity map in the C° topology and such that H(Ns) = N,.

5.3. Integrability of the central foliation. Let M be a compact smooth Rie-
mannian manifold and f: M — M a diffeomorphism which is partially hy-
perbolic in the narrow sense with a df-invariant splitting of the tangent bun-
dle (2.7) satisfying (2.8). The central distribution £ may not, in general,
be integrable as Example 6.1 below illustrates. Note that non-integrability
is an open property (see Theorem 5.16).

We describe some conditions which guarantee integrability of the cen-
tral distribution. In fact, these conditions guarantee a stronger property of
unique integrability which we introduce now.

Let E be a continuous k-dimensional distribution on M. It is called

(1) uniquely integrable if there is a foliation W with k-dimensional leaves
such that any C! curve o: R — M satisfying &(t) € E(o(t)) for all
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t, is contained in W (o (0)) (in particular, it follows that T, W (z) =
E(x) for any z € M);
(2) local uniquely integrable if for each x € M there is a k-dimensional
smooth submanifold Wi,.(x) and «(z) > 0 such the following holds:
let : [0,1] — M be a piecewise C! curve satisfying a) o(0) = z; b)
o(t) € E(a(t)) for t € [0,1]; ¢) lengtho < a(z); then ¢ is contained
in Wiee().
Obviously, if E is locally uniquely integrable then it is integrable and the
integrable foliation is unique.
A foliation W of M is said to be quasi-isometric if there are a > 0 and
b > 0 such that for every x € M and every y € W (x),

pw(z,y) <a-p(z,y)+0b,

(recall that py is the distance along the leaves of the foliation ). Denote
by M the universal cover of M and by W* and WU the lifts of the stable
and unstable foliations to M.

Theorem 5.4 (Brin, [8]). If W and W* are quasi-isometric in the univer-

sal cover M, then the distributions E°, E* and E° are locally uniquely
integrable.

Proof. We will prove the integrability of £°°. The integrability of E* follows
by reversing the time. The integrability of E¢ follows by observing that every
C! curve starting at © € M and tangent to E°¢ is also tangent to E° and
E* and therefore is contained in W (z) N W (x).

Lemma 5.5. Suppose W is a k-dimensional foliation of M and E an £-
dimensional distribution (k+{¢ = m) which is (uniformly) transverse to W,
i.e., TuW(z)N E(z) = {0} for each x € M.

Then there is a constant Cy > 0 and for every § > 0 there is eg > 0 such
that the following holds: for any x,y € M with p(z,y) < g9 one can find a
C! curve o : [0,1] — M satisfying:

(1) 0(0) =z, o(1) € Bw(y,6) (the §-ball in W (y) centered at y),
(2) 6(t) € E(o(t)) fort e |0,1],
(3) length(o) < Cop(,y), and pw(y,o(1)) < Cop(z,y).

Proof of the lemma. By choosing ¢y small enough we may assume that a
neighborhood of x containing y is identified by a coordinate chart (with
uniformly bounded derivative) with the unit ball in R™. For small 6 > 0
the ball B = By (y,8) C W can be identified with a k-dimensional C'
submanifold in R™. There is a point z € B for which p(z,z) = p(z, B) and
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pw(z,y) < Cp(z,y), where C' depends only on W. In particular, p(z,z) <
p(x,y) and z — z L T, B. Consider the union

S=|J B+01-t)(x-2)
0<t<1

of the parallel translates of B along the segment connecting = to z. It is a
(k+1)-dimensional C! surface which is a Riemannian product of the interval
0, ||x — z||] and B (see Figure 8). We refer to B and x — z as the horizontal
and vertical components, respectively. For s € S let L(s) = E(s) N T,S.
Since F is uniformly transverse to B, for sufficiently small g and § the line
field L is a continuous on S and is uniformly (in z, y and s) transverse to
the codimension 1 (in S) submanifolds B + (1 — ¢)(x — z). Therefore, for
each s € S there is a unique vector v(s) € L(s) whose vertical component is
z —x. The uniform transversality of E and B+ (1 —t)(z — z) implies that v
is a uniformly (in z, y and s) bounded continuous vector field on S. For each
s € S the horizontal component of v(s) is bounded by a constant C’ which
depends on gy and § but not on x, y or s. By the existence theorem for
ordinary differential equations, there is a (possibly not unique) solution o (-)
of $ = v(s) with 0(0) = 2. The solution stays within the C’-cone near the
vertical segment in S. Therefore, if €9 and § are small enough, the interval
of definition of the solution can be extended to [0, 1] so that (1) € B,

length (o) < V1+ C?p(x, 2) < Copl(x,y)
and pw (y,0(1)) < Cop(z,y). O

FiGURE 8. To the proof of Lemma 5.6.

To prove integrability of E* let us lift all distributions and foliations to
the universal cover M. Fix r € (0,g9). For € M denote by W (z) the
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set of ends of all piecewise C! curves o : [0,1] — M such that o(0) = =,
o(t) € E“(o(t)), and length(o) < r.

Lemma 5.6. Let y,z € M be such that y,z € W (z) and z € W"(y). Then
z=1.

Proof of the lemma. By assumption, there are C! curves o, and o, tangent
to E° and connecting z to y and z, respectively. Consider the points f™(z),
f™(y) and f™(z). It follows from the definition of partial hyperbolicity that

length (f7(,)) < 13 - length (o), length (f"(0)) < 1} - length (o),

and therefore,

p(f"(y), ["(2)) < py (length (o) + length (o).
On the other hand, let o, be a C! curve in W*(f"(y)) = W¥(f"(z)) which
realizes pyu(f™(y), f"(z)). Then

pwu(f"(y), f"(2)) = length (0,) > 5 - length (f " (0n)) > pg pwe(y, 2).
Since W*" is a quasi-isometric foliation,

p(f"(y), ["(2)) = (pwu(["(y), ["(2)) — b)a = (u5 pwu(y, z) — b)a.
Note that

p(f"(@), ["(y)) <length (f"(oy)), p(f"(x), f"(2)) < length (f"(c.)).
Since ps < p3, we obtain a contradiction with the triangle inequality for
f™(x), f™(y), f™(2) (with n sufficiently large) unless py(y, z) = 0. O

We proceed with the proof of the theorem and show that W (z) is a
C'! submanifold of the same dimension as E. Recall that B (x,r) and
B"(x,r) denote the balls in E°(z) and E"(x) respectively, centered at zero
of radius r. Fix small § > 0. Since W"(y), y € M, is transverse to E°(y)
at y, for small enough 0 < ¢ < ¢ and each z € B®(y,e) the leaf W"(z2)
is transverse to E°(y) at z. By Lemma 5.5, if » and ¢ < r are small
enough, then each ball B¥(z,¢) intersects B (z,r) and by Lemma 5.6, the
intersection consists of a single point 7(z). Let 21,29 € B(y,e). Since
B“(z,0) depends continuously on z as a C'! submanifold,

p(m(z1), B*(22,0)) — 0 as p(z1,22) — 0.
Therefore, by Lemma 5.5,
p(m(z1),m(22)) — 0 as p(z1,22) — 0.

It follows that 7 is continuous and a homeomorphism onto its image which
is a neighborhood of y = w(y) in B®(x,r). It follows that B®(x,r) is a
topological submanifold. Obviously E“(y) is the tangent plane to B (y, ¢)
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at y. Since the distribution E° is continuous, B (r,z) is a C! submanifold.
Hence, E“ is integrable and the leaf W (z) of the integral foliation W
passing through = € M is the set of ends of piecewise C'! curves starting at
x and tangent to £°°. This completes the proof of the theorem. O

We present another criterion for integrability of the central distribution.
A partially hyperbolic diffeomorphism f is called center-isometric if it acts
isometrically in the central direction, i.e., ||df (x)v| = ||v| for every x € M
and v € E¢(x).

Theorem 5.7 (Brin, [8]). Assume that a partially hyperbolic diffeomorphism
f is center-isometric. Then the central distribution E€ is locally uniquely
integrable.

Proof. We begin with the following lemma which is similar to Lemma 5.6.
Lemma 5.8. There are ro > 0 and 6y > 0 such that for every r € (0,7¢] and
d € (0,00] the following holds: ify,z € W (x) and z € B"(y,r) then z = y.
Proof of the lemma. Since the leaves W*%(z) are C'! and depend continuously
on x € M, there is g > 0 and ¢; > 0 such that for any 2" € Wy (y/),
pwe(y',2') < ciply’, 7).

By the uniform extension of W,

pwu(["(y), f1(2)) = cop” pwu(y, 2),

where co > 0 and i > 1 are constants. Assuming that z # y, choose n > 0 so
that pw (f*(3), F¥(2)) < do for k = 0,1, .., nand pw (f*+(y), f*+1(2)) >

(50. Then
pw(f" (), ["(2)) = v,

where v is the maximum of the norm of df over M.

By assumption, there are C'! curves oy and o, which have length less than
or equal to r, are tangent to £° and connect = to y and z respectively. By
the partial hyperbolicity and center isometry,

length (f"(0,)) < c; ' -length(oy,), length (f"(0.)) < ¢y - length(c.)
and therefore,
p(F"(y). £"(2)) < ¢ " (length () + length (02)) < 26, 7.
It follows that

¢ < p(f"(y), /' (2)) < 2¢3r
which leads to a contradiction for a sufficiently small 7. O

The proof of the theorem uses this lemma and follows the line of the proof
of the previous theorem. ]
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5.4. Central foliation and normal hyperbolicity. We describe a construction
due to Hirsch, Pugh and Shub which allows one to treat central foliations
in terms of normal hyperbolicity.

Let f be a partially hyperbolic diffeomorphism in the narrow sense with a
df-invariant splitting of the tangent bundle (2.7) satisfying (2.8). For r > 0
let U,(W¢(x)) C M be the tubular neighborhood of radius r of the leaf
We€(zx). Consider the manifold that is the disjoint union

(5.9) M, = | U.(W(x)).

zeM
For sufficiently small €, 0 < ¢ < r, the map f induces a diffeomorphism
F: M. — M, which is normally hyperbolic to the submanifold

N = U We(z) C M..
zeM
The manifolds M, and N are not compact but complete. However, The-
orems 5.2 and 5.3 extend to this situation (their proofs rely only on the
existence of a tubular neighborhood of the normally hyperbolic manifold,
uniform lower bound for the radius of injectivity of the exponential map,
and uniform estimates (5.2); we have all this at our disposal since the man-
ifold M is compact and the central foliation W€ is uniquely integrable). As
a corollary of Theorem 5.2 we obtain the following statement.

Theorem 5.9. Let f: M — M be a partially hyperbolic diffeomorphism in the
narrow sense. Assume that the central distribution E€ is integrable. Then
We(z) € C¢ for every x € M where the number £ is given by (5.8).

5.5. Robustness of the central foliation. We describe another application
of the Hirsch—Pugh—Shub construction and show that the central foliation
W€ survives under small perturbation of the system provided this foliation
satisfies some specific requirements (for example, it is smooth).

Let g be a C? diffeomorphism which is sufficiently close to f in the C!
topology.

Theorem 5.10 (Hirsch, Pugh and Shub, [26], Theorem 7.5). Assume that the
central distribution E€ for f is integrable and the corresponding foliation W€
1s smooth. Then g s partially hyperbolic in the narrow sense with integrable
central distribution Ej.

Sketch of the proof. The theorem is an immediate corollary of Theorems 5.12
and 5.14 below whose proofs exploit relatively complicated notions of plaque
expansivity and pseudo orbits. To help us understand the role of these no-
tions we present here an independent proof of Theorem 5.10.
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If doa(f, g) is sufficiently small the diffeomorphism ¢ induces a diffeomor-
phism G : M. — M,, see (5.9). Theorem 5.3 applies to this situation and
provides us with a submanifold Ng C M., to which G is normally hyper-
bolic. Moreover, given r > 0, if dci(f, g) is sufficiently small, then N¢ lies
in an r-neighborhood of N' = Np.

Consider the natural projection @7 : M. — M. Given © € M, there
exists a smooth immersed submanifold W (x) C 7(Ng) through = which is
tangent to E¢(y) at every point y € W (x). Moreover, these manifolds are
invariant under g, i.e., g(Wg(x)) = W¢(g(x)). Thus, the result would follow
if we could show that these manifolds form a partition of M, i.e., for any
r € M and any y ¢ W¢(x) the intersection W¢(z) N W (y) is empty.

To do this we shall use a result from [26] (see Theorem 6.1) which is an
extension of Statement 3 of Theorem 5.3 to our situation.

Lemma 5.11. There exists a homeomorphism H: M, — M, which is §-close
to the identity map in the C° topology and such that H(NF) = Ng. *

The desired result will now follow if we show that the map h = moH|Ngonm
is a homeomorphism, where 7 lifts every point x € M to the point & € Np.
Note that h is a leaf conjugacy , i.e., for any x € M the points h(f(z)) and
g(h(z)) lie on the same Wg-leaf. Moreover, h is close to the identity map in
the CY topology, i.e., p(z, h(x)) < § for every x € M.

First, we shall show that h is one-to-one. Assuming the contrary there
exist x,y € M such that h(z) = h(y) = z. We have that p(z,z) < § and
p(y, z) < 6 and hence, p(x,y) < 20. Since the foliation W€ is smooth, there
is a coordinate chart U, at x of size r > 0 such that the local leaves of the
central foliation can be viewed as parallel balls. Let B°(x) and B¢(y) be
those balls containing  and y respectively. We have that

(5.10) d = p(B%(z), B°(y)) < 26.

There is a point p € W*(x) such that the intersection W#(p) N B¢(y) is not

empty and consists of a single point ¢ (see Figure 9). We have that either

p(x,p) > d/2 or p(p,q) > d/2 and without loss of generality we may assume

the former (otherwise one should apply the argument below to f~1).
Observe that

p(f"(p), f*(q)) < Ca™  p(f*(q), f"(y)) < CB",
p(f"(z), f"(p)) < Cy",

where C' > 0 and 0 < a < § < v are some constants and o« < 1, v > 1.
Note that n can be taken arbitrarily large if the size of the perturbation

(5.11)

4The proof of this statement uses the assumption that the distribution Ef is uniquely
integrable.
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Ficure 9. To the proof of Theorem 5.11.

(and hence, the number d) is sufficiently small. Consider the coordinate
charts Upr(,) at f¥(x) of size r, k = 0,1,...,n. By (5.11), we have that

F*(y) € Upn(yy for all k and that

p(BE(f"(2)), B*(f"(y))) = C1v"

for some constant C; > 0. On the other hand, the points h(f*(z)) and
h(f*(y)) must lie on the central leaf of g through ¢*(z) for all k and hence,
the distance p(B¢(f™(x)), B¢(f"(y))) should not exceed 2J. This is a con-
tradiction.

We shall now show that h is continuous. Otherwise there is a number
a > 0 and a sequence of points z,, converging to a point z, such that
p(h(xy),h(x)) > a for all sufficiently large n. Since h is d-close to the
identity map (for some small ¢ > 0), the number a should be sufficiently
small. By smoothness of the central foliation W*° we obtain that

(5.12) p(BC(h(zn)), B*(h(x))) = a.

Fix m > 0 and consider the sequence of points f™(x,) which converges
to f™(x). No matter how big m is one can always find N > 0 such that
p(f™(xy), f™(x)) < /2 for all n > N. Therefore,

(5.13) p(BE(™ (@), B (@) < 5.
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On the other hand, if m is sufficiently big, by (5.12), we find that

(5.14) p(B (g™ (h(zn))), B (9™ (h(x)))) = 20.

Since h is a leaf conjugacy, h(f™(zy)) € W(g™(h(zy))) and h(f™(x)) €
We(g™(h(x))). However, h is é-close to the identity map and (5.13) contra-
dicts (5.14).

Since h is near the identity its surjectivity follows from its continuity.
This completes the proof of the theorem. O

In general, we do not have the ”luxury” of a smooth central foliation
(so that (5.10) could be use). Moreover, even if the central foliation for f
were smooth the central foliation for a "typical” perturbation of f would
not be smooth. In [26], Hirsh, Pugh and Shub introduced a property of
the central foliation for f called plaque expansivity. This property is weaker
than smoothness (see Theorem 5.12 below) but still guarantees integrability
of the central distribution for sufficiently small perturbations of f. Unlike
smoothness, it survives under small perturbations (see Theorem 5.14 below).

Let W be a foliation of a compact smooth manifold M whose leaves are
C" smooth immersed submanifolds of dimension k. Given a point z € M,
we call the set P(z) C W(x) a C" plaque of W at z if P(z) is the image
of a C™ embedding of the unit ball D C R* into W (z). A plaquation P for
W is a collection of plaques such that every point x € M is contained in a
plaque P € P.

Let {zp}nez be a pseudo orbit for f (see Section 4.8). We say that the
pseudo orbit respects a plaquation P for W if for every n € Z the points
f(x,) and 2,41 lie in a common plaque P € P.

Assume that the foliation W is invariant under a diffeomorphism f of M.
We say that f is plaque expansive with respect to W if there exists € > 0
with the following property: if {x,}nez and {yn}nez are e-pseudo orbits
which respect W and if p(z,,y,) < e for all n € Z then z,, and y, lie in a
common plaque for all n € Z.

Note that plaque expansivity does not depend on the choice of either the
Riemannian structure in M or the plaquation P for W.

Theorem 5.12 (Hirsch, Pugh and Shub, [26], Theorem 7.2). Let f be a par-
tially hyperbolic diffeomorphism in the narrow sense. Assume that the cen-
tral distribution E€ is integrable and the central foliation W€ is smooth.
Then W€ is plaque expansive.

Proof. To illustrate the main idea of the proof let us assume, in addition,
that the foliations W* and W* are smooth and jointly integrable. To estab-
lish plaque expansivity consider two e-pseudo orbits {zy, }nez and {yn tnez,
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which respect W¢ and for which p(x,,y,) < e for all n € Z. Since the
foliations W€, W# and W*" are smooth, for every x € M there is a lo-
cal coordinate system near x such that local leaves of these foliations are
transversal parallel planes.

Assume now that the point x; does not lie in a local central manifold
V¢(y1) and let @ > 0 be the distance between the local leaves V¢(z1) and
V¢(y1). Since f(zy) lies in the same plaque of W€ as x,+; we have that
Tni1 € f(VE(xy)). Similarly, y,4+1 € f(V (yn)). Applying the inverse map
we obtain, in analogue, that z,_; € f~1(V¢(x,)) and y,—1 € f~1(VE(yn)).
Since f expands along W*" and contracts along W* with an exponential rate
it is easy to see that p(VC(z,), Ve(yn)) > v/™a for some v > 1 and either all
n > 0 or all n < 0. However, this contradicts the fact that p(z,,y,) < e for
all n.

In the general case when the foliations W% and W™ are neither smooth nor
jointly integrable we will exploit a similar idea and follow the proof in [26].
and

—

Passing to some power [, if necessary, we may assume that pu; <
A3 > 2 (see (2.8)). Choose numbers v and g such that 3 <y~ ! <
Ag >y >y > 2.

Forp € M and v € T,M write v = v®+v°+0v" with v* € E*(p), v° € E¢(p)
and v"* € E"(p). Starting with a Lyapunov inner norm in 7'M we shall use
a new Finsler norm in 7'M defined by |[|v|| = max {||[v*||, |[v¢]|, [[v"||}

Given a smooth path g: [0,1] — M define its length by

and

NO[—=Do|—

1
L(g) = /0 g/ (6)] dt

and its us-length by

1
Lus(g) = /0 max {[|(g"(£))" (I, [1(g"(£))° I} dt.

Since the central distribution E° is uniquely integrable, any curve, which is
everywhere tangent to the leaves of W€, lies in a single leaf. This implies
that L,s(g) = 0 if and only if g maps into a leaf of W¢. For any v > 0 and
p,q € M define

dys(p,q) = inf {Lys(g): L(g) < v},

where the infinum is taken over all smooth paths g from p to q. We leave it
to the reader to show that

/

5.15
( ) v’ =0 dZS(plv q,)

=1,
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where we assume that p’ € W¢p), ¢ € W q) and p(p,p),p(q,q) <

min {v,v/'}. This is where smoothness of W€ is essential. We need the
following statement.

Lemma 5.13. For any smooth path g,

(5.16) max{Lys(f ' 0 g), Lus(f o g)} > %Lus(g).
Proof. Let
Ag) = {t € [0,1]: (g @)l = Ig" )N}, Blg) = [0,1] = A(g).
Then
Lus(g) = ()4 d '(4))%|| dt.
(9) /A(g) 1(g" ()"l H/B@) [(g' ()| dt

Since df expands vectors in E* and contracts vectors in E® uniformly we
have that

A(g) CA(fog), Blg) CB(f oy

Thereofre,
Lus(fog) > /A o @) a2 /A MCORE
-1, —1( 1(1\\8 NY _
Lo eo)z [ g er@lazy [ o)

Adding them together gives

Lus(f 0 9) + Lus(f ™" ©.9) > 7Lus(9)-
This implies (5.16). O

We proceed with the proof of the theorem. Let {z, }nez and {y, }nez be
two e-pseudo orbits, which respect W€ and for which p(x,,y,) < € for all
n € Z. It is easy to see that given v > 0 there exists v/ > 0 such that
L(g) < v for any path g with L(fog) < v/ or L(f ' og) <v/. It suffices to
show that

o =sup d, (n,yn) = 0.
nez
Otherwise, given o > 0 there is a number m such that

dZ; (T, Ym)
o

(5.17) 1> >1-—a.

Call x = z,,, and y = y,,, and observe that

A (f(x), f(y)) = inf {Lus(g): 9(0) = f(x),9(1) = f(y), L(g) < v'}
> inf {Lys(f 0 g): 9(0) = z,9(1) =y, L(g) < v}
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and similarly for d”(f~*(z), f~*(y)). Hence, (5.16) yields

(18)  maxc{dL(f@), fW), dal @), 1 )} 2 Ty

Dividing (5.18) by d¥.(x,y) and using (5.15) we obtain for sufficiently small

us
]/7

(519) dZs(:Um-Haym—&-l) > E dlul,s(xm—lyym—l) > E
dlyl,s(xmaym) 2 dzlis(xm7ym) 2

However, (5.19) is incompatible with (5.17) since 79/2 > 1 is fixed and «

can be chosen arbitrary small. O

Let us consider the case when df|E°(z) acts as an isometry for every
x € M. By Theorem 5.7, the central distribution E° is integrable. One can
show that in this case the central foliation W€ is plaque expansive (see [26],
Section 7).

Theorem 5.14 (Hirsch, Pugh and Shub, [26], Theorem 7.1). Let f be a par-
tially hyperbolic diffeomorphism in the narrow sense. If the central distri-
bution E°¢ for f is integrable and f is plaque expansive with respect to the
central foliation W€ then any diffeomorphism g sufficiently close to f is par-
tially hyperbolic in the narrow sense, its central distribution Eq is integrable
and g is plaque expansive with respect to its central foliation W¢.

Sketch of the proof. As in the proof of Theorem 5.10 all we have to do is
to show that the map h defined there is a homeomorphism. Note that A is
indeed, a homeomorphism on each plaque of the central foliation.

First, we shall show that h is one-to-one. Let x,y € M be such that
h(z) = h(y) = z but y does not lie on the plaque of W€ at z. Starting with
the point xy = x consider the points h(f(xo)) and g(h(z¢)) = g(z). Since
h is a leaf conjugacy and g is close to f, these points lie on the same leaf
of W¢ and, indeed, on the same plaque. Therefore, there is a unique point
x1 = h~' o g o h(xp) which lies on the same plaque as f(zg). Continuing
in a similar fashion one can construct a sequence of points {x,, }nez which
is a pseudo orbit for f and respects the plaquation for W¢. Starting now
with the point yy = y, one can construct another pseudo orbit for f which
respects the plaquation for W¢. Clearly, the distance p(x,,y;,) is of order €
for all n. By plaque expansivity of f we conclude that the points x and y
must lie in a common plaque for W¢.

We shall now show that h is continuous. Otherwise there is a number
a > 0 and a sequence of points x,,, converging to a point x, such that

(5.20) p(h(zm), h(z)) = a
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for all sufficiently large m. Fix m and starting with z,,, consider the pseudo
orbit {z, n}nez for f constructed above. By the diagonal process one can
choose a subsequence x,,, , which converges, for each n € Z, to a point z,,
as k — oo. Clearly, x,, is a pseudo orbit for f through z. Hence, given € > 0
and L > 0 we have

p(an, 9" (M) < p(@n, Tmyn) + P(Tmyn, 9" (R(2))) <€ +e=2e

if k is sufficiently large and —L < n < L. However, this contradicts (5.20)
due to partial hyperbolicity (see [26], Theorem 7.1 for more details).

Surjectivity of f is a corollary of its continuity since h is near identity.

In order to prove plaque expansivity of g consider two pseudo orbits
{Zn}nez and {yn}fnez for g which respect the central foliation W¢ and
such that p(z,,y,) < ie. The sequences {2}, = h™ (z,)}nez and {y), =
h=Y(yn) }nez are pseudo orbits for f which respect the central foliation W¢
and such that p(x},y}) < e (provided that ¢ is sufficiently close to f). By
plaque expansivity of f we conclude that z/, and y/, lie in a common plaque
for W€ for all n and hence, z, and y, lie in a common plaque for W¢ for
all n. O

5.6. Weak integrability of the central foliation. As we mentioned above the
central distribution may not be integrable. However, it is often integrable
in some weak sense and this weak integrability persists under small pertur-
bations. Following [10] we call a continuous distribution E on a compact
smooth manifold M weakly integrable if for each point x € M there is an
immersed complete C! manifold W (z) which contains = and is everywhere
tangent to E, ie., T,W(y) = E(y) for each y € W(x). We call W(x) an
integral manifold of £ through x. Note that a prior: the integral manifolds
W (x) may be self-intersecting and may not form a partition of M.

Theorem 5.15 (Brin, Burago and Ivanov, [10]). Let f be a partially hyperbolic
in the narrow sense diffeomorphism of M. Assume that the distributions
E?, E;i“ and ES are weakly integrable. Then there is a C' neighborhood
W of f such that every g € W is a partially hyperbolic in the narrow sense
diffeomorphism whose distributions Eg°, E" and Eg are weakly integrable.

Proof. We will prove the weak integrability of Eg". The weak integrability
of Eg* follows by reversing the time. The integral manifolds of Ef can be
constructed by intersecting the integral manifolds of EJ* with the integral
manifolds of E¢°.

Fix z € M. For each n > 0 let W, = g"(W§"(g7"(z))) where W§"(y) is
the integral manifold of E;i“ through y € M. It follows from Theorem 3.4

that the distributions £, Eg and Ej depend continuously on g in the C!
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topology and that E;i“(y) is uniformly close to £ (y) and hence, is uniformly
transverse to E;(y). Moreover, the hyperbolicity constants of f (see (2.6))
are d-close to those of g for a given sufficiently small § > 0.

It follows from (2.7) that for any a > 0 there is C'(«) > 0 such that for any
N > 0 and any tangent vector v € T,, M with the distance d(ﬁ, Ei(z)) =
we have

(™. B5 (£ @ < Ca) (2) ol

This implies that the tangent space to W), is exponentially close to Eg", i.e.,

Tyn (9" (W§ (97" (2)))) — Eg"(9" (v))
uniformly iny € W§"(g7"(2)) and exponentially in n with rate (1+0)/(A2—
§). The sequence W, is precompact in the compact-open C! topology and

therefore, has a convergent subsequence. The limit is an integral manifold
of Eg" passing through z. O

Theorem 5.16 (Brin, Burago and Ivanov, [10]). Let {f,}n>0 be a sequence
of partially hyperbolic in the narrow sense diffeomorphisms of M. Assume
that

(1) fn — g in the C* topology;

(2) the distributions E;ifb, ;i: and ES  are weakly integrable for all n;

(3) all f,, have the same hyperbolicity constants (2.6).

Then g is partially hyperbolic in the narrow sense and the distributions Eg®,
E" and Ej are weakly integrable.

Proof. Fix x € M and let v € E} () be a sequence of unit vectors converg-
ing to a vector v € T M. Then A} < [[df"v[| < pf and hence, v € Ej(z).
Similar arguments apply to F¢ and E“. It follows that

nh—{go E (v) = Ej(x)

for a = s, ¢, u. Hence, g is partially hyperbolic in the narrow sense. We will
prove weak integrability of Ef*. The integrability of E¢® and Ej follows by
reversing the time and taking intersections. Let W,, be an integral manifold
of E%" passing through z € M. Since the distribution EZ" depends con-
tinuously on ¢ in the C! topology, the sequence W,, is precompact in the
compact-open C! topology and therefore, has a convergent subsequence.
The limit is an integral manifold of EJ* passing through z. O



6. Intermediate Foliations

Consider a diffeomorphism f of class C'? of a compact Riemannian manifold
M admitting a df-invariant splitting (4.41) satisfying (4.42) and (4.43).

Fix a number k, 1 < k < t with uir < 1. In this section we will dis-
cuss the integrability problem for the invariant distribution FEj called the
intermediate distribution.

6.1. Non-integrability of intermediate distributions. In general, one should
not expect Ej to be integrable as the following example illustrates.

Example 6.1. [Smale, [48], see also [29], Section 17.3]

Consider the Heisenberg group of matrices

1 = =z
H = 01 y|:(z,y,2) €R
0 0 1

with the usual matrix multiplication: in (z,y, z) coordinates it is given by

(1,1, 21) X (22,92, 22) = (x1 + x2, Y1 + Y2, 21 + 22 + T1Y2).

The center of H is the one-parameter subgroup

1 0 =z
010
0 0 1

Thus, H is a three-dimensional, simply connected, nonabelian and nilpotent
group. The Lie algebra of H is given by

0 z =
LH)={10 0 y]:(x,y,2)eR
0 0 0
with generators
010 0 00 0 01
X=(00O0|, Y=(0O0 1}, Z=(0 0 0
0 00 0 00 0 00
We have the Lie bracket [X,Y] = Z while all other brackets of generators

are zero.

Let G = H x H be the Lie group with generators X1, Y1, Z1, Xo, Y2, Z5
such that [X;,Y;] = Z; and all other brackets of generators are zero. The
Lie algebra of G is

L(G) = {(61 g) :A,BEL(H)}.
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The group H has an obvious integer lattice of matrices with entries in Z
which generates an integer lattice in G (recall that a lattice I' is a discrete
subgroup of G for which the factor I'\G is compact; see Section 2.1). We
need another lattice in G however.

Consider the number field K = {a + b\/5: a, b are rational numbers}. It
possesses a unique nontrivial automorphism o such that o(a 4+ bv/5) = a —
bV/5.

Let T" be the subgroup of G given by expyy 7y, where expry: L(G) — G is
the exponential map and v C L(G) is given by

v = { <61 084)> : A € L(H) with entries in the algebraic integers in K}
with 0(A);; = 0(A4;;). It can be shown that I' is a lattice (see [29], Section
17.3). Define a Lie algebra automorphism ® on L(G) by

B(X1) =Xy, ®(Y1)=\Y, ®(Z)=\27,
D(Xo) =M1 Xy, B(Yo) =A\[2Ya, &(Z2) = \[*Zo,

where \| = 3‘*'2—‘/5 and Ao = % There exists a unique automorphism
F: G — G with dF|1d = ®. Since A\; and Ay are units in K, that is integers
whose inverses are also integers, and o(A1) = A2 we have that F(I') = T
Thus, F' projects to an Anosov diffeomorphism f of T'\G.

The invariant splitting for f is T(I'\G) = E* @& E*, where E® is the
three-dimensional distribution generated by Xo, Y5 and Zy and E* is the
three-dimensional distribution generated by Xji, Y7 and Z;. Observe that
EY = P®Q where P is the two-dimensional distribution generated by X1, Yy
and (@ is the one-dimensional distribution generated by Z;. The distribution
P is intermediate and is not integrable. To see this note that the generators
X1, Y1 and Z; induce three vector fields x1, y; and z; on g € I'\G such that
x1(9),y1(g9) € P(g) and z1(g) € Q(g) for any g € I'\G. Since the distribution
P is smooth, by the Frobenius theorem, its integrability would imply that
the Lie bracket [x1,y1] of vector fields z1 and y; lies in P. However, this is
not true since [X1,Y1] = Z;.

It follows from Theorem 5.16 that non-integrability in the above example
is an open property.

6.2. Invariant families of local manifolds. One can always view the invariant
intermediate distribution Ej, 1 < k£ < t, as a central distribution in the
following splitting of the tangent bundle

TM = (821 E)) & Ep(&)_y 1 Ej).
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and apply results of Sections 5.4 and 5.5. First, we establish the class of
smoothness of the leaves of the foliation Wy (provided the distribution Ej
is integrable). Denote by K,lf and Ei the biggest number such that

4 & gl g2
pe—1 < NS, e < Af, €= min{{, 6}

(recall that the numbers Ay and py satisfy (4.42) and (4.43)). Applying
Theorem 5.9 we obtain the following result.

Theorem 6.2. Assume that the distribution Ey, is integrable. Then the leaves
of the corresponding intermediate invariant foliation Wy are of class of
smoothness C.

Let g be a C? diffeomorphism which is sufficiently close to f in the C*
topology. By Theorem 3.4, g possesses an invariant distribution (£} ), corre-
sponding to Ej. Applying Theorem 5.14 requires an additional assumption
that Agy1 > 1. Of course, this means that f is an Anosov diffeomorphism.

Theorem 6.3. Assume that the foliation Wy, is plaque expansive (in partic-
ular, smooth). Assume also that A1 > 1. Then the distribution (Ey), is
integrable and the corresponding foliation (W), is plaque expansive.

Since the diffeomorphism f in the last theorem is Anosov, so is g. By the
structural stability theorem, f and g are topologically conjugate by a Holder
homeomorphism h which is close to the identity map. It follows that h(Wy)
is a g-invariant foliation whose leaves are Holder continuous submanifolds.
Theorem 6.3 claims that the leaves of this foliation are indeed smooth of
class C*.

Even if the distribution E}, is integrable its leaves may not be of class CY
but less. To explain this phenomenon consider the linear map of the plane
A(z,y) = (Az,uy) where 0 < A < p < 1 are some numbers. The origin is
the attracting fixed point. The z-axis can be geometrically characterized as
consisting of points P for which

p(0, A"P) < X"p(0, P).
On the other hand any curve
logp
Yo ={(z,y) 1 x = Cylsr}
is invariant under A and consists of points P for which
p(0, A"P) < 1" p(0, P).

Note that these curves are only finitely differentiable except for the y-axis
(corresponding to C' = 0). Therefore, there is no “obvious” choice of a
local leaf and “little” chances are that the intermediate foliation will “pick”
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the leaf that is infinitely differentiable. Surprisingly, if pup < 1 and some
special non-resonance condition holds, this simple picture is realizable: the
distribution Ej admits an invariant family of local manifolds {Vj(z)}zens
which are as smooth as the map f is but may not comprise a foliation.

Theorem 6.4 (Pesin, [37]). Fiz k such that 0 < A\, < g, < 1. Assume that
the following non-resonance condition holds:
g > N =[log A\1/log p] + 1 and for every j=1,...,N
(AR, ()] O iy ] = 0, 1<i <k

Then for every x € M there exists a local submanifold Vi (x) satisfying:

(1) = € Vi(z) and T, Vi(z) = Ey(z);
(2) ( k() C Vi(f(2));
(3) Vi(z) € C;
(4) for any x € M the collection of local manifolds {Vi(x)}zenrs is the
only collection of C™ local manifolds that satisfies T, Vi(x) = Ep(x),

f(Vi(x)) € Vi(f(2)), and

sup sup ||d°Vi(x)| < const.
1<s<NzeM

(6.1)

Remark 6.5. The non-integrable intermediate distribution P for the diffeo-
morphism f in Example 6.1 does not satisfy the non-resonance condition.

Proof of the theorem. We will find the local manifold Vi (z) in the following
form

Vie(x) = exp {(v, Y (z,v)): v € By(ro)},
where ¢ (x,-): Bi(rg) — E(x) is a smooth map which satisfies ¢, (z,0) =0
and diy(x,0) = 0. Here By(ro) is the ball in Ej(x) of radius 7y centered at
the origin and

i=1,i#k
The number rq is sufficiently small and is independent of x. To construct
the function ¢y (z, -) we proceed as in the proof of Theorem 4.1 and consider
the map

fo = expf of oexp,: By(ro) x B(ro) — Ty@)M,

which is well-defined if rg is sufficiently small. Here B(rp) is the ball in E(z)
of radius rg centered at the origin. We assume that a Lyapunov inner metric

is introduced (see Section 2.2) so that we can write the map f, in the form
(4.7) with A(z) = df |Ex(z) and B(z) = df|E(x) satisfying

(6.2) JA@)] < wee (IBG@) )" 2~
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and with
(6.3) 0<pme <1, wph/y<1
for some v > 0. Furthermore,
0o Bi(ro) x B(ro) — Ex(f(x)),  ho: Bilro) x Blro) — E(f(x))

satisfy (4.9)—-(4.11).
Since the local manifold Vi (x) is invariant we have f(Vi(z)) C Vi(f(x)).
Applying (4.7) we obtain the following equation for the function ¥y (z,-):

B(z)Yx(z,v) + ha(v, ¥p(z,v))
= i(f (@), A(x)v + g2(v,Yr(2,v))), v € Bi(ro).
As the function ¢y (x,v) is of class C? with ¢ > N one can write
Vr(@,v) =th(,0) + dipp(z,0)v + - --
(6.5) + dV (2, 0)(v, ..., v) + Pr(x, v)
= tr(z,v) + Yz, v).

Here d*yy(2,0), s = 0...N, are symmetric s-forms on the manifold M.
Substituting (6.5) into (6.4) and equating coefficients of “equal powers of

v” (i.e., the corresponding s-forms) we come to the following system of
equations on the manifold M

Bi(z)d*hi(x,0) =d*i(f (x), 0)A%(x)
+ Ty(x, d ¢ (2, 0), @ g4 (0,0), &’ he (0, 0)),
where s = 0,...,N, i =1,...,t, i # k, 0 < {, j < s—1, and B;(z) =
df|E;(z). We shall solve this equation by induction on s. Consider the

Banach space of continuous symmetric s-forms on M and for each 7 define
the linear operator €2; by

(Quw)(z) = (Bj(2)) ™ w(f(2)) A% (x).
The non-resonance condition implies that either the operator €; or its inverse
is of norm (induced by the norm in the space of symmetric s-forms) strictly
less than one. Therefore, the operator (I — ;)" (or (I —Q; 1)) is well
defined and bounded. The functions T; depend only on d“t;(z,0) with
¢ < s—1 and these (s — 1)-forms are already defined. Therefore,

d*pi(2,0) = (I =)' (or d*¢y(2,0) = (I - Q7 1) 7'T;).
Finally, for s = 0 we have ¢(x,0) = (z,0).
Choose the function ¢y(x,v), v € Bi(rg), such that ¢(x,0) = (z,0)
for every @ € M, ) (x,v) is q times differentiable, and d'ty(z,0) = (x,0)

(6.4)
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for i =1,...,N. It follows from (6.4) and (6.5) that the function v (z, v)
satisfies the following equation

(6.6) B(x)p(2,v) + he(v, (2, v)) = (f(x), Az)v + Gu v, Yr (2, 0))),

where

g Bi(ro) x B(ro) — Ex(f(z)), ha: Bi(ro) x B(ro) — E(f(7))

are such that

(6.7) 9.(0,0) =0, h;(0,0) =0, dg,(0,0)=0, diﬁz(0,0) =0,
fori=1,...,N and
(6.8) 4G, (v, w)|| < Cy, [|dN TRy (v, )| < Ci,

where (v, w) € By (rg) x B(rg) and C; > 0 is a constant. The desired result
is now an immediate consequence of the following lemma.

Lemma 6.6. Under the conditions (6.2), (6.3), (6.7) and (6.8), Equation

(6.6) has a unique solution Yy (x,v) which is a continuous function in x on
M, is q-times continuously differentiable in v and

Up(2,0) =0,  d'dp(x,0) =0
fori=1,...,N.

Proof of the lemma. Using (4.13) and (4.14) one can rewrite Equation (6.6)
in the following form

Bmlzk,m(v)“‘ﬁm(va Vrm(v)) = Jk,erl(AmU‘i‘Em(U:wk,m(v)))7 v € By(ro),
where by (6.2),

(6.9) lAmll < g, (1B DT 2,
and by (6.7) and (6.8) for i =1,...,N and (v,w) € By(ro) x B(rp),

Gm(0,0) =0, hm(0,0) =0, dgn(0,0)=0, dhy(0,0)=0,

(6.10) - -~
||dgm(vaw)H < 021 ||dN+1h‘m(U7w)H < 02’

where Cy > 0 is a constant.
The proof of the desired result is now a modification of the argument in
the proof of Theorem 4.3. Indeed, consider the space I' with the norm || - ||,c
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and the operator ®(y, z). Using (6.9), (6.10), and (6.3) we find that
19(y, 2)llx = sup (™| (y, 2)(m)]]) < Sup(ﬁ_mHZ(m)ll)

+Zu>%{ (H 1|4, ||> lyll + Z (ﬁl |Ai’> Callz(n)]

n=0 \i=n+1

+nZU (H [Lznen ) Czllz(n+m)llN)]}

< lzlls + sup (™" ™) |y
m>0

m—1
+ Su;z)(;gmc«zyznN [Z (,uk)m n—1 K" _’_Z,y (n+1) N(m+n)]>
m2=

n=0 n=0

< [lyll + Csll=]l«,

where C'3 > 0 is a constant. Therefore, the map ® is well-defined and
®(0,0) = (0,0). One can now show that the map & is continuously g-times

differentiable and 0,®(y,0) = —Id. The lemma follows from the Implicit
Function Theorem. We leave the details to the reader. 0
This completes the proof of the theorem. O

6.3. Insufficient smoothness of intermediate foliations. The following ex-
ample illustrates the possible lack of smoothness of leaves for intermediate
distributions. Consider an automorphism A of the torus T? with eigenval-
ues \;, ¢ = 1,2,3, such that 0 < A\ < A2 <1 < A3. We have an invariant

splitting
3
- Pria
=1

Assume that the number log A1/ log A2 is not an integer, i.e., the above non-
resonant condition holds. Let N = [log A;/log o] + 1.

Consider the foliation W 4 associated to Fs 4. Any C'*° diffeomorphism
f, which is sufficiently C'-close to A, possesses an invariant foliation Ws ¢
which is tangent to Ej ; and whose leaves are of class CN=1 see Theorem
6.2. We will show that in general, the leaves W5 ¢(z) cannot be more than
CN=1 smooth for a “large” set of points & € M. Hence, they are different
from the local submanifolds given by the preceding theorem, since these
submanifolds are of class C™V (indeed, of class C™ in this particular case).

Theorem 6.7 (Jiang, de la Llave and Pesin, [28]). In any neighborhood n of
A in the space Diff!(T3) there exists G € n such that
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(1) G is a C* diffeomorphism and topologically conjugate to A;
(2) G admits an invariant splitting

3
IT* =P Eic
i=1

with E; ¢ close to E; 4 and integrable; the integral manifold W; g (x)
passing through x is of class CN =1 but not CN for some x € T3;

(3) the set of points {x: W; g(x) is not of class CN} is a residual subset
of T3.

Proof. We define the perturbation G in the form G = 7o (A + h) where
7: R3 — T3 is the usual projection, A is the lift of A, and h:R3 > R3isa
map. We describe h in the standard {e1, e2, e3}-coordinate system where e;
are eigenvectors of A.

Fix a point pg = (0, Bp,0) € R? with sufficiently small By > 0 and a small
number € > 0 such that the sets

71—(B(O75))7 A?T(B(po,f;‘)), F(B(pg,&)), A_l’iT(B(pO,S)),...,A_KW(B(pO,S))

are all disjoint for some K > 0. For sufficiently small € and (§y the number
K can be chosen so large that

Ao\ K 1
6.11 () s> 1
(6.11) A1/ 8\
We also require that A(B(po,)) and B(pg,e) be contained in the same
fundamental domain D. Define a smooth function f: D — R such that

1. |f(a, B,7)] <6 and ||df (a, 5,7)|| < 6 where ¢ is a constant satisfying
)\16

0<d< maX{T, i()\z - )\1)};

2. |55 (v, B0, 0)] > § for |a| < §;
3. fla,B8,7) =0 for (o, B,7) ¢ B(po,e).
For all (o, 3,7) € R3 set

h(a, 8,7) = (f(@,6,7),0,0) (mod 1)
and then o o
G=A+h, G=mo(A+h).
If § is sufficiently small then G is a C* Anosov diffeomorphism of T? which is

topologically conjugate to A. The first statement follows. G possesses a dG-
invariant splitting 7T3 = @?:1 E; ¢ and Mather’s spectrum of G satisfies
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the non-resonance condition. We denote the corresponding dG-invariant

splitting by TR = @@}_, E, & so that drE, 5 = Ei, i = 1,2,3.

It is easy to see that

G(z) = A(x)

for & ¢ m(B(py,e)). Since the origin is a fixed point of A and G = A near
the origin we conclude that

E27é(0) = EQ,.ZX(O) = {t er: t e R}

and that the local smooth manifold at 0 is

(6.12) V,&0) =V, 7(0) = {tea: t € (a,—a) for some a > 0}.
We shall now show that
(6.13) E, 5(A(po)) # Ey 1(Apo)) = {tes: t € R},

For p € R3 one can write
E, &(p) = {t (u(p)er + e2 +w(p)es) : t € RY,

where u(p) and w(p) are continuous functions on R? and u?(p) +w?(p) < 1.

The differential of G is given by
T

~ oB 0Oy
dG = 0 )\2 0
0 0 A3

A 0 1
0 0 A3 w(G~(p))
This implies that
Joulp) = M+ 52 (G ()] u(@ )
(6.14) of a1 af a1 a1
+ %( (p) + a( (p)w(G™(p))
and

(6.15) Aaw(p) = Asw(G~ (p)).
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It follows from (6.15) that w(p) = 0 for all p € R3. Thus,
E, 5(p) ={t (u(p)er + e2) : t € R},
where |u(p)| <1 and

©16)  dautp) = M+ G 0)]u(G ) + 55G ),

73

Assume that (6.13) does not hold, i.e., E, 5(A(po)) = E2g(g(p0)). We
will show that in this case the angle between E, 5(p) and E, ;(p) will exceed

the upper bound given in Statement 3 of Lemma 3.5 at some point (see

Figure 10).

B(0,¢) /_\déw
/"0“‘~\ U:w,—-i/\

-7 7) Apo Wdﬁv
B

(Pos €)

FIGURE 10. To the proof of non-integrability:
the vectors v € E, ;(Apo), w € E, z(Apo) and the angle

/(dGEw,dA K v) become large.
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There exists ¢ € B(po,¢) such that
G(q) = A(po) = (0, 2200, 0).

We estimate |u(q)| which gives us the estimate on the angle. Suppose that
qg=(,3,7"). Then
Gla) = (a’ + (@, B, ), 2 Aa7).
Thus v =0, ' = [y, and M1/ + f(/,3',7") = 0. Tt follows that
O/ = _)\l_lf(a,a/@/afy/)'

Therefore,

/ / /
He\B) 0 €

A1 A1
This implies that ¢ € B(po, §). Our assumption means that u(A(po)) = 0.
We have by equation (6.16) that

o =

W

[t 2 @]uta) + @ =0

o)} ap

and hence,
29
ulg) = —2 .
A1+ %( )
From the definition of the function f it follows that
|55 (@)l s 5
|u(q)| >

_rm L)) =20 8\

Consider the angles between the subspaces E, 5 and E, ; at the points

2,G
GY(q), G2(q), ..., GK(q). Since all these points are outside of B (pp)
we have
o _ o5 _,
da 08

at all of them. It follows that
Aau(G 7 (q)) = Mu(G71(q))

and
u(@I ) = 22 ul(@ (g))

1
for j=0,1,..., K — 1. Thus,

u(G @) = () @ ) = (32) )
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and

WG @)= ()" W@l = () o

Since the distribution Fs 4 is smooth the Holder exponent in Statement 3 of
Lemma 3.5 is one. Therefore, we have the following estimate for the Holder

constant VA K S
)=
A1/ 8\
However, this contradicts (6.11).
We now conclude that for all n > 1,

(6.17) E, (A" (o)) # By 1(A" (00)).
Indeed, G = A near g"(pg), E27é(2{n(p0)) is G-invariant and EZA(AV"(pO))
is A-invariant for any n. Therefore, if Ezyé(g(pg)) #+ E27E(A(p0)) then
E, (A"(po)) # By 1(A"(p0)).

Since A™pg = (0, )\go ,0) — 0 asn — oo we have that A™p, € szg(()) for all
sufficiently large n. For those n, the relation (6.17) means that E, é(ﬁn (po))

is not tangential to the local smooth manifold V, 7(0) (since E, A(ﬁ"(pg))
is tangential). In view of (6.12), VQé(O) and VQZX(O) do not coincide near
the origin. This implies that W2,5¥(0) is not of class C'V and the second
statement of the theorem follows.

To prove the third statement let W5 ¢(7(0)) be the integral manifold of
FEs . Tt is not of class OV at x = 7(0). Denote by

S ={x €T Wyg(z) is not of class CV}
and by
I={zecT3 thesemi-trajectory {G"(x): n >0} is dense in T*}.

Since G is topologically conjugate to an Anosov automorphism A it is topo-
logically transitive. Therefore, I is a Baire set. We shall show that I C S.
Otherwise there is * € I but z ¢ S. Then Wy g(z) is of class CV and
hence, Vo g(x) C Wy g(z). Since these manifolds are G-invariant we have
Vo,a(G™™(z)) € Wag(G™™(x)). Furthermore, the size of Vo o(G™"(x))
grows as n increases. Since {G"(x)} is dense in T? there exists a sub-
sequence n; such that G7"(x) — 7(0). Note that V5 ¢(z) depends continu-
ously on z in the C? topology. Hence, V5 (G~ "i(x)) — V2,g(7(0)), On the
other hand, since the foliation Ws ¢ is continuous, Vo (7 (0)) C Wa ¢(7(0))
by the uniqueness of the limit. This implies that W ¢(7(0)) is also of class
CV as Vo (m(0)). This contradicts the assumption that = ¢ S. O



7. Absolute Continuity

Absolute Continuity is one of the most crucial properties of stable and un-
stable foliations. It was introduced by Anosov in [1]. Let W be a foliation
of M with smooth leaves and V(x), x € M, the local leaf passing through
x. The absolute continuity property addresses the following question:

Let E C B(x,q) be a Borel set of positive volume, can the inter-
section E NV (y) have zero Lebesgue measure (with respect to the
Riemannian volume on V (y)) for almost every y € E?

If the foliation W is smooth then due to the Fubini theorem, the inter-
section B NV (y) has positive measure for almost all y € B(x,q). If the

foliation is only continuous the absolute continuity property may fail (see
Sections 7.4 and 10.3).

7.1. The holonomy map. Consider a partially hyperbolic diffeomorphism f
of class O with a df-invariant splitting of the tangent bundle (4.1) satisfying
(4.2) and (4.3). Let W be the foliation tangent to the stable distribution E.

Fix x € M, r > 0 and consider the family of local manifolds
(7.1) L(x)={V(w):w e B(x,r)}.

Choose two local disks D' and D?, which are transverse to the family
L(x), and define the holonomy map 7™ = w(x,W): D' — D? (generated by
the family of local manifolds) by setting

m(y) = D*NV(w) ify = D' NV (w), we B(x,r).

The holonomy map 7 is a homeomorphism onto its image (see Figure 11).

A measurable invertible transformation 7': X — Y of measurable spaces
(X,v) and (Y, pu) is said to be absolutely continuous if the measure p is
absolutely continuous with respect to the measure T,v. In this case one
defines the Jacobian Jac(T)(x) of T at a point x € X (specified by the
measures v and u) to be the Radon-Nikodym derivative %. If X isa
metric space then for p-almost every x € X one has

o HTBG)

(7:2) Jac(T)(z) = Py v(B(z,r))

Let m denote the Riemannian volume. Given a submanifold D in M, let mp
be the Riemannian volume on D induced by the restriction of the Riemann-
ian metric to D. Finally, let Jac(m)(y) be the Jacobian of the holonomy map
7 at the point y € D! specified by the measures mp1 and mpq.
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FicUure 11. The holonomy map.

Theorem 7.1 (Brin and Pesin, [13], Pugh and Shub, [40, 41], see also [3]). Let
f be a partially hyperbolic C? diffeomorphism of a compact smooth manifold
M. Given x € M and two transverse disks D' and D? to the family L(x) of
local stable manifolds V(y), y € B(x,r), the holonomy map 7 is absolutely
continuous (with respect to the measures mp1 and mpz2) and the Jacobian
Jac(r) is bounded from above and bounded away from zero.

Remark 7.2. One can show (see [3], Chapter 4.4) that the Jacobian Jac(m)
can be computed by the following formula: for any y € D!,

> Jac(d g (e () S HT pr (r () S (D?))
7.3 J =
(73) ) 7H) Jac(dgn(y) [~ Tyn () f7(DY))

(in particular, the infinite product on the right hand-side converges).

Sketch of the proof of the theorem. Let us first outline our approach. To
estimate the Jacobian Jac(mw) choose a small open set A C D! and let
B = m(A) ¢ D% We need to compare the measures vp1(A) and vp2(B).
Consider the images f™(A) and f™(B), m > 0 which are smooth sub-
manifolds of M. When m increases the sets A and B get stretched in the
unstable direction and may get stretched and/or shrunk in the central di-
rection. The latter may occur with at most an exponential rate v with some
A <7 < min{l, u}. On the other hand, the distance between the sets f*(A)
and f™(B) gets small exponentially with a rate A where A < X' < ~.

We then cover the set f™(A) by open sets A; of size 4™ such that the
multiplicity K of the cover is finite and depends only on the dimension of D!.
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The distance between the sets A; and B; = w(A4;) is exponentially smaller
than their sizes and therefore, the ratio of their measures is bounded from
above and away from zero (uniformly in ¢ and m). So is the ratio of the
measures of the sets f™(A) and f"(B) (note that the sets B; form a cover
of f™(B) of multiplicity K).

To return back to the measures vpi(A) we use the well-known formulae

pr(A) = [ el T (D)) W ),

e (B) = [ el I D) 0 ),

It remains to estimate the ratio of the Jacobians Jac(df ~™|T, f™(D'))(y)
and Jac(df ™ |T, f™(D?)(r(y)) for y € f™(A).

We split the proof into several steps.

Step I. Fix a point w € B(x,r) and let y* = V(w) N D? for i = 1, 2. Fix
also a number v such that

(7.4) A <7 < min{l, p}.
Choose ¢ > 0 and set for : =1, 2 and m > 0,
D, = f™DY), wm=f"w), =W am=a7"
Note that Dé = D! wy = w, yé =y’ and ¢y = ¢. For sufficiently small

q > 0 there exists an open neighborhood D}, (w,q) C D, of the point yZ,
such that ‘ ‘
Dy (w, q) = expy,, {(¢¥,(v),v): v € Blgm)},
where B(gm) C F(wy,) is the ball centered at the origin of radius ¢, (see
Figure 12).
Furthermore, there are numbers C' > 0 and A < ) < ~ such that for
1=1,2and m > 0,

7.5 max dfnv <K, max || d? fnv <K,
15) mex A0 SK max @00

(7.6) p(Dpy (w,q), Dy (w, ) < K(N)™.

It follows that for n =0, ..., m,

(7.7) FH Dy (w.q)) € Dy (w,q), i=1,2

provided that D! and D? are chosen sufficiently close to each other (this
does not depend on m). Properties (7.5) and (7.6) mean that D! (w,q)
is roughly a ball in the direction transversal to E(w,,) whose size decays
exponentially with the rate ™ while the distance between D} (w,q) and
D2 (w,q) decays exponentially with the rate (\')™.
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FiGUuRE 12. To the proof of Theorem 7.1.

This allows us to compare the Riemannian volumes vp1 |D} (w,q) and
vpz2 | Dz, (w, q) for sufficiently large m.

Lemma 7.3. There exists K1 > 0 such that the following holds: for any
m > 0 there exists qo = qo(m) > 0 such that for any 0 < ¢ < qo,

vpy, (D (w, q))
vpz, (D5, (w, q))

We need the following Covering Lemma.

— 1| < Kj.

Lemma 7.4. For any m > 0 there are points w! € B(z,r), j = 1,...,p =
p(m) and a number ¢ = q(m) > 0 such that for i = 1, 2 the sets D! (w’,q)
form an open cover of the set D! of finite multiplicity which depends only
on the dimension of D*.

Step II. We now compute the measures that are the pullbacks under
f7 of the measures vp; | Dy, (w,q) for i = 1, 2. Note that for every w €

B(z,r) the points yL and y2, lie on the local manifold V(w,,). For any
z € f7™(D},(w,q)) (with i =1 or ¢ = 2) set z,, = f"(z) and let

Ji(zv m) = Jac(dsz*m|szDin(w7 q)).

We need the following lemma.
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Lemma 7.5. There exist Ko > 0 and m; > 0 such that for every w € B(z,r)
and m > mq one can find ¢ = q(m) such that

J* (Y m)
Z T < K
T yhom) |7
and if z € D}(w,q) then
1
I Gmm) | g,
T (Yg>m)

Proof of the lemma. For any 0 < n < m and z € D}(w,q) let us set
V(n,z) =T., D} (w,q).

We transport parallelly the space V(n,z) C T, M along the geodesic that
connects the points z, and y} (this geodesic is uniquely defined since these

points are sufficiently close to each other) to obtain a new subspace 17(71, z) C
T, M. We have

[Jac(d., f~HV (n, 2)) — Jac(dys f 1V (n,y"))]
(78) < |Jac(d., £V (n, 2)) = Jac(dyy /77 (n, 2))|

o+ Jacdyy £V (n,2)) = Jac(dyy £V (n,yY))]
Since f is of class C?,
(7.9) [Jac(ds, fHV (1, 2)) — Jac(dy f 7V (n, 2))] < C1p(zn, yp)
and
[Jac(dys fHV (n, 2)) — Jac(dyy £V (n,y"))]

< C2d(‘7(n7 Z)a V(n7 yl))7

where C; > 0 and C5 > 0 are constants (here d is the distance in the

Grassmannian bundle of T'M generated by the Riemannian metric). By
(7.5),

(7.11) d(V(n,2),V(n,y")) < Csp(zn, y"),
where C3 > 0 is a constant. It follows from (7.8)—(7.11) that
[Jac(ds, [V (n,2)) = Jac(dys f~HV (0, 1))
< Caplzns yn) < Csplz, 1),

where Cy4 > 0 and C5 > 0 are constants. Note that for any 0 < n < m and
z € Dg(w,q),

(7.10)

Ce! < |Jac(d., f~ 1V (n,2))| < Cs,
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where Cs > 0 is a constant. We obtain

J1 — Jac(d., f~HV (n, 2))
1;[ c(dyr fHV (n,y1))

Jac(d., f~1V(n, 2))
_eXpZI & Jac(dy, [ 1V(n,y))

Jac(d,, 1V (n, 2))
< n -1
expz <Jac dyr f=HV (n,y"))
< exp <C5C'6P (29D m )
n=1

For a fixed m the last expression can be made arbitrarily close to 1 by
choosing ¢ sufficiently small. This proves the second inequality. The first
inequality can be proven in a similar fashion if one observes that by the
Holder continuity of the distribution E(x) (see Theorem 3.8),

d(‘f?(na Z)> V(’I’L, yl)) < C7,0(Zn, yl)a’

where C7 > 0 is a constant, a > 0 is the Holder exponent and 17(71, z) is the
parallel transport of V(n, z) along the geodesic connecting 3! and y?. 0

Lemma 7.5 allows one to compare the measures of the preimages under
f~™ of D} (w,q) and D2,(w,q). More precisely, the following statement
holds.

Lemma 7.6. There exist K3 > 0 and mg > 0 such that if w € B(z,r) and
m > mgy, then one can find ¢ = q(m) such that

vpr (f (D (w,q9)))
vp2(f~™(DE(w, q))) 1‘ = hs

Proof of the lemma. For ¢ = 1, 2 we have

vpi (™ (D} (w, 0))) = / o Temdng ()
— Tz, m)vp; (D (w,q)),

where 2/, € D! (w,q) are some points. It follows from the assumptions of
the lemma, (7.7), and Lemmas 7.3 and 7.5 that for sufficiently large m and
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small g,
vp1 (f~"(DY (w, ) |
vp2(f~™(D3,(w,q)))
Jl(zrlmm) _1 VD}n(Drln(waQ)) Vpl1 (Drln(waq 1
= | I3 (23, m) vpz (Di(w,q)) — |vpz (D7, (w,q)
S (zm)  PYmem) T (Yh,m)
Tghem) P(2,m) P,m) T ETEA

< (14 K2)? - 1)(1+ K;p) + K7 < Ks.
The lemma follows. O
Step IIIL. Given m > 0, choose points w; € B(x,r) and a number g = ¢(m)

as in Lemma 7.4. Consider the sets
P

p
(7.12) D), = J Dh(wj,q), Dy = Dh(wj, ).
j=1 J=1

Note that D! > f™(D?). We wish to compare the measures vp1|f~"™(D})
and vp2|f~™(D2). Let L; be the multiplicities of the covers {Di (wj,q)},
i =1, 2. Observe that the cover of the set D’ by the sets {f~™(D¢, (w;,q))}
is also of multiplicity L;. Set L = max{Lj, Lo}. We have

T v (M (D)) < v (D)
j=1

< Z I/Di(f_m(D;@(wja q)))-
j=1

It follows from Lemma 7.6 that
vpr(f ™ (Dh)) _ ;L vpr (f~"(Dy, (wj, q)
vp2(f~™(DZ2)) ~ 25‘):1 vpz(f~™(D3,(wj, q)
vpr (f "Dy (wj, q
vp2 (f~™(D7,(wj, q
<L(l1+Kj),

< Lmax{

with a similar bound for the inverse ratio. We conclude that

(713) K—l < Vp1 (f_m(’;;n,))
LT (D)

where K4 > 0 is a constant independent of m.

<K

- )
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Step IV. Without loss of generality we may assume that vp: (DY) >
Given (8 > 0, denote by Ug the (B-neighborhood of the set D" for i = 1,
We need the following lemma from measure theory.

0.
2.

Lemma 7.7. There exists 5y > 0 such that for every0 < 8 < Gy andi =1, 2,
(D
vpi(D*) 1
vpi(Us) — 2
For any 3 > 0 and any sufficiently large m > 0 we have D' cC f*m(ﬁin) C
Uj for i = 1, 2. It follows from Lemma 7.7 and (7.13) that
1 < Vp1 (Dl)
2K4 - Vp2 (D2)
We emphasize that the constant Ky does not depend on the size of the

transversals D! and D? but only on their dimension. In particular, for each
ye D',

< 2Ky.

1 _ vpe(w(B'(y.7)
2Ky = vpi(Bl(y,7))
where B'(y,r) C D! is the ball of radius r centered at y. Letting r — 0 we
conclude from (7.2) that

< 2K4a

1
m S Jac(ﬂ)(y) S 2K4
for vp1-almost every y € D'. Therefore, the Jacobian is bounded from above
and bounded away from zero. This completes the proof of the theorem. [

7.2. Absolute continuity of local manifolds. Fix = € M, r > 0 and set

Q@)= | Vv(w).

weB(z,r)

where B(x,r) is the ball centered at z of radius . Consider the measurable
partition £ of Q(x) into local manifolds.

Let v be a smooth f-invariant probability measure on M. It generates
conditional measures vy (w) on V(w), w € B(z,r). The factor space Q(z)/&
can be identified with an open transverse disk D. We denote by vp the
factor measure generated by the partition & (it is supported on the set D),
by my (w) the Riemannian volume on V(w), and by mp the Riemannian
volume on D.

The following theorem shows that the foliation W satisfies the Fubini
theorem.
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Theorem 7.8. The following statements hold:

(1) the measures vy (w) and my(w) are equivalent for v-almost every
w € B(x,r);
(2) the factor measure Up is equivalent to the measure mp.

Proof. Consider a family of smooth disjoint transversals D(w), w € B(z, ),
to the family of local manifolds L(x). They generate a partition n of the
ball B(z,r). Let us denote by mp(w) the Riemannian volume on D(w), by
vp(w) the system of conditional measures generated by the measure v and
partition 7, and by 7y the factor measure generated by the partition 1 and
the measure v. One can see that the factor space B(x,r)/n can be identified
with the local manifold V' (w) for some w € B(x,r). Since the partition 7
is smooth there exist continuous functions g(w, z) and h(w) such that for
w € B(x,r) and z € D(w),

dvp(w)(z) = g(w, z) dmp(w)(z), diyv(w)= h(w)dvy(w).

Let X be a Borel subset of positive v-measure. We have

V) _/B( ) /D( )X 2) dvplw)(z) dov {w)
xT,r)/n w
—/B( y /D( )XX(w,z)g(w,z) dmp (w)(z) diy (w)
xT,r)/n w
—/B( y /D( )Xx(w, 2)g(w, 2)Jac(Twyw) (y) dmp (wo)(y) div (w),
xT,r)/n wo

where xx(w,z) is the characteristic function of the set X at the point
z € D(w), Tyyw the holonomy map between the transversals D(wp) and
D(w), z = Twow(y), and Jac(myw)(y) is the Jacobian of the map my,, at
y. Applying Fubini’s theorem we obtain

o0 = [ [ o, 2)glw,2) e (mug) () doy () di (o) )
D(wo) / B(z,r)/n
— [l 2)gw,2) e 0h(w) dimy () di (o) ).
D(wo) /V(w)
This implies the desired result. U

As an immediate consequence we obtain that

dvy (w)(y) = k(w,y)dmy (w)(y)
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for every w € B(x,r) and y € V(w). The function k(w, y) is continuous and
satisfies the following homological equation

Jac(df|E(y))

) TW) = 3G Ew)

K(w,y).

It follows that

(g — T] 22 1B @)
W= U G B )

It is easy to see that by the Holder continuity of the distribution E (see
Theorem 3.8), the infinite product converges.

7.3. Ergodicity of Anosov maps. Let f be a C? Anosov diffeomorphism of
a smooth compact connected Riemannian manifold M and TM = E* @ E*
the df-invariant decomposition of the tangent bundle such that, for every
reM,

ldf[E* ()| < A, [ldf|E ()7 = m,
with 0 < A < 1 < pu. Using the absolute continuity of the associated
foliations W* and W* of M, one can prove the following ergodicity result.

Theorem 7.9. If f preserves the Riemannian volume, then f is ergodic.

Proof. We follow an approach which is an elaboration of the Hopf argument
(see [2]). Let ¢ : M — R be a continuous function. According to the
Birkhoff ergodic theorem, the three functions
n+1
+ _ k — _ k
vt () —ngrfoonzw ¢ (z) —ngmooHZst

n

P = lim —— 3 w(fia)

n—+oo 2n + 1

=N

exist and are equal for almost every z € M. These functions are dense in the
space of invariant measurable functions on M, since continuous functions are
dense in the space of measurable functions on M. Let M, be the conull set
in M on which ¢ ™, ¢~ and ¢ exist and are equal. For any x € My and every
point z on the local stable manifold V*(z) we have |¢o(f*(z))—o(f*(2))| — 0
as k — +oo. Hence, pt(z) = ¢ (z). By absolute continuity, for almost
every x € M, almost every point z € V*(z) belongs to My and the set

U Vv

z€Vs(x),2¢Mo
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has measure zero. Hence, for almost every y close enough to x, the point
z=V3x)NV*y) lies in My, and thus,

Py) = ¢ () = ¢ (2) = o(2) = ().
Therefore ¢ is constant almost everywhere on a neighborhood of x. Since

any two points of M can be joined by a path contained in a finite union of
such neighborhoods, ¢ is constant almost everywhere on M. O

7.4. An example of a non-absolutely continuous foliation. We describe an
example due to Katok of a non-absolutely continuous foliation (see [32] for
a similar example). Consider a hyperbolic automorphism A of the torus T?.
There is a family {f; : t € S'} of diffeomorphisms preserving the area m
and satisfying the following conditions:

1. f; is a small perturbation of A for every t € S!;

2. f+ depends smoothly on t;

3. the function h(t) = hy,(f¢) is strongly decreasing in a small neigh-
borhood of t = 0 (here h,,(f;) is the metric entropy of the diffeo-
morphism f;).

Consider the diffeomorphism F': T? x S' — T? x S! by F(z,t) = (fi(v),t).
Since f; is sufficiently close to A, they are conjugate via a Holder home-
omorphism ¢, i.e., fy = ggo Ao g;l. Given = € T2, consider the set
H(z) = {g:(v): t € S'}. Tt is diffeomorphic to the circle S* and the collec-
tion of these sets forms an F-invariant foliation H of T? x S' = T3. Note
that H(x) depends Holder continuously on x. However, the holonomy maps
associated with the foliation H are not absolutely continuous. To see this
consider the holonomy map
Ty ant T2 X {t1} — T2 x {t2}.
We have that
7'('07,5(33, t) = (gt(x)7 t)'

Since the entropy function A(t) is continuous and strongly decreasing for
small ¢ the map g; is not absolutely continuous for all small ¢, and the same
happens with the map 7 ;.

One can show that the foliation H has the following “pathological” prop-
erty: there is a set of full volume which intersects almost every leaf of the
foliation at a set of zero length (one can show that indeed, it intersects al-
most every leaf at exactly one point, see [44]). This phenomenon is known as
“Fubini’s nightmare” since Fubini theorem fails with respect to this foliation
in the strongest possible way. See Section 8.3 for more information.



8. Accessibility and Stable Accessibility

8.1. The accessibility property. Unlike volume-preserving Anosov diffeo-
morphisms partially hyperbolic (in the narrow sense) volume-preserving dif-
feomorphisms may not be topologically transitive nor ergodic. The simple
example that illustrates this is the direct product of a volume-preserving
Anosov diffeomorphism and the identity map. Note that in this example
the stable and unstable foliations, W#® and W, are jointly integrable and
the leaves of the corresponding foliation are the components of topologi-
cal transitivity as well as ergodic components. Therefore, one may expect
that non-integrability of the pair of foliations (W?* W*) would guarantee
(or lead to) topological transitivity and/or ergodicity. Since the foliations
W*¢ and W* are not in general, smooth one cannot use the Lie bracket
techniques and apply Frobenius’ theorem to establish integrability (or non-
integrability). Accessibility is designed to study integrability of the pair of
foliations (W*, W") when they are not smooth.

Let f be a partially hyperbolic (in the narrow sense) diffeomorphism of a
compact Riemannian manifold M.

Two points p,q € M are called accessible , if there are points zp =
Dy 21y 20-1,20 = q, z; € M, such that z; € V¥(z;_1) fori =1,...,¢ and
a = s or u (see Figure 13). The collection of points zp, 21,. . ., z¢ is called the
us-path connecting p and ¢ and is denoted by [p, q]r = [p,q] = [20, 21, - - -, 2]
Note that there is an actual path which consists of pieces of smooth curves
and connects p and ¢q. The curves lie on local stable or unstable manifolds
and have the points z; as endpoints.

Accessibility is an equivalence relation and the collection of points acces-
sible from a given point p is called the accessibility class of p.

W (21)

W (z3)

W?(22)

W#(24)

F1GURE 13. A us-path connecting points p and q.

A diffeomorphism f is said to have the accessibility property if the acces-
sibility class of any point is the whole manifold M, or, in other words, if any
two points are accessible.
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If f has the accessibility property then the distribution £* & E" is not
integrable (and therefore, the stable and unstable foliations, W* and W*",
are not jointly integrable). Otherwise, the accessibility class of any p € M
would be the leaf of the corresponding foliation passing through p.

There is a weaker version of accessibility which provides a useful tool
in studying topological transitivity of f. Given € > 0, we say that f is e-
accessible if for every open ball B of radius e the union of accessibility classes
passing through B is M. An equivalent requirement is that the accessibility
class of any point should enter every open ball of radius . Clearly, if f is
accessible then it is e-accessible for any e.

Proposition 8.1. Assume that a partially hyperbolic diffeomorphism f has
the accessibility property. Then for every e > 0

(1) there exist £ > 0 and R > 0 such that for any p,q € M one can find
a us-path that starts at p, ends within distance €/2 of q, and has at
most £ legs, each of them with length at most R;

(2) there exists a neighborhood W of f in the space Diff?(M) such that
every g € U is e-accessible.

Proof. Let q1,...,qn be an £/4-net in M. Fix p € M. For each g, choose a
us-path from p to gx; let £(p, k) be the number of legs and R(p, k) the length
of the longest leg in this path. Set

R(p) = max R(p,k) and {(p) = mkaxﬁ(p, k).

By continuity of the foliations W* and W?, every point p € M has a neigh-
borhood U (p) such that, for each k, any point in U(p) is joined to some point
in B(qk,e/4) by a us-path which has at most £(p) legs each of length at most
2R(p). The sets {U(p)} form an open cover of M. Let {U(p1),...,U(pm)}
be a finite subcover. Then R = max; 2R(p;) and ¢ = max; {(p;) satisfy the
first statement.

The second statement follows from the first one and the continuous de-
pendence of the leaves of W' and W; on g. U

8.2. Accessibility and topological transitivity. Given € > 0 we say that an
orbit is e-dense if the points of the orbit form an e-net. Clearly, a trajectory
{f™(x)}nez is everywhere dense in M if and only if it is e-dense for every
e > 0.

We say that a point x € M is forward (respectively, backward) recurrent
if for any r > 0 there exists n > 0 (respectively, n < 0) such that f"(x) €
B(x,r). If a point z is forward (respectively, backward) recurrent then for
any r > 0 there exists a sequence ny — 400 (respectively, ny — —oo) such
that f"*(x) € B(z,r).
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Theorem 8.2 (Burns, Dolgopyat and Pesin, [14]). If a partially hyperbolic (in
the narrow sense) diffeomorphism f is e-accessible and preserves a smooth
measure then almost every orbit of f is e-dense.

Proof. 1t suffices to show that if B is an open ball of radius &, then the orbit
of almost every point enters B. To this end, let us call a point good if it
has a neighborhood such that the orbit of almost every point belonging to
it enters B. We now wish to show that an arbitrary point p is good. Since
f is e-accessible, there is a us-path [zq, ..., 2z;] with zg € B and z = p. We
shall show by induction on j that each point z; is good. This is obvious for
7=0.

Now suppose that z; is good. Then z; has a neighborhood N such that
O(z)N B # () for almost every x € N. Let S be the subset of N consisting of
points with this property that are also both forward and backward recurrent.
Since f preserves a smooth measure it follows from Poincaré’s Recurrence
Theorem that S has full measure in N. If x € S, any point y € W#(x) U
W*(z) has the property that O(y) N B # (). The absolute continuity of the
foliations W* and W* means that the set

U W (@) uw(a))
zeS
has full measure in the set
U W (@) uw(a)).
rzeN

The latter is a neighborhood of z;,1. Hence, 211 is good. 0

An immediate consequence of this result is that accessibility implies topo-
logical transitivity.

Theorem 8.3 (Brin, [6]). Let f be a partially hyperbolic diffeomorphism of
a compact Riemannian manifold M. Assume that f preserves a smooth
measure on M and has the accessibility property. Then for almost every
point x € M the trajectory {f™(x)}nez is dense in M. In particular, f is
topologically transitive.

The assumption that f preserves a smooth measure cannot be dropped
in general. Consider the direct product map F = fx Id: M x S* — M x S*
where f is a C' Anosov diffeomorphism of M.

Theorem 8.4 (Nitica and Térok, [34]). There exists a C open set of C* small
perturbations of F' which are accessible but not topologically transitive.
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Proof. By Theorem 8.5 below (see also Theorem 8.10) there exists a C'* open
and dense set of C'!' small perturbations of F which are accessible. Hence, it
suffices to construct an open set of non-transitive diffeomorphisms. Choose
a map h € Diff'(S') as close to the identity as desired such that h has a
fixed attracting point. There are two open neghborhoods U,V C S' of this
point such that V is not empty, V' C U, and h(U) C V. Set g = f x h.
We have that g(M x U) C M x V and any map that is C° close to g has
the same property. Note that such a transformation cannot be topologically
transitive because each positive semi-orbit has at most one element in the
open set (M x U)\ (M x V). O

8.3. Stability of accessibility I: C'-genericity. A diffeomorphism f is said
to be stably accessible if there exists a neighborhood U of f in the space
Diff! (M) (or in the space Diff' (M, v) where v is an f-invariant Borel prob-
ability measure) such that any diffeomorphism g € U has the accessibility
property.

The study of stable accessibility is based on the quadrilateral argument
first introduced by Brin (see [7]). This argument is used to establish stable
accessibility in various situations. Roughly speaking it goes as follows (we
assume for simplicity that the central distribution E° is integrable). Given
a point p € M, consider a 4-legged us-path [z, 21, 22, 23, 24] originating at
zop = p. We connect z;_1 with z; by a geodesic ~; lying in the corresponding
stable or unstable manifold and we obtain the curve I', = Ui<;j<47;. We
parameterize it by ¢ € [0, 1] with T',(0) = p.

If the distribution E* @ E" were integrable (and hence, the accessibility
property for f would fail) the endpoint z4 = I'y(1) would lie on the leaf
of the corresponding foliation passing through p. Therefore, one can hope
to achieve accessibility if one can arrange a 4-legged us-path in such a way
that I'y(1) € W¢p) and I',(1) # p (see Figure 14). In this case the path
I') can be homotoped through 4-legged us-paths originating at p to the
trivial path so that the endpoints stay in W¢(p) during the homotopy and
form a continuous curve. Such a situation is usually persistent under small
perturbations of f and hence, leads to stable accessibility.

First, we show that the accessibility property is C' dense in the space
of partially hyperbolic (in the narrow sense) diffeomorphisms of M, volume
preserving or not.

Theorem 8.5 (Dolgopyat and Wilkinson, [20]). Let f € DiftY(M) (or f €
Diff?(M,v), where v is a smooth invariant measure on M ) be partially hy-
perbolic in the narrow sense. Then for every neighborhood U C Diffl(M)
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FIGURE 14. Brin’s quadrilateral argument: a) W* W™ are
jointly integrable (the curve 74 ends at z4 = p); b) W*, W
are not jointly integrable (the curve 74 ends at z4 # p).

(respectively, W C Diff!(M,v)) of f there exists a C7 diffeomorphism g € U
which is stably accessible.

Sketch of the proof. We shall outline the proof of this theorem in the special
case when the central distribution E° is one-dimensional and integrable.
This will allow us to avoid many technical difficulties yet presenting the
main idea.

Given z € M and r > 0 denote by I°(z,r) the interval in W¢(x) centered
at x of length 2r. We call I¢(z,r) the c-interval at x (of size 2r) and we call
a finite collection J of pairwise disjoint c-intervals a c-family.

Consider a sufficiently small perturbation g of f. We say that g is acces-
sible modulo a c-family J if there exists IV > 0 such that the following holds:
for every p,q € M there exist I,...,1, € J and a us-path for g connecting
p with I, ¢ with I,,, and I,,, with I,,+1 (m = 1,...,n — 1) for which the
length of each leg and the number of legs do not exceed N (see Figure 15).

IfJ={1%x1,71),...,I%(xn, )} is a c-family and 0 < 8 < 1 we set

BI =A{Ix1,Pr1), ..., 1(xn, Pra)}.
We also define 7(J) = maxj<;<, r; and R(J) to be the smallest integer in
NU {oo} for which f¥(I)NI' =0 for all I,I' € J and k < R(J).
Without loss of generality we may assume that periodic points of f are
isolated: we can always achieve this by an arbitrarily small perturbation

of f.
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Our first step is to construct a c-family with respect to which f is acces-
sible modulo this family. More precisely, the following statement holds.

Lemma 8.6. For every J > 1 there exists a c-family J such that r(J) < J~1,
R(J) > J, and f is accessible modulo 0.57.

Proof of the lemma. By transversality of foliations W*, W<€ and W" such
a c-family is given by a collection of c-intervals J = {I(z;,1)} where the
points x; form an e-net in M for some sufficiently small €. If there are
some i,j < Card(J) and k < J such that f*(I(z;,1)) N I(x;,1) # 0 we can
remove this intersection by an arbitrarily small shift of x; in the unstable
direction. U

We shall now show that accessibility modulo a c-family is persistent under
small perturbations.

Lemma 8.7. There exists 69 > 0 such that for any 0 < § < §y and any c-
family J with respect to which f is accessible modulo 0.5J the following holds:
there exists o > 0 such that any diffeomorphism g satisfying

(81) dCI(fvg) <5’ dCO(fag) <o,
18 accessible modulo 0.75J.

Proof of the lemma. Let W1 and W5 be two foliations of M with smooth
leaves (see Section 4.1). We say that W is e-close to Wy if given any p, g
on the same leaf of W; with the leafwise distance at most 1 apart, the Wy
leaf passing through p intersects the & ball centered at ¢.

Let g be a perturbation of f such that dci(f,g) < 0. If d¢ is sufficiently
small g is partially hyperbolic. Let W5 and W be its stable and unstable
foliations. It is clear that there exists € > 0 such that g is stably accessi-
ble modulo 0.75J provided that W is e-close to ij and W is e-close to
W}L Note that Wj and Wg' depend continuously on g in the C'! topology
(see Theorem 3.4). Therefore, e-closeness would follow if § were sufficiently
small. However, the number ¢ is given and cannot be changed. The mean-
ing of Lemma 8.7 is that e-closeness of stable and unstable foliations can be
achieved provided the maps f and g satisfy (8.1) with o chosen appropriately
and independently of 4 (but o depends on ). We shall prove e-closeness for
stable foliations Wi and W7. The proof for unstable foliations Wi and W'
is similar.

We shall show that for all

peM, qe€B(p,1) C Wi(p)
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the intersection W (p) N B(q,¢) # (). Since f is partially hyperbolic in the
narrow sense it satisfies (2.7) and (2.8) with contraction and expansion rates
satisfying (2.6). There also exists a continuous cone family C°“(p, ) such
that for sufficiently small & > 0 and any p € M,

(a) dpf(C(p,)) C C(f(p), a);

(b) lldpfoll > Falv]| for any v € C“(p, a);

(c) C(p, ) is transverse to E7(p) uniformly over p.

See (2.11) and (2.12). For sufficiently small §y > 0 the cone C“*(p,a) also
satisfies (a)—(c) if f is replaced by any g with dci(f,g) < do.
Fix n > 0 and choose ¢ € W*(p) such that pws(p,q) < 1. We have that

(8.2) p(f"(p), f*(q)) < .

Consider a local smooth submanifold V' of dimension dim(E" & E°) passing
through ¢ and such that 7,V C C“(z,«a) for any = € V (one can for
example, use V' = exp, B“(0,1)). By (8.2), for a sufficiently small o > 0
the condition deo(f, g) < o implies that

p(g"(p),g" (V) < 21
By Properties (a)-(c) above, ¢g"(V)(y) is transverse to Ej(y) (as well as
E3(y)) uniformly over y € g"(V). Therefore, there is K = K(f) such
that W (g"(p)) N g" (V) contains a point 2z with p(g"(q),z) < Kpuj. Hence,
g "(2) € W;(p) and, by Property (b), p(q,97"(2)) < K(3)". Therefore, if
n is large enough the foliation Wy is e-close to WJ‘? . O

Since (8.1) is an open condition it follows from Lemma 8.7 that any per-
turbation ¢ satisfying (8.1) is stably accessible modulo 0.75J. Our goal
now is to show that there exists an arbitrarily small perturbation g of f
which is accessible on 0.75J, i.e., for any c-interval I € J and any two points
p,q € 0.751 there is a us-path connecting p and ¢ (see Figure 15).

Lemma 8.8. Given & > 0 there exists J > 1 with the following property. If J
is a c-family with r(J) < J~! and R(J) > J then for any o > 0 one can find
a diffeomorphism g satisfying (8.1) and stably accessible on 0.753 (i.e., any
sufficiently small perturbation of g is accessible on 0.7573).

The proof of the theorem now follows from Lemmas 8.6, 8.7 and 8.8.
Indeed, given §, 0 < § < dy (the number ¢y is given by Lemma 8.7), choose
the number J according to Lemma 8.8. By Lemma 8.6, there exists a c-
family J with 7(J) < J~! and R(J) > J and such that f is accessible modulo
0.5J. Choose ¢ according to Lemma 8.7. Applying Lemma 8.8 we obtain a
C" diffeomorphism g satisfying (8.1) and such that g is stably accessible on
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W€(q
we(p) @
W€ (z2)
a4
Z1 <
ZO = p Z3
P
&2

FIGURE 15. To the proof of theorem 8.8: to connect p and
g we first connect their central manifolds W¢(p) and W¢(q)
by a wus-path [zg,...,24] and then connect z4 with ¢ by a
us-path “along” W€(q).

0.75J. By Lemma 8.7, g is also accessible modulo 0.75J. Thus, g is stably
accessible.

We now outline a proof of Lemma 8.8. At this point, for the sake of
exposition, we first consider the special case when the distribution £® @ E
is smooth and integrable and we denote by W*" the corresponding foliation.
We then show how to modify our arguments to avoid this assumption.

Choose a c-interval I = I(p,r) € J, a sufficiently small € > 0, and let

U.(I) = | B™(q.9),
qel
where B*"(q,¢) is the ball in W*"(q) centered at ¢ of radius €. The local
stable, unstable, and central leaves introduce a local coordinate system in
U:(I). The assumption that the distribution E® @ E* is integrable implies
that the holonomy map 7 between different local center-stable manifolds
V¢ generated by local unstable manifolds V% preserves the local stable
manifolds V?*, i.e., for any q1,q2 € I,

(8:3) (V1)) = V*(q2)-

Since R(J) > J, taking a smaller ¢ if necessary we may assume that for any
I.LI'cJand 0<n< J,

(8.4) f1U1) N U(I) = 0.
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Choose any diffeomorphism ¢ of M satisfying
(8.5) ¢ =1Id outside U.(I) and d¢1 (¢, 1d) < 6.

and consider the perturbation g = ¢ o f (so that doi(f,g) < 6). We shall
estimate the effect of the composition ¢ o f on the partially hyperbolic
splitting TM = Ej @ Eg @ EJ for g. This is where we make use of the

property of the c-family J that 7(J) < J~! and R(J) > J and our choice of
neighborhoods U.(I) (see (8.4)).

Lemma 8.9. There exists 09 > 0 such that the following is true. For any
B > 0 there exists J > 0 such that for any diffeomorphism ¢ satisfying
(8.5), and any p,q € U-(I) with p(p,q) < J~1 we have

Z(Ej(q), E°(p)) < B, Z(dp 'E}(q), E*(p)) < B

Proof of the lemma. By the uniform continuity of the splitting E®(p) @
E¢(p) @ E"(p) in p there exists a positive continuous function 1, with
1(0) = 0, such that for all p,